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PREFACE 


"HE author ofthe pape called is this voksne sort 
tome to combine very exepioeal bilignce with very 
(rest sountanm of jodgncat in philosophy. He was an 
feinordiearly clear thinker; no-one eosld avoid mare 
casily than he tha srt of confsices of thought to which 
ven the bet phisopbers aze Hable, and be was capable 
ot apprebendiog <iealy, and cinerving consistatly, the 
fwbeln distinction. Me had, mereover an exceptions power 
of draviag concions from & complinted set of facts: be 
could sce what followed fro them al taken topes, © at 
least whut might follow, in cues where ethers coud drat 
zo conclusions whatever, And, with aR tia, he prodead 
‘he inpresion of leo preeaing the soeodest common van 
is subtlety and ingeity did oot lead hin, a seas 10 
fave nd some palowpbary, to deny obvious (at. Me bad, 
rmoreowe, tlt seed to me, an excelent ent of proportion 
be coud tee which probleme were the most fendaeotal, 
audit wan these fo which be was most interested nd which 
hho was most anxious to solve, Fer all these reasons, and 
aaa for others as well, I aloatalvays fl, with regard 
to aay subject which we dacased, that le understood it 
‘mach beter than 1 id, and where (ax was olten the cate) 
te fied to coovice me, T generally thought the probably 
swan Ghat be wat right and Twrng, and that my fils to 
agree with bi was de to lack of meatal power ox my part. 
Raney was not only exceptionally capabie of thinking 
arly bimelf; e also Bad 2 most uncommon pover of 
ceaphiniag clearly to othe what e thought and why be 
‘hooght it. There are many good examples in thia volume 


of his great capacity for Bocid exposition. Bot sumetimes 1 
Seal that he fails bo explain things 13 clearly 24 e owald bare 
one, simply because he does not see that any explantion 
fs needed; he does not realize that what to him seme 
perfectly clear and straightforward may to other, ks gifted, 
offer many posses. [must confess thet I persoaaly often 
‘ind a diffcalty ia understanding ot all clealy what be means, 
{n canea where he does oot nex to have beea aware than any 
ificaity whatever would be fouad, No doubt, in many af 
these cams, some senders will understand Kim sithovt 
‘aiGeulty; bot I sexpect that many will be jo my ease, to 
the ast ewo sections of the woleme (the notes of 1958 and 1829), 
here he was writing chiedy for himaslt and aot expanding 
tnd explaining as be would have done if writag fox pubica- 
‘don, the dficulty of following hie wit adequate comprehen 
‘on is caturally specially great. Bot even where you cannot 
‘muderatand him complately you can often understand him 
fnough to find bie extracrdioary interesting ; and Cam 
convinced eet it a well worth whi to try to underwand 
hi. No doubt cometizons he may male mere iistaker; 
‘bot in ganarel Chink he hionelt knew very wall indead what 
the was about, ad, even if he was wrong, bad vary good 
reasons for the opinions at which be bad arived. It ie a 
fqeat misfortune that bis early death prevented isa trom 
making these opinion, and the reasons for them, ay eas 
be, and pethape he alone, could have made thes, 


6. E, Moons, 


EDITOR'S INTRODUCTION 


Faanx PLuwrron Raxsey was bom ob 2nd February, 
11909, and died om 190s January, 1084. The son af the 
President of Magdalene, be spent nearly all bis life in 
Cambridge, where be was succtsively Scholar of Tenity, 
Folow of King’s, and Lecturer in Mathematiar tn the 
University. His death at the height of his powers deprives 
Cambridge of ane ofits intellect glories and contemporary 
DPallosophy of one ofits profoandeat thinkers, 

‘Though mathematical teching was Ramsey's profession, 
philosophy was is vocation, Reared on the lople of 
Principia Mathematics, he was early to see the importance 
of Dr, Wittgenstein’s work (in the translation of which 
‘he asisted) ; and Rix cum published papere were lerely 
bbased ou this. Bet the previously unpeinted cssays and 
note collected in this volume show hii moving towarde 
| nd of peagimatinm, and the general treatise on logic 
‘upon which at various times be had been engaged was to 
hhave treated truth and knowledge at purely nateral 
‘henomena to be explained psychologically without recoure 
to distinctively logical relations. Rumgey's philosophy, 
however, was always tencative and experimental—tis 
fatness in infanticide frequeatly amazed his frtends-~ 
and the papers in this volume are published as important 
fn themselves and as fkely to lead to work on similar lines 
land wot as the exposition of & comctent and complete 
‘Philosophical aysom. 

‘The sebtlety and fertility of Ramsey's philosophical work 
as shown here aced no advertisement ; bet ser his two 
pepers oa mathematical economics are uot incladed, C have 
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‘obtained Me. J. M. Keynes’ permission to quote from his 
smotica in The Economic Joureat of March, 1890 — 


“The eats atthe age of 26 of Frank Ramuty 2 heavy 
lome—thoughs his peimary interests were in Pilosphy and 
Mathenatical Logio—to te pase theory of Ecooomics. 
From a very early age, aboot 16 T chink, bit precocious 
mind was intesdly intrested ia economic problems, 
Ezanomits ving in Cambridge have been accunerned fromm, 
bis undergraduate days to ty their theories on the keen 
‘ge of his critical and logical faces Ife hud followed 
th ansiar path of mare inclination, Tam not gure that be 
would not have exchanged the tormenting exarcines of the 
foundations of toaght and of paychology where the miad 
foes to catch its own ti fo the delight pati of our own 
owt agreeable branch ofthe moral eiencey in which theory 
land fact, intuitive imagination and practical judgment, 
sre blended laa manner coeortable to De hora intel, 

Wan he i descend fom hia accustomed stony eight, 
‘be till ved without effort fa rater atmonphere thas Most 
fconorits care to Drenthe, and bandied the techeleal 
apparatus fon eno with the ey grace of oe accastoxed 
‘to romethiog tar ace ditielt. Bot he hat left behind Him 
{in print apart fom his psophicll paper) only two 
‘ites ta hie powers—hie papers pabised ia The Exonone 
Journal om “A Contsbation to the Tasery of Taxabin” 
‘a March, 1927, and om *A Mathematical Theory of Saviag 
4m December, 1925. ‘The latter of these i, T dink, ons of 
‘he most remarkable contributions mathematical ecraraion 
fever ead, both in respect of the itrasc importance and 
Aiticalty of its eubject, the power aod elegunce of the 
‘etna methods employed, ane the Geer purity of ami 
‘ton with which the waite’s mad is felt by the rode to 
ay aboot is subject The arte ia terbiy disiate 
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rertiog for an sconomist, bot tis not dificult to eppeciate 
how sciemie and esthetic qualities are combined in it 
‘gether 

‘The lows of Ramsey is, therefore, to his trends, for whom 
is personal qualities joined most harconionsly with his 
intellectual powers, oe which it wll take them long to forget. 
His bulky Jobnioalan frame, his spontaneous gurgling 
laugh, the tioepicity of his feelings and reactions, ball 
‘alarming somtimes wad occasionally almost cruel in their 
‘rectuets and Iteralness, his hosesty of mind and beart 
his modesty, andthe amazing, cary efficiency ofthe intellectual 
‘machine which groumd away bebied his wide temples and 
‘road, smiling face, Lave boca taken from wat the beight 
‘of their excellence and before their harvest of work and 
life could be guthared i.” 


‘The easaye collectad in this volume range in date fram 
1829 to 1929, and prevent the development of Ramee 
‘thought from the age of 20 to his death. Toe papers es 
‘mathematical logic are placed frst. I, oa the Foundations 
fof Mathematics, a an attempt to reconstruct the sytem of 
Principia Matbematice v0 that its Bemithes may be avoided 
‘ut its exellncieg retained. By what he calls an” objective 
theory of predicative fuactlons, Ramecy shows how the 
‘notorious contradictions {{ am lying, ete) ean be removed 
by the tse of a Theacy of Types which in simpler than tbat 
Proposed by Me, Bertrand Runge and which maker it 
ibiity In ade to 
coamplete exten 
lonaliaing of mathematics solves the dificltieg connected 
‘with Kentity and withthe Multiplicative Axiom, Raracy's 
oper is thes io the great tradition of Frage, Peano, 
‘Whitehead and Rosell; and i 2 sense may be mid to 
‘comple thets work oa the logical fovadations of mathematics 








‘im 1026 —thiy "logical" treatment of mathematics defended 
‘against the fonsalism of Hilbert and the intuitioniom of 
Brouwer, ‘The end of this paper shows that Ramey was not 
completely satisfied with his theory, particularly wit regard 
‘to-the Axiom of Infinity; and in 1929 be was converted to a 
faitist view which rejects the existence of any actual ignite 
aggregate and te which allusions are made in some ofthe later 
notes, Ramsey's profound diagreement with Hubert’ 
doctrine of manheniatics as 2 game with meaningless masks 
Ald not prevent him from giving & god deal of atteaton to 
‘the formalise’ chet problem—that of finding a generat 
rocedae for detersining the eomistency of logical forma 
(the EwacheidungoproNem}—and TIT $9 Dis eolatlon ct the 
‘problem fc « particulrtyiatcresting st of cases, 

‘A relatively smaller peoportion of Ramsey's perely phil 
sophical work has been previously pabliched, 1V consists of 
fan article denying that there is any oltimate distinction 
between particulars and univers, and VI—" Facts and 
Propastions"—ie a logical analysis of belief. Kamscy’s 
teview of Wittgenstein's book is priated as an Appendix, 
This review was Ramsey's fst important philosophicat 
paper aad it containe things of the greatest interent: but 
it was written before Remuay Id Giscused the book with 
‘ts author, and he admitted that on many poiots he hed 
misunderstood it; 20 tha paper matt be caken neither a 
‘expodtion nor as criticism of the views of the Tractatut 
Legico Philasephicus ise 

‘The yeeviowsly uapblihed papers that are printed bere 
‘a8 deal with plilcenphioal topics. VIL is «long estay ox 
‘Trwth and Probability written at the end of 1925, a large 
‘portion of which wae rad to the Moral Science Chb at 
Cambelige, Tt elabneates 2 thoronghly subjective theory 
of probability and a thocoeghly pragmatic view of induction 
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[At one time Ramsey contemplated publching this amay 
separately, and it itn a much mare Snished ate than are ¢he 
‘other unpublished papers. Tia foal chapte:—oo probability 
‘in science —wras never written. T have supplemented the 
‘eeay by some notes on selevant tops written in the spring 
‘of 1926 (VII]. Thc lat section of the book (IX) is mada 
up of & serice of papers writen in the summer of 1920 
‘The fox of these ia a very serioes attempt to provide a theory 
fof theoriee and of thele wee im reasoning, There follow an 
ceceedingly subtle theory of the uature of casual pro- 
positions, further remarks of probability and knowledge, 
‘nd a note on the assenee of philowphy. These eamays, 
fragmentary and tentative though they be, soem to me to 
isplay Ramsey's mind in its bigest power 

‘Tn short paper printed as Epilogue was rood to 2 
Casnbridge dicwtsion society in 1905: Rameey 42 not 
change the attitde towards lle that he has 90 happily 
and charactecaically exprened to it, 

1k ia of interat to state which of Ramoty's important 
papirs have been omitted from this volume. Theve are 
(0) the two articles cn ecanorics, (2) ent of a synoporio 
contribution which was taainly occupied ia criticising the 
previous symposiast (but T Bave reprinted the ext 48 V), 
(9) the notes for hie aamsal course of lectures at Cambridge 
on the Foundations of Mahemsticy, (4) some noves.on genera 
‘propositions, cacsalty, end knowledge written in the epring 
fof 1028 ant soperseded by those on the seme subjects of 
(he summer of 1529 (allusion is made in these to his earlier 
‘causal theary}, (8) fragments of 1929 on the occasion af 
Dis conversion 10 mathematical itsm, forther attempts on 
the Enischeidungeprbiem and fragments about theories, and 
(@) the arate ofthe est four chapters of a general teatie oo 
logic. This work hat occupied Ramsey intermittently 
cing 1927 and 1928, bet he was profoundly dssaiaed 
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‘with it, end tbe preliminary matter which remaing ia quite 
smpmited for publication. 


1am deeply grateful to Mra. Lettice Ramey fer the pee 
Jege of editing this book as well as Sor axistance at every 
tage ofits production. Mr. Alster Watton also has helped 
10st aly in the proofreading. Meese... Hardy, J. M. 
Keynes, GE, Moore, M-H. A, Newman, nd L Wittgenstets 
(orth otters of Ramecy’s trends) ave given me velved 
Adviea as to the aslection of tbe papers, though T wane am 
responsible for the imal choice, ‘The authortica of the 
‘London Mathematics) Society, the Mathematical Auction, 
‘he Mind Auocition, and the Aristotelian Society Dave 
indly given germimion forthe pevvioasly published papere 
‘to beseprinted. these, and inthe papers pubished for the 
firat the, T have occasionally made tight verbal and 
ymbelic wterations to east the reader. But I have not 
‘auempted to modify to any extent the infarmality of many 
fof the nates. Nor (beyond aldlng 2 cote on the eymbolins 
‘and few sefereoces) have I attempted to allviste the 
‘ificutin of the subject. Tals boc Le prevented in the hope 
‘hat s¢ will etimalate oters to thiok ebcut the hardaat 
hinge fa the world wilh some of thet singhoess of ind 
‘whlch characterised Frank Ramey. 
KB, Beurewarre, 
“fene nd Demder, 1900 
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NOTE ON SYMBOLISM 
1 some ot theve etcays Ramsey nes the eymbolian of 
‘ALN, Whitehead and Bertrand Kussil's Principio Mathe 
malice. Tts oat important features are 
gna for prepositions 
9, e used for individuals 
1.84 xs weed fox propositional fanctions. 
(Theos rw smetioen written 48, $18.9, f, ete, (0 ehow 
how aay argustents they take 
‘Then $e [vometiones written $l), $a, 6 6, ete, ane 
Propositions. 
2.3. oned far arias expressions ike 
9) «2 meaning For oxy #, od tue 
(3%) fermaaning The ivan xfor mich fx istene, 


‘Logical constants >—~ 

~ manning nt, 

¥ oan o. 

maaning an 

2 mening implies (Da lp for em. 

1 meaning edn oy i pid 10 for sory 2). 





(Otter expreions scmetines nae in this book = 
‘da) meaning te cae of 
‘manning 6 «mar of tains, 


(© manning ie concesaed i (ration betwonn clases) 
=H 


at NOTE ON SeMBOLISK 

[Ne mesming th cardia! mambo of. 

(de) meaning te owe and ey Bing eaieing $. 

1} (Beh roaming One ond only one thing sth 

Point, cokns, ofc, .::. are med for bracketing. 

Ramsey aio wes the folowing symbsis aot wed by 
‘Whitabead and Russet -— 

‘A stroke - above the propestion or feast to denote 
Ste contndictory =~ p- 

(4) ming the clase whoue only member is. 

ceasicnnlly Ramey wes ordinary mathematical netations 
[om wm (rod 1) moras m ond m when divided by I howe dhe 
tame ramsindar, wa in discering probaly JM. Keynes’ 
yabelian $s eaning the probity of propesition 9 orm 
‘preposition b 

R 





1 
‘THE FOUNDATIONS OF MATHEMATICS (1925) 
Prerace 


‘Tae object of hl page isto gre a tatsacory ecoount of 
the Foundations of Mathematics i accordance with the 
geamral method of Frege, Whitebead and Rotel Following 
‘hae authors, I ld that muthematin is part of loi, 
ead so belong to what may be called the log) school 
2s opposed to the formalist and intuitions school, T bave 
‘therefore taken Principia Mathematics a bass or daca 
sd amendment; and balleveraytetobave covered bow, by 
tug the werk of Ms Lodhrg Witigesten, it ax be rede 
{ree from the serious cbection whch have used ita ejection 
by the majority of German authorities, whe have deserted 
Gtogetder ts lise of approach. 


CONTENTS 
0) treason 
@) Prverna Marwmuasice 
() Praoicenve Feseunt 
() Forerions im Breanson 
@) Tax Axcur 


I. Iirmosverion 


In thie chapter we shall be concersed with tbe general 
ature of pure mathesaticn? and how iti distinguished from 
2 Jaffee by “anthematn’ wil sete aac "a 


2 TAME Foumantons OF MATHEMATICS 


‘other scimces, Hare there are zeally to distinct categorim of 
‘things ofwhich an ascount mast be givea—the deasor concepts 
‘of mathematics, and the propositions of matheasatice, This 
_Autinctioa fe neither artical aor ennscesary, forthe great 
-msjoity of writers on the subject ave concentrated thair 
‘attention oa the explanatioe of ane or otha of thescategeres, 
tnd erroneonsly supposed that « satistactary explanation of 
‘the other would inmadiataly (low, 

‘Thos the formalit school, of whem the most eminent 
‘apresentativa is now Hubert, bave concentrated the pro 
positions of mathematics, such as *2 + They bave 
‘pronounced thase to be mexningless formalae to be maxipo- 
uted according to certain arbitrary rake, and they bold that 
mathematical keowedge consists in kecwing what formulas 
‘an be derived froma what others consstetly with the rales. 
‘Such being the proponitions of mathematics, their account of 
‘ta concepts, for example the mumber 2 mediately folios, 
2" ja « meaningless mack occuring in cheve mesninglest 
formulae, Bat, whatever may be thought of tix an an account 
‘of mathematical propoitions, it i ebviouly hopes: ax a 
‘theory of mathematical concepts; for these occur not only th 
mathematical propostios, but also in thote of everyday lie, 
‘Ths’ 2 occurs not merely in'2-+2 = 4”, but alsoin ‘Tt 2 
‘lle tothe station" which ia not a meaningless foruaa, but & 
significant propestiog, in which *2” cannot canceivably be a 
rmeanioglest tuark. Nex can thece be any doubt that *2/ ts 
wed in the same sense in the two cases, for we can use 
“24 eA tointer fom It is (wo miles tothe tation and 
two miles om to the Gogs' that "It four miles to the Cogs 
Via the station’, wo that these ndinary roeanings of tio and 
four are etsy involved in "2 + 2— 47. So the hopelesiy 
Inadequate formalist theory i, tovoreentent. herent ofcon 
sidering nly the propoatons of mathematic and. neglecting 
the analysis ofits concepts, on which adsiona Bight cam be 
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ron by their oocerrence ctside mathematics tz the 
-ropeaitions of everplay Be 

Apart tres formalism, there aro two min geterl attitudes 
tw the foundation of mathematics: that ofthe intitionists or 
Anita lca Brouwer and Weyllahsreceat pagers and thatof 
‘he ogicians—Frege, Whitehead, an Retell, The theories ot 
‘thn intuitoniste adoittedly involve giving wp many’ the 
‘most falta! methods of moder analyse, for no reson, a 
‘it seems to me, except that the cto fail to conform to 
thes petvate prejudices. They do not, theeloe, profes to 
rive any forndation for mathematics as we now it, bat only 
for a narrower body of truth which has not yet bers ceatly 
lined. There remain the logctant whoso work eatzinated 
Jn Principia Mathematics, Tho theories there put forward are 
severally rejected for reasons of etal, expecially the 
‘pparety inmuperable dictses connected withthe Axiom 
of Redocbity. But these delet in detall tem tore to be 
zerults ofan important defect in principe, at pointed aut by 
Me Witgemntcia. 

‘The logical school hes ccncentrated on the snalyais of 
smathercatcal concept, which i has shown tobe deBaable in 
terms of very mnall amber of fardastental logical en0ep88; 
and, baving given this accomot of the concepts of mathematics, 
(hey have inmaediately deduced an acount of mathematieal 
‘ropouitions~samely, that they were thou tre propositions 
fn which only mathemati! ox logical eoocepte cecered. 
‘Thus Rumel, io The Principles of Mathematics, defines pure 
teatheratin ax “the clas ofall propane ofthe form" 
‘implies 4” where and ¢ sr propastions containing one oF 
‘more varabin, the same i the two propositions, end either 
# noe g containe any constants except logical constants ‘3 
‘Thin rection of mathematics (osymbeti logic wos rightly 
‘eseibed by Mr Resell 8 anect the greatest scored of oer 

* a, Te Pei of Mea (905,29 


4 THE Foumarions oF MATHEMATES 


age, bat twa sot the end of te matter, us he mse 
seppone, bocatae he wan fil far from an adaguate ceaception 
at the nature of symbaieIge,to which mathematics had 
Dee reduced. T am not referring to his naive theory that 
Jogia constants wece ames fc real ebecs(whichbehas since 
‘rndosed) batt isl tat any proposition which could 
‘be stated by ting logical terms* alone st bea proposition 
logic or mathematics? T think Qh gestion i ade dearer 
by deseibiog the cas of propositions in qoestion as the cnt 
‘tly grecl propositions, emphasing dhe fact hat they 26 
‘not about particular things or relations, but about eee ora 
‘ings and relations, It a realy obvious that not all vac 
Propouiins ae propositions of mata or eye age 
Taka foc wmple "Any tw things ier in at last thsty 
‘ayn; this iv conapletely geval gropttion, i oul! be 
cexpresed as an implication invlving coy lia! ecastants 
4d variables and it may wali be tut. Bat as a athematcal 
or logit tr noone eu eogard it; it utterly diferent 
from uch a proposition an" Any two things togetber with any 
other two things wale four wing which gies and not 
rmevely an eoplscal truth. Accarding to ou pliloeorhy 
veo any dir in ealing the one a contingent, the ther a 
ecesacy propetition, or the ace 2 genine propo, the 
other woe (avtolgy ; but we masta agree that there is 
sone ese ditlereee between the two, end that aden 

of mathematical propositions must istude not merely tat 
complete generality but some father property ae well. Tait 
in pointed ut, with a reference to Wittgenstein, in Rasells 
Introduction  Methenatcal Piesply*; oot thee ls v0 
tcace of it fa Principia Mathematica, nz Soes Mr Resa 
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es Ne dio cee tab 
‘Sano ncn! ive repet Tne 
mee tlre tte te dna donate 
Piinopl, Me Row dnioguim twa popes 
‘cheb comin olen tn om hase ma 
ing can sue fo be tm ted eso he eden 
CGutwise oft itor Gat fey "aap 
{Sanu wl becanat dei Si tt Be 
tho tin hancement 
tr nbc sc te Wnt dan on of eat 
‘Sin of oatenaial propor cot and tal 
foe. Thora ma became ele 
‘oom maa 

‘The firma once he cnt ge 08 made 
‘mathematics mnaningles, the logizians neglected the forma and 
rade mathematics coms of any trve generalintions ; only 
Uy taking scot ef both ie ed eet cmponot 
tavolgo gueriticn can we on a Aaa 
err 

We have Row eptan iin of tg whi hab 
been given by Mr Wittgenstein in bis Tractams Lopioo- 
Prunes tad toma ev othe et toast at 
crt to the ect. In dg tw aot wed 
tae epantin eh ary open a ea 

West ei wil th tos ofan ale prions 
tans on eh od et ean et oth 7 
poatar ico cnt of mem ee he ge 
Grant Farhan by foaing "gt mat of ¢ 
lly, o's tsar oft diac wing" 
trbave a2 aioe pepsin aering tat te val 
Titec There et he et a Sota” 
tat wane acne ea ert te 
tise rapier 
2 ees 

















6 THE FOUNDATIONS OF MATHEMATICS 
* Socratesis wise‘ isan atomic proposition ; but AIL men are 
‘wise, Socrates ls not wie", are not atomic, 
Suppose now we have, ay, m ater propositions pg, 1, 
‘With repurdto their rath or falsity there are 2°-mutually 
‘exclusive ultimate posites, which we could arrange is a 
able lke ths (F signs truth, and F facty, and we have 
taken m a 2 for beerity). 





‘hase 2 poastiiten we wil eal the trath posites 
‘ot them atamie propositions. We imy with to pick out any 
sboet of them, and auert dat it 8 « pority ot of tit 
subeet which I, ta fact, realled that ls, to expect our 
sgroeroeat with me ofthe ponsiltin and on agreetcnt 
‘wth the reraader. We can do thie by setting mar Tun F 
‘guint the poitien with which we age and dagen 
reepectiely. In tia way we obtain a propeition 
Thos 
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1s the proposition " Not both # apd gare tru’, or‘ is inoma- 
patibln with’, for we have allowed all the pores encapt 
‘hn frst, whlch we have disaomed, 

Similarly 
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{a the proposition "If, then g7. 

A proposition which expres agreement ana disagreemrat 
with the trath-posiities of 9. ¢.... {whi ned not be 
tome) a called 2 trath-fancton of the argent $. 2... 
(Or, more accurately, Pissnid tobe the same trath-funcbon af 
Prides sa Risol rs... UEP expremes agreement with 
‘tha truth-poabiities of 2, ¢, -. . cormespending by the 
arvbatittion of p for 7, ¢ 4606, «to the tratheponsblition 
ofr... mith which @ expresaes agreement. Thasp and" 
Is the sume truth-fucction of f,¢ as *r and sis of 7 5, ia 
cach case the only pouty allowed being that both oe 
seguments are trie, Mr Wittgenstein bas perosivad thet, 
if we aceept this aceount of fruth-uactions ab expresing 
‘agreemuct and diaagrenment with truts-pomiblte, dre it no 
reason wily the arguments toa trathtunetion should ot be 
{faite in number? As no previous writer has considered 
‘ruth-functions 25 capable of more than a finite number of 














1 Thee te peat om a wtf i prepeton ta 
gen ai at Set tue a omnes the et 
‘Saber mate On te coe trad c sie sgerne mes net 
‘aly rm atl bets ft nao cance be ated sot ee 
pet cons me 
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arpunents, tise 2 met impectantinnoration. Of coure 
ft aguas are ‘nite le amber they cannot all be 
coumzraied axa writen dows eparaaly: but there is 29 
‘eed for ufo numerat ha fw candace then ln acy 
othr way, owe can y shag proponinalfetens, 

‘A popoionl function is 20 exprenion of the Som 
“J, which is mach that it expresses a proposithon when any 
symbol {of 2 certain appropriate logical type depending on 
{)is editated for 4", Tha man" propentionl 
function. We can ose peopottonal feacions to collet 
together the range of propositioes which are all the values of 
‘he function fo all yousbie values of. Thes 4 ¢ maa’ 
calle tetera th propenitions‘ais aman’ Disaran ', 
atc, Having now by means of @ propotitional function 
Aekined a at of proportions we cao, by esing an appropriate 
‘notation, assert the logical sum or product of this set, Thus, 
‘by writhog ‘ (2) . fe’ we assert the logical product of all pro- 
odio of the form "fe"; ty writing" (gs. fr" we eect 
hel lola wrt. Toon"). vaman wold mean ‘Every 
thing fo a man; "(3a © Sea man’, ‘Thee ie omething 
whichis aman’, In the ist ase ealiw only he pouty 
that all he propontions of the form "= Sew me” are tr 
4 the second we excl only the poubilty eat al the 
ropstions of the form ran a fal 

‘Tiras genera proposition cntaaig a” an" sme ace 
found tobe trth-fcctos, for which the arrests ar oot 
‘exameraed but given in abother way. But we mast guard 
tere agant 1 ponbla mistake. Take soch «proportion 3 
“ll men are mortal lab mot ab mgt at So sight be 
sapped the logical grodoct of tha proposition "seria? 
‘for such values of * a3 are men. Sach an interpretation can 
saily be shown tbe evecaces (ie, fr enazple, Prine 
Methematcs, 1, ated, 9.47, ad et p45). * Allen are 
‘moxtal ' trust be interpreted as taeaning *(s) ifs isa man, xin 
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moc, fe, it the foglal prodect of all the valves of the 
‘umetion ‘ifs ia a man, = is mortal 
‘Me Witgenstein maintains that al propositions are, fa the 
s2nae defined, truth-functions of elementary propositions, This 
{is bard to prove, but son its own merits extremely plausible 
aye that, when wa amert anything, we are mying that tis 
fue out of & catain group of altimate poubilites whlch be 
realized, not ono ovt of the rexaining possibilities, Also it 
applies to all the propositions which could be expensed in the 
symbolism of Prixcipia Mathematica : since thece ar bullt 
vp from atomie propositions by wing featly conjunetins Me 
“itt, "and, "or, and secondly various Kinds of generality 
(apparent variables). And both these methods of coustrution 
Ihave been shown to cceate truthfamctions! 
rom this account we we when two propositional aybols 
sce to be regarded a5 Instances of the same propostion— 
namely, when vey express agreesent and disagreement with 
the tatse sets of truth-pomibilities of atone propitions, 
‘Thos in the symbolism of Principia Mathematica 
PDE d Die teupind” 

‘are both more complicated ways of writing "9 
Given any vet ifm atomic propositions ax arguments, there 
are 2 corresponding truthopesitities, and therefore 2 mub- 
‘amas of thir truth-posiilities, and soa truthtunctions of 
1 acgatoents, one expressing agreement with each sob-luss 
and dimgremnent with the remainder. But among these 2 
there are theo extreme cates of great importance: one in 
‘which wo expeese agreement with all the truth-posbiiien, 
the other in which me express agre=nrat with none of them. 
‘A proposition of the fret Lind is called « taolgy, of the 
second a cowtradiaion, Tantologies and contratictions are 
$F frm Sp wl ps ema det 
Rt Se oe 
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ot real propetons, but degeacete cases. We my, 
perhaps make ths ear mast aay by taking the simplest 
se, when thace is ony oom axe. 


‘The tautology Ne" pornotp'. 


‘Thi really asserts nothing whatever; it Heaves you no wiser 
‘than it found yoo. You know nothing about the weather, 
‘i you know that ti either raining or not rining.* 


The contradiction is “|p | *, 


r 





ep is neither trae nor fale 
‘This is clourly self-coatradictery and does not eeprescat & 
omile sate of affairs whoteexiatence could be asserted. 
Tantalogiee and contradictions can be of all degrees of con- 
loxity; to give other examples "(0. fa° ina 
tantology, “~. (az): a" a contradiction, Clearly by 
Iegating « contradiction we get a taatalogy, and by negating 
f tautology a contradiction. Tt is important te e0e that 
‘autologis aze not simply true propositions, though for many 
‘pirpotes they can bo treated as trae propositions. A genclne 
‘proportion asserts samething abvot reality, and itis true if 
reality ia an tie tsrted to be. But a tautology is a symbol 
constructed so as to say nothing whatever about reality, but 
to expres total ignorance by agrecng with every possibility. 
4 weeceatnn, Tracts Leics Phisephin 4461 
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Te ei ots demic wih oe 
fel abe optim pene tne at at 
{tls ed atric a ete twp 
‘sth te iy opto st for dtr 
fing an ah or ty fe acti, ages 
fol cds axe pent a 8 ed 
tr and tse roe. Than tay, 
"CP acmieadatice andy" emp carpe 
sue pando) is te pa agen 

We hav bee, tant o Ms Wigton te 
stot of heen dn, sey eed ae of 
fst: bth, maybe eed see ih we 
tnd tuloy tbe an ened ucts of Po 
Doin of enthenten 2 oye ge? Te Gain 
must be decided by comparison. Are the propositions of 
symbolic logic and mathematics tautologien in Mr Wittgene 
iss nee? 

‘Let as begin by considering mot the propositions of 
rath st hn of Pri Mama Th 
Cbd by th pon of dotnet tie 
opti, wih to to ethene a 
‘po nd teagan ewe” Thaw expe 
words ars nearly all nonsense by the Theory of Types, and 
aE be ee Tegel: serene, "De: rast 
Fine options, thaw apne ny 6, 
tevin Wire. Se the 
roca of delecton i och at fm tate aly 
Tetcgs foe, rr st fo ne ih he 
frst wold coat of Unter The Beith ot 
Cush hw of ete, wh sw ors 
on? gin groan, we tt Ht 8 
Rationale era 
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matter of brvto fact, aot of logie. Tt i, sherefare, sot 
‘uatology in any sense, and ita itrodactioo into mathematics 
Us tnexeesable. Bot suppose it could be dispensed with, and 
Principia Mathematice ween Todiied accordingly, i would 
‘consist entirely of tauinlogis in Witgeastea's eam. And 
Ahecefra, if Principia Mathematica ion tha right Uns 43 4 
foandation and interpretation of mavbematcy it te Wistgan- 
stein’ ena of tautology in which mathematic is tavtologout, 
Bat the adequacy of Principia Mathematica 6 « mutter of 
detail; and, sinen we have soen it coutsins a very seriont 
fla, we can no longer be sre that muthematis fs the kind 
of thing Whitehead and Rassell suppose it to be, or there 
ove that it comic of tautcloges in Witiyestetn's seme, 
‘One thing i, bowaver, clear: that mathematics does not 
‘onsst of gennine propmitions or astectines of fact which 
‘nul be based op inductive evidence, as it was proposed (9 
tase the Axiom of Reducbility, bot i a some acane mncesmry 
cr tantologeus, In actual life, a1 Wittgenaten says, It ip 
never a mathematical proposition which we navd, but 
‘we tan mathematical propoxtion enly in order £0 infer fem 
sroponitlons which do not belong to mathematics to othery 
‘which aqoally do aot belong tomathematict "Thos we me 
"Bx 2e4" to inler from “T have two pansies in each of 
‘my two pockets" to "I have four peonies altogether ia may 
pockets", ‘2 x 2-4" isnot itsel!« geaine propostion in 
favour of which inductive evidence can be roquired, bat # 
taatology which cas be seen to Be taxtologoss by anyene who 
fan folly grasp fee meaning When we proceed further im 
_mathnaantics the propositions beconse so complicated that we 
‘canot see immediately tha thay ae tantlogous, nd have to 
amure ourselves of tis by deducing them from mare obvious 
tavenlogies. The primitive propositions oa which we fallback 
in the end mast be seek that no evidence could be roquized 
5 Woegranain op 6211, 
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for them, snc ey ace patent antl ik ‘It, hen 
‘But the fantlegiesof which mathematics const my perhaps 
tum ost no tbe of Witgeastia' kind, but of some oe, 
“Tee emential we is to faite loge nirence + tha 
clown the st obviwn wy by costing tnulgin 
{0 Wittgenstein seas, fe if°1¢, them gi aaolgy, we 
xn logilly infer “q' from *p', and, coommny, "9 
{olows logeally fen’ p',"It 9. hen gis aestlogy.) Bat 
ie in pombe that there ate ther nde of formals which 
could be ied fcitate fern for istance, wnt we 
any cal dentin mach n'a — Seyi that "a, "3° 
rany be sobre freon another by propesition without 
altering tT donot mean without altering it rth os 
‘wut withat altriag wat prepontion i€ i '24¢3— 6" 
sight wel bam anity inthis mr, ance “have 2-4 2 
Data” and*Thave 4 hats ace the wae propoton, a Oy 
agro and dsagres with the ume sth of timate truth- 
penabtin 

‘sr next prble io die whether mathematics onsity 
of tuntlagin tha paca sense defined by Witenes, t0 
‘which we hal is futre caine the word “actly o of 
farmulge of some other sort. It is fairly clear that geometry, 
la which we eq uch tea a8 pint," ie” at mani 
Any things ting cea anew thatthe oly estat 
terms are truthfunctions ike “or “some, colts of 
tautclogas, Aod the atme woul be tre of aly if wo 
regarded nukes as any tings sttyng Penn's axons, 
Such a view would however be acai faders, beers 
ace the numbers from 100 08 aety Peano's axioms, i 
soo give us no mean of ogg "This ngention bas 
{hime soot fom" Thie equation baa dred nd thre 
roots’. So murbers mst be defined not as variables Dit a8 




















14 THE FOUNDATIONS oF MaTuEwaTICs 


comfantn, and the ceture of the propeians of anu 
becomes doabefal 

T believe that they are tautlopes, but the proof of thle 
epends ca giving 2 deaied analysis of them, and the dit 
‘roof of exy other theory weed depend on Siding a super 
able ditialty ia the deta of tes construction, Ta this 
chapter 1 propose to discon the question in 2 gener way, 
vrhich most inevitably be rather vagoe and unuatctory. 
1 bal tty to explain the great duScaltes which a theory 
‘of mathematics a taniclgies mast overcome, a thea Tshll 
try to mxplain why the alternative sot of vary auggestad by 
there difeltles wes hopaesdy impraciatle. Then fa the 
falowiog chapters I shall retar tothe theory that 
Frathematis costs of tmutlogin, discus and patil 
reject the mechad for overeming the iticalen given la 
Principe Mathematics, and coostrect xn altesative and, (© 
‘ay mid, satisfactory solution. 

Our fst bexze i, then, the diesen of the tautlogy 
(tery. They aprng from 2 fundamental charactrttle of 
modern analysis which we Rave new to erpharie. This 
characeratic may be called extrsioaliy, an the dicalles 
aay be explained a3 hase which contrat ua if we ty t0 
reduce a calealus of extenions to cakalas of truth-unctens, 
er, of coune, we are wsiog “extension "ins fog we, 
In which the extension ofa radiate oa cas, that of a rela- 
tion a cas of ordered couples; 40 that in aig ratheraticn 
centesional wonsean that it dass not with relcats but with 
cluwes, not with relations in the ordinary sense but with 
pible correations, or ration extesin "as Me Ruse 
calls ter. Let ws tae a examples ofthis pict thes fda: 
soeatal mathematical conoepts—tbe iden of real zunber, 
the iden of ¢ funtion (of a rel variable, end the ida of 
similarity of cases (x Cantor's seme. 

‘Weal numbers are defined as segments of rationals; any 
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rement of rationals is real mumber, and there are 2% of 
‘hem. Tt in aot necessary What the segment shosld be defined 
by any propecty or predicate of ies saanber io any ordinary 
esse of predicate, A real number is therefore ah exten, 
and It may even be an ertensca with no corespoadiog 
intension. Tn the same way a fenction of «real valable it 8 
relat In exteasion, which need not be given by any real 
relation or ormsla, 

The point a perhaps mest striking ba Cantor's deficition 
of siearity, Two classes ar sid to be simims Ge, have the 
‘ume cardinal nember) wheo there it a ont-ne relation 
swhowe domain ls the ne clase and converse duzain the ete. 
‘He i is exential that the one-one reltion need only be 
relation i extention; itis obvious that two cums ook be 
similar, ie. capable of being crated, without there being 
any reation actualy comcating them. 

‘Tene is 2 verbal point which cageizes mention here ; 1.40 
‘ot wie the word "clas to ply a piee(pte of clusieation, 
‘a the word naturally soggeats, bat by a ‘class’ T mean any 
tet of thingy ofthe se logical type. Soch a vet, i cers to 
rue, may of may not be debaable either by enumeration ot 
ts the extension of x predicate, If iti not so detinabla we 
cannot mention it by tet, but oly deal witht by implication 
{in propositions abot all lames or same lates. The sane it 
‘coe of relations in enteosion, by which I donot mtrely mean 
the extensions of actual relations, but any set of ordered 
‘couples, ‘That this 6 tue notion occuring ia matbemation 
‘wecms to rae absolately car from the last of the above 
examples, Cantor's definition of simeity, where obviowly 
here is uo neod for the one-one relation in extension te be 
cdther Gnte or the extension of an acta elation. 

‘Mathematics i therefore exventially extensional cd may be 
called 2 calesles of extensions, since itn propositions asert 
relations between extensioos. This, as eave sab, fs bard 
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to tedace to a caleabs of troth-fonetions, to which It mast 
De reduced If mathematics is to cot oftamtlogen for 
tantlogias are tetbductins of a certs special sat, 
sadly thse agreing with al the rath pate of thee 
smyemwni Weean perhaps meat easly explain the dilicalty 
vymneampls, 

‘ats take a extemal serio of the simplest pole 
vert: the nnertian atone des incudes anther. So lng at 
‘he dames ue ded as th cass of things Raving cern 
pendicates $ and sf there is no AUclty. That the clam of 
+ Sochdes hn clas of fs means simply that everyting 
which na na f, which, as we Rave sen above is « trate 
function. But we have sex that mathonatn has at Inst 
apparent} to deal aloo with claves whlch are not given 
by dering predicates. Goch caus occur not meedy whe 
soeationed separately, Det ayo in any statement aboot "all 
‘ace “ll eal narbers) Let wt ake two each asen 
48 timple as posibem-the clase f, 8 ) and the at, 
‘Tea that the am (2) ncaa te cas (in aro 
sense, tata and apart frm its tility woud be a 
rathematical popostic; bet it doer not wm to be a 
tautology fa Witgenctein’s tens, that it a cetan srt of 
truth-hmetion of dametary propostions. The obvious way 
of tying to make Hw tatbfusctin ist introduce identity 
aad weit (a, is contained in (6, 8.6" 089) =: 
Viseb:Dipmevase bvorme’. Thi otrtaaly Jocks 
lke «tantolgia tratbfanctin, whee utimats arguments 











poaitons at all; ia “a == clther"e’,"b" are names of the 
same thing in which cane the proposition says nothing, or of 
erent things in wbich caseitInabeard. In aither case ft 
the amertion ofa fact; it anly eppasrs ta be areal asution 
by confusion with the case when “a” or 3’ is oct « name 
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bet a deaziption® When “2°, +" are both naz, the 
nly senlicance which can be placed ox “a= 2” a that tt 
indicates that we me'a",*3" as names ofthe sco thing cr, 
sore geal, as equivalent syatels, 

‘The prosling and other coosderatios led Wittgenstein to 
the view hat mathematics dows ot cenit of tataoge, bet 
of whut he cae" eqeations’, for which [should prefer to 
tuetiete' dentition‘. That, formulae ofthe forme = 8 

*b" are eqalvaeat eymbol, Ther sw cert 
plausilty ia sucha account of, fr Sasance, "242 — 6 
Since "I have 2-+ 2 bats’, “I base 4 hats” are the sama 
propatton! 2-4 2" and “< are opvaent symbol, At 
ie stands thin is obvionly « ridialoaly narrow ew of 
uthematl, aad coofoes (tt simple athmete; but 
is Antreting to seo whether a theory of matheaaatis evuld 
ot be comructed with identities for foundation. have 
spent lot of tte developing veh a theory, and found that 
‘twas faced with what seemed tome insuperable ditties, 
Te wou boat of place hereto give dtd survey of 
‘ind alley, but Taba try to incae fn a general way the 
‘tntractiose whic Bock is en 

‘nt of al we have to consider of what Kind ratematicl 
‘propositions wil og such a Czy be. We suppose the tal 
Prime type tobe the Hentty “a= b, wich coy becaren 
1 real proposition i t fs taken (o be about not the things 
meat by * ‘er thane symbols themseives; mathe 
thatir then cont of propsiions bit op out of Identities 
‘by procs analogous to that by which ordinary propositions 
are constraciad out of atomic et that isto aty, rather 
sath propaitions ae (cs thi thay) seme seat, roth+ 
fancies of ideatitie. Perhaps this le a9 oventntamm 

bateecemetees aeeS w 


tenn be they ie a ee uth Seon nace proposes 
Sota Brace mel 
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sd the theory might mot amet all mathematical pro- 
positions to be of this form ; bat itis larly ave of the 
Important form that would be supposed to occur. That 


seit 


‘would be said tobe of this form, and would coreapond 10.4 
verbal proposition which was x tathunctin ofthe wba 
propaions comesponding 10 the arguments "x= 2', ee 
Thue the shore proposition would amaunt to. ‘IL 
‘rA—By4 2" means G,"4" means 2rd”, Mathematics 
‘would then be, in part at leat, the activity of contrutig 
oraulae whish cerespanded io this way to verbal pro: 
postions, Soch a theory wosid be dificult and peckaps 
{enpntibi to develop in etal, but thee ae, ¥ thik, other 
and simples reasons for disaiing i. Theve aie 0 000 
‘ve cose to teat mathoxaton as an ielated structure, and 
consider the mathematical elements in nontoatheratical 
ropaition. For simplicity lat us confoe ourehver to 
cardinal numbers, and suppone carves to Iw the aaalale 
of the proposition that the clam of g's iv w in suber 
{Aibsen), Here ¢ may be any ordinary pratizate desing 
1 law, eg. the cla offs may be the cas of Egltsnen, 
[Now tan soch« propaston ws "The squrecf tn number of 
5a greater by (70 than the cube of tha nomber of #9", 
“This prepention we cxasot I think, elp cnalping in this 
sort of way: 
(509) 4G) em Aah tat Ee. 

1 nan empirical nots mathematical proposition, and is bout 
the $s and Bs, wot aboot symbols yet there cores ait he 
smathensticl poendo-propaction mt — at +2, of which, 
cording tothe theoey under dacasce, we can oaly make 
ee by taking it to be aboot symbols, threby making the 
‘whol proposition tobe partly about symbols. Moreover, being 








Beretvant 
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‘3 empicical propositin, it ia a ruth fanetion of elementary 
propeitons expresing agreement with those pomibilities 
which give mumbers of $s and 9's matislying wt = wt 42, 
‘Tha’ n? m at + 2 isnt, ast seems tobe, one ofthe truth 
sagumenta in the proposition above, bet rather part of tbe 
fruthefuscton ike '~" of "V" ee “a, me. whlch deter 
imine Which truth function of slementary propositions itis tbat 
‘we arn auctcting. ‘Such 2 ese of wm wt4-2 the Lietity 
theory of mathematics is quit inadaguate to explsin, 

On the other hand, the tastdagy theory would do 
ceverytbing wich is raqited ; according tit t= a8 + 2 
‘would be a tautology for the value of mand» which satisly 
‘it, anda contradiction fr ab others. So 

£193) em 8 Gs) emda ED 

‘wont forthe feat ut of values of a, w be equivalent to 

4 (Gs) om A ibe) om 
sioply, ‘atm wt 42° being tautclegous, and therefore 
‘soperuoas; and forall other values it would be ell-cone 
tradictory. So that 

* (arm n) 24 (bs) emt (fs) exit mat 4 2° 

‘would be the logical sum of the proportions 

"Feb om (Sah on" 
or al, m eatistying mt — nt +2, and of contradictions for 
all other m, and is therefore the proposition we require, 
since in a logical sum the eotradictioos are superfuons. So 
‘his diffculty, whied seems fatal 12 the Kentity theory, 
ceceaped altogether by the tautology theory. which we are 
‘herefore encouraged to pave and see if we cinmot 
{ind away of ovmcoming the difcalties which we found would 
‘confront nai attempting te redace an extensional calealus to 
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‘ncalenlus of trath-fenotans, Sooh asoltion ig ateemplad ix 
Principio Mathenotice, and will be dscatsed tn the next 
chapter; but before we proceed to this we must sxy scme- 
‘hing about the well-knowa contradictions of the they of 
Aggregates which car thaary wil also have to escape. 

Te fa not sufiently reared, and the fact Js entirely 
eglacted in Principia Mathematica, that these contradictions 
{all into two fundamentally Gstinct groups, which we wil call 
‘Aad B. The best known oars are divided as follow: 


‘A, (1) The chase ofall classes whiled are not members of 
hemsalvos, 
{@) The relation betwees two relations when one does 
ot have itself to the other. 
(9) Bwcali Forts comteadiction of the greatest ordi), 


BL) "Tam lying 

©) The least integer wot eameable in fewer than 

iineteen syllables. 

(0) The least indecable ordinal. 

(7) Richard's Contradiction. 

(@) Weyt's contradiction about "heterohgiah “8 
‘The principle agcanting to which I hava divided them is of 
fundamental importance. Group A eansicts of contradictions 
which, were no provieoa made against them, would oocar 
{na logical or mathematical system its. They involve only 
logjeal or mathematical terms uch as cate and naber, and 
show that there mat be somethieg wrong with our logic ot 
‘mathematics. But the contradictions of Group B are not 
‘purely logical, and canot be stated iological terms alone; for 
‘ty alt confsin some refermee to thonght, lengunge, of 
symbollra, which are not formal but expiical tems. So 


3 eth ea oenst hea Priel Mahomed, 9.63 
‘er te egith so Wels Das Koetoweo, 
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‘hey may be doe not to faity logic or mathamsties, bot to 
fully ‘dass coocering Ghought and language, Tf co, thay 
‘would not be relevent to mathematics or be loge, if by "logic* 
‘we masa a symbolic system, though of course they would 
De relevant to logic in the sense of the wxalyals of thought! 

This view of the second group of contradictions 4s not 
crigial, For instance, Peano decided that “Exemplo de 
Richard non pertioe od Mathematica, sed af linguini 
fand therefore dismissed it, But such an attitede I not 
eampletely tatetactory. We bave ontradictions favelving 
Doth mathematical and lingeistc ideas; the matbenatician 
iamssn thar by saying thatthe él ust et th Linguist 
cements, but the Tingnistiias may equally well dismiss them, 
‘the oppenite reat, und the eaetradictont will never be 
volved. The only solation whick hms wrer been given that ia 
Principia Mathonasica, dfitelyateibated the contradictions 
‘to bad loric, and it 1 up to oppacents of thie view to show 
Clearly the fault im what Pease called linguistice, bat what 1 
should prefer to call epistemnclogy, to which these contradic. 
ons are dae, 
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‘The theory of Prinipie Mathanatice is that every class o 
aggregate (I woe the words as eyzouyens) is defined by a pro- 
positional fusctica—that i, consists of the values of « for 
‘which ‘gaia rma, where “gar” isa symbol which exyremes 
«proposition if any epmbal of appropriate type be substituted 
foc '2', This amounts to saying that every class bas a 
fining propacty. Let us take the cam consisting of @ and b 
why, {t may be asked, moat there be a function wach that 
ga’, $9" one tru, bat all other ‘4's fase? This in 
‘anamered by giving as each a function’ # = 0.v.a= 3", Let 
‘wt for the present neglect the dificultier connected with 
identity, and accept this answer it shows us that any fite 
las is dened by « propositional functioa constructed by 
rears of identity; bet ws regards infinite cases it lanven 
tus exactly where we were before, thats, without any reason to 
snuppooe that they are all datined by propositional fractions, for 
it is impousble to write down an In nite sec of identities 
‘To thin ft willbe anweced that a clas can only be gives tous 
either by enueration of Its member, in which case i rust 
be iste, oF by giving «propositional fonction which defnenit, 
So that we cannot be ia any way ooncemed with infinite 
lanses or aggregates, if soch there be, which are not 
defined by propesitonal foncticns* But thi argument oon 
(aing a common mistake, for t supposes Oat, becave we 
‘cannot consider a thing inkiviteslly, we can have no concern 
with it at all. Thos, altbongh an infite tndedoable clas 
canot be mentioned by Htlf, itis nevertheless involved 
‘in any statewent beginning ‘AU cases” or‘ There a case 
‘uch that ',and it indeSnable classas are axchued the meaning 
‘of all euch statezneats wil be fandamentally altered, 
‘Whether thee are indeinsbie ase ce not ia an empirical 
‘queitlon; both pomblites are pefeely emmoeivable, But 
sven if infact, all classes are definable, we cannot in oar logic 
oe sort Isle ach samen “Sadat 
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ently cases with deaable clases withost datroyiag the 
apse a28 necenty Bch the eae of ol. Bet in 
tase any coe sil thnks that 2y cles we oom detnable 
dase, and by "Thee ea cas’ * There ina defoable cas" 
Jet him consider the ftiowing Uietraton, This ilutraic 
oon aot coocen exactly ths problem, bet the caresponding 
[probe foc two varabas—the existence of ratioes in exten 
es not dafuable by peoponiional factions of wo vibes 
Bet tls qestoa i eal we analogous tothe ether thatthe 
‘comers to both mist be the une, 

Consider the propaniion "Asunsfa)’ (Le, the claw 
dase by 4 has the arse cardial at that ded by 4) 
{hia iv deine Yo mene that thee is x one-one relation ta 
‘extension whow domain is 4($x) aod whote converse damain 
{s.4¢2), Now it by reason in extensca we mean definable 
‘ltin ia extesioa, this means that tuo cues have the 
tama exvdial only when there isa real tlation or fueton 
Als.) comvelating thera term by term. Whereas clearly what 
‘wun mannt by Canto, who ft gem thin dation, was 
smerely eat the two clases were such Ut they cout be 
cormlated, aot tht thee mast be « propxtsoeal fncion 
which actualy cocelated thers? Thos the caves of male 
ad female angsis may be incite and oqeal fa member, $0 
that it would be poate to pac off completely the ale with 
the female, without thre being any seal clan nich a4 
mariage correatng them. The pamiity of indetnabie 
clases an rations in extension i an esentll part of the 
sxtenional atusode of modern mathematica which va 
seopbadee in Chapt 1, and tha its eghcted in rinipie 
Mathematica efit ofthe tee gest deca that werk. 
“The mista is made not by having « rontve propston 
meting thet all lasses ar esate bat by giving 8 Genk 
Hon of lam wh eplizs ely to deal as, otha al 
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mathomaticd! propositions about sone oc al lates are 
subiaterpeted. This isinterpetation in not merely 
objectionatle ox is ows account ia = geal way, bot is 
cepecilly peices ia coxaection with the Malpteatve 
‘Arlo, which is x watlogy when pope interpreted, bat 
‘woe mbiatepated after the fashion of Pring 
Matiemaica becoies 4 sguitcent empirical propaition, 
‘which there is no reanoa to ppm rue, This wil be shown 
in Chapter V. 

The seoond delect in Priipia Mathematics epretcats & 
fare to overcame not ke the St, tbe Galt and by 
‘tha exeasonlity of mathemati, but tows raid by the 
contradictions discuased at he 2d of Chapter I. There 
‘contradiction it was peopoad to remove by what is called the 
‘Theory of Type, whlch coats really of twe distinct parta 
drsiad respectively ages the two proups of cntraditins. 
‘These to part wee ened by being both deduced ina rather 
sloppy way fom the * iis piscpe’ but it weemato 
sme covet conde thea separately. 

‘The contractions of Group Aare removed by pointing out 
‘that a propositional function eat sgnicanty tab ital 
argument, and by dividing fonctions and class into a 
Iieeurcy of types aconding to thei pone argumants 
“Thus the anertion Chat clas is 4 rnmber of tet io aelther 
true no fale, bat meaningless. Ths pst of the Theory of 
‘Types sera to me waqueooably eoeset, and T shall not 
Atcat it further 

The fst pact of the tery, thea, ditingsshes types of 
propositional felon by thie argument; ths thre 24 
feasetins of ndiiduas, feaction of fanctlons of individuals, 
fucctios of fonctions of factions of Aves, and wo on 
‘The coud part deignod to weet the second goup of 
comiratictions eques further Gatinctions between the 
-Seret fonctions which take the mn arguments, folate 
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betwem the Gifcrent functions of individuals Ths following 
cexplantion of these distinctions f based onthe Tetrodction 
10 the Seoud Edition of Prinaifia Matdomatice. 

‘We start with atomic propmtions, which have been 
explained in Chapter 1. Out of thse By means of thn stoke 
(Aa oa not both p and gare trae) we cam comstroet any truth 
fonction of a finite somber of stone ropeition as 
frguaaats The amemblage of ropstions to obtained ate 
caked slementary propositions. By sebittutog » vassble 
foc the name of an individadl i2 coe or mace of ity 
occurmeneat in an alemestary propostion we obtain an 
lementary function of individuals. Aa demeniary function 
of fadividuas, “48 & therfore ore whe values 
are elamentary propotions, tht is, trut-tenctims of 

{nite mumber of atomic proponions, Soch fenctions 
‘wae called, ia the Fist Bition of Princiqia. Mathe- 
abce, preticaioe function. We sail grak of them 
ty thee o0w name ead in the next chapter use“ preflative 
fonction “la a pew and original see, fr which it wer mors 
spproprate. Tn general, an demsestary feactioa oF matt 
fone or more variables, whether these ere indivianso nt, 
sone whowe valors are dementary propostions, Matrices 
se denoted by a mark of exclamation after the fenetona! 
symbol. Thas’ P16! 4, $14, 4 $)"iswimatsx having two 
{ndivideale and two elementary fonctions of intivioals a& 
‘angus 

roman dlamantary fonction p{'weobini, asin Chapter 
1, the propeditions *(@).p14" and (ge) p le” which 
raspectively mart the frat of al and of atleast one ofthe 
values of $e, Sinilarly rom an damestary funtion of 
twoindividuals ¢ | (6, we obtain functions of one eval 
pach a8 ().¢t (. 9). Cay}. (Ey). Tho valoes ofthese 
functions ere propositions each ax (9). ¢ 16, which are not 
slementary propesitiogs ; Bence the functions themselves 
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‘au not elementary fractions, Sach funetions, whose valast 
reaelt from generalinig a mateix all of whoeg valu ars fa- 
<Sividuals, are called Srtonder functions, and wotten $f. 

Suppose 4 is acoastant. Then‘ 2“ will denote for the 
‘various valu of ¢ all the varions elementary prepositions 
of which eft acoastiteent, We:can thes form the propodtians 
($14, (af). $1 « amerting enpectively the truth of all, 
‘and of at leatt one of the above ausemblage of propositions, 
More generaly we can asset by writing (@).F I! A, 
(ad).FIUG 14) the truth of all and of at least one of 
the valuet of FU(G1#. Sach propositions are clearly 
‘aot elementary, vo that such a function an ).F 1 (bt 4,3) 
snot an elementary function of s, Sach a fancten iavelving 
the (tality of lamantary functioes is aid to be of the neconé 
onder and written ys. By adopting the new variable 4," we 
shal obtain other new fonctions 


GOS Gr 9). (abd NGs A). 


Which are agua not ameng values for fox (where 44 is the 
argument), because the totality of vales of 6, which is now 
involved, i difecent from te totality of value of 4 which 
‘wus formerly involved. However much we tay exlarge the 
‘meaning off, « faneion of x in which ¢ occur af apparent 
variable has a corespondingy ealarged teeming, so that, 
however $ ay be defined 4) (Bt) and (34) f1 (64 
can never be values for gx. To attempt to make thers 60 in 
ee attempting to cash one's own shadow. Its imponible 
‘to obtain one variable which exabraces aziong its valun all 
ponsble fonctions of indivitols”* 

For the way in which thin ditinction of fnttionsinto anders 
‘of wich 20 totaly ts pons i used to escape the contradic. 
‘ions of Group B, which are shown t remlt from the 
sernbigutes of nguage which Giregerd. is distinction, 

+ Priaciia Sota, {Pd of, (825, 9. a 








‘WHE FOUNDATIONS OF MATIMUATICS = 


relormos may be mate 0 Priipis Mathonatica} Here 
ik may be saicint to apy the method to « contraicinn 
fot given fa that work which i= perticaisly fee trem 
inlevant cements: Tmeaa We’ conection eoncerting 
“petarlogich“# which masst ow be explained, Some 
‘adjectives have maanings which ze predicates ofthe adjective 
word its; thas the wood “sort beet, Bat the word 
ong’ is 208 lng. Let us cal ajnctves wane memiags 
sve pradiates of them, like ‘shore’, aateeglal; other 
futsal. Now Se "hettoogial” botrlogical? It it 
1s, manning is aot a preicate of it; hat U3 nat 
Iaeleological. But if (isnot eteological, its meaning i 4 
rediate of it and thersoc ita heteoloiesl, So we bave & 
complete coatradictoo, 

‘According tothe principles of Principia Maomatice this 
contradiction would be sclved {nthe following way. AD 
‘ujective word isthe symbel for propoitional fection, +, 
“$c ft. Let R be the relation of meaniog between * 4" 
sana df. Then ‘wa beteciogeal's"(39)- @R(). ~ 4 
Ta thi an we have sea, tbe appaceat variable mut have 
ofits ange of values eg the ange emextnry futons), 
of which Few :(36) :AR(Ql). megs cannot Hell bo a 
member, So that “beteraogiel’ or “Fie not isl! an 
afetive in the vente in which “4! it, We do aot have 
(a9)." FRG became tha meaning of F Inno afenction 
included in the range of $7. So that whan heterlogial 
{tnd autologieal are unambiguoesy dation, “hetertogial’ 
fa mot an adjective fm the senso ix gotten, and is nether 
Deteologtal noe autlegcal, and there is wo contraditin. 

“Ths thi theory of x Rimazchy of order of fusions of 
{adividcale exapes the contadietins ; but t lends ma 40 
faiost aqualy seroas ditialty, for it invalidates mizy 
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{important mathenatical arguments which eppear to omtain 
exactly the sae fallacy asthe contradictions, In the First 
ition of Principis Mathematica it sas proponed to jastty 
‘these arguneatsbya special anon, the Axiom of Retuciblity, 
‘which assertad that to every nan-lemantary funetion thers is 
‘an equivalent elementary fonction! This axiom there ix m0 
‘reason to asppose true ; and iC it were ton, this would be a 
happy accident and not a logeal atcusity, for it 8 not a 
(antology. This wil be shown pastively in Chapter V; but 
for tha present it shouldbe ficient that It Goes aot seem to 
bea tautology and that there a no reason to sppove that it 
ont, Such aa axiom bas xo place io mathematics, and any- 
‘hing which cannot be proved without using it cannot be 
(eqarded as proved ata. 

Te ia perhaps worth while, parenthetially, to notice « 
point whlch s sometimes mised. Why, tt may be ake, docs 
ot the Axiom of Redacibiity reproduce the contradictions 
\WRICh the distinction between elementary and other functions 
voided ? For it amert that to any noo-ementary there is 
fan equivalent elementary fonction, and #9 may appear to 
love aguin whatever was gained by making the distinction, 
‘Tala is not, bowever, the case, owing to the peculiar natore 
of tha cuatradictions in question; fo, a8 pointed out abore, 
(hia cond set of cooteedictions are nat parely mathematical, 
but all lavelve the Meas of thought or meaning, in connection 
‘with which equivalent functions (in the seve of equivalent 
explained above) are not interchengesbie; for instance, 
‘one can be maaat by 2 certain word or symbol bat Rot the 
other, and ona can Se definable, and not the ether! On the 
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ther band, sny purely mathematical contradiction which 
arene fram confusing elementary ond non-lemeataryfeoctont 
would be renstated by the Axiom of Redecibiity, owing to 
the extansioasl nature of mathematics, i whieh equivalent 
functions are interchangeable. Bat wo such contradiction 
thas been shown to aie, shat the Axiom of Redacblity dom 
not acct to be melt-contradictry. These considerations bring 
‘out clearly the pecolirity of this second group of con 
traditions and sake it even ror probable that they have 
12 papeholagicat or epistemological and ot a purely logical 
‘oc mathematical slution: so that there is vmathing wrong, 
with the account ofthe matter given ia Principia 

‘The principal mathematical methods which sppoar to 
‘require the Aviom of Redeetodity are matheraticalindgction 
and Dodakindian section, the esseatl) foundations of 
‘cthmeti and analyels respectively. Me Rel as sneceaded 
{in dispencing with the axicn inthe fist case,’ but holds out 
ro hope of & similar ruecess in the sacond, Dedekindian 
section is thes left as an essectinlly ansound method, ad bas 
coften been emphasized by Weyl? and ordinary analysis 
rambles into dust, That thee are is consequences 16 the 
sacond defect in the theory of Principia Mathematics, and, 
to my mind, ex absolutely conciusive proot that there iy 
tomething wrong. For as I can neither seept the Axion of 
[Redocbility nar reject ordinary analyst, I caraot believe in 
1 theary which peesents me with no thied posit. 

‘The third eects defect in Principia Stathematica is the 
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treatnest of Sent. Te shoul! be extn hat what i 
tment is namical identity, entity i fe ne of orntog 
‘ne 20 ato, Of thse lowing enc is en: 
tang mitgh:$ie. 3.9192: DE? 

‘That is, two things ae Lentil it they hae all ther 
stemectnry properties ic oom 

1m Principia Chin dentin in asserted to depend on the 
‘Avoan of Reechity, beau, apart fram this wi, (wo 
thing might ave al cit clemeatary propre in commen, 
but sl lagen in respect of fncton of higher ore, #3 
which case they could aot be regarded at numerically 
identical.” Althongh, as we shal ste, (he definition is to be 
tefected 08 other yrosds I do aot thik it depend a this 
way on the Axiom of Reducibility. For though rejecting the 
‘Axion of Redcitlty ata the obvious ral rot tat 
two things agreving in respect of all elementary functions: 
Agno fo respect of a eter factions, hk that thi 
‘rod stl follow and could probably be proved in any 
parti case, For exazipe tke typical fencers of the 
ecm tee 


PGES), CaP SGIL«). 
‘Then, ifwehave ):¢!a.m.dly (s— yh 
Ae foows Ua (9) f1 (B49) me FEE, 
ecanse ff ,2} isan mentary tenetion of x Whence 
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Hence mejectg the Axiom of Radosbility does not 
Inmmediately lead to reerting the definition of identity 
‘The real objection to this Gefition of entity is the same 
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fur that arged above aguinet defaiog lanes as definable 
‘lamas: that tise riioterpretation in that it does aot define 
‘the meaning sith which the symbol for identity le actually 
used. This can be easly seen in the fllowing way: the 
defnltion ales W sell-contradictory for twa things to have 
tl ehele elementary properties in common, Yet this realy 
perfacly possible, eves if, ia fact, it never bappent. Take 
‘tro things, «and b, Then there is sothing sell-contraictory 
in a having any self-consistent tat of elameatary propertion, 
noc in b having thie set, nor thevefore, obviously, ix both & 
‘and 6 having them, nor therefore in a and b having all their 
elementary properties n common. Hence ince this islagically 
Pomibis it is amentiat to have a symibelism which allows ua 
to consider this pouty and does not exclode it by 
Aefeition. 

[ts futile to raise the objection that itis not posible to 
isuingulsh ovo things which have al eit properties in 
‘ommen, since to give them diferent names would icoply 
dat they bad the decent properties of having Chose names. 
For although this is perfectly true—that isto say, I cannot, 
{forthe reason piven, know of any two particular instingushe 
able things—yet I can perleey well consider the posiiity, 
or even Kaiow that thee are two indictingulsbable things 
wiboot Knowing which they are To take an analogous 
tituation: since there are mere people oa the earth thas, 
Dales on any one persoa's head, T ow that there must be 
‘at ast two people with the sare number of ir, bat I do 
‘0 know which two people they are. 

‘These arguments ae veiafocoed by Wittgensten's dlcovery 
that the sign of Mennty ie not a mecemary constituent of 
lopical notation, bat can be replaced by the conventicn that 
ferent signs mast have diferent meanlogs. This wil be 
found in Traces Logic Phloeophous, p. 120; the cea- 
‘vention is dightly ambigocas, bet it caz be made definite, 
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and le then workable, alttoagh gesealy iocoavenimt. 
‘But eve if of no ober va, it provides 20 elective prot 
Chat Lentgy ca be replaed by a symbai convention, and 
4a theelore no genoa proposition! fonction, bat macy 
logical device. 

"We eoadte, thereto, tt the tatment of entity in 
Prine Mathematica e+ misnerpetation of athena, 
‘2d Jun as the mtaken dation of ae is partial 
‘mlertonan in connection withthe Moliptiaive Axiom, 
$0 the mites Sefton of identity ie epeialymiseding 
‘with regard tthe Anions ky: fo te wo propottne 
“Thece am a ignite womber of things” and * There aze 
‘an infinite number of things differing from one another with 
ragard to elementary function” ace, af we shall ee in 
Chapter V, extremely different 


In. Pampicenive Foxcriows, 


In this chapter we thall consider the second of the three 
objections which wa made ia the lst chapter to the theory 
of the foundations of mathemati given in Principia 
Mahmnatica, Toia objection, which is parhaps the most 
terioes of the three, was directed against the Theary of 
‘Types, which stemed to involve either the acceptance of 
the agitate Axiom of Redueibilty or the rejection of 
fick & fundamental type of mathematical argument as 
Dedekind section. We saw that thie dificalty care fom the 
second of the two parts into which the theory was divided, 
samely, that part which conccreet the difereat ranges of 
fractions of given arguments, eg. individeats; and we have 
‘te consider whether this part of the Theory of Types cannot 
be amended 20 as to gel out of tae Bficalty. We shall se 
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‘tat this can be dooe fo simple and staightfocward way, 
‘which is 2 natura! cossequence of the logical thentes of 
er Wittgeastzin, 

‘We shal start fre from part of his thecry of propositions, 
of which something was sak in the fest chapter. We saw 
‘here that e explains propositions i general by referee 10 
stomic propoitlons,evecy propoiton expresg agreement 
sod disagroment with trthpowbiltes of atomic 
‘propositions, We saw also that we cosld construct many 
lgerent symbols all expressieg egreenent and Gnagrocrnent 
‘with the smn ats poesbiities, For instanee, 

(Pg pve! wip mwa me Dee 
ue uch ae, ll agreeing with the thee poet 

"pal me. 
Dut alsgrening with |p. mg". Two symbols of thin kind, 
‘which expeom agreement and disagreement with the sasoe 
sts of poses, are mid to be intances of the suze 
‘proposition. Thay are instance of it jost as all che ' tho? 'e 
‘0 4 page are icatancesof the word the’. But whereas tbe 
"the" ‘sae instances of the sate wont ox account of their 
Phil allacty, direst eymibls are iontancen of the 
‘2 proposition becanse they have the maine west, that i 
express agreezent withthe sume sets of posites, When 
‘We tpeakot propositions we chall geceraly reas the tyes of 
‘which the individoal aybele are instances, and we shall 
‘nclads types of which there may be 20 instance. hit ia 
inevitable, dace it cannot be any concer of ous whither 
anyone as actually symbolized or amerted a propsition, and 
wu have to consider al propositions inthe sense of al porsible 
smertions whether or et they have been attra 

‘Any proposition expresses agreement and disagreement 
‘vith compleneatary ses of trech-posmblties of atomic 





ed 
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ropetonn; converely, given any act of these truthe 
Pons woul te logically poe toast sgremment 
‘with them and disgrecsnt with all othere, and the set of 
true position theetore determines 2 proposition, Thia 
proposition may in practice be extremely dificult to express 
through the poverty of oar language, for we lack both names 
for many objects ad methads of making americas invlving 
late werber of atc popes xcept in matialy 
simple case, such an (a). 2, which Inver ee (probaly) 
Inte att of (2 eran come) atomic propontins * fa,’ 
"4b! ete, Nevethles, we have to coxsider propeions 
which oar language ia inadequate to expres Tn '(9).42" 
‘weaswet the Guth ofall pouble ropetione which wonk be 
tte form” wheter oF not we beve ames fr all he 
values of. Geaeral ropeitions mest obvi be unde 
stood an applying to everything, nor merely to everything 
for which we have a name. 

‘We come now to3 meat important point in eoection wth 
(Theory of Type. We expand in he fst chapter whut 
‘rot meant by ut elementary proposition, nual, ane ean 
Ateacted explicit a a trot fetien of atomic propoition 
We have sow 19 se that, ox the cecry of Wittgate, 
lentary ia not an edjetive of the propoton-type at al, 
It aly of it iances. Fer an ceamtwy and « none 
eauentay propatial symbol coud be instaees of tha 
tame propos. Thus suppose a ist wan made of all 
Indivdeaaas'o',"0!....'4! Then. \fgs ee an dementary 
{uneton," fag fe" woaid bean semestary proposition, 
Dut "(). ga* nowdlenentary; bot these would expres 
agranent snd dimgronmest withthe sits pousbites and 
Uhereare be Ue sume propia. Or to tae an example 
ich coald realy coer, a" and“: (39). whch 
ae the mme peopostos, since (32) .dx ids nothing tog, 
But the five & dementary, the seooed sox elementary. 
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‘Hence soma instances of 1 propeitien can be elementary, 
snd others nom<iementary ; so that elamentary i aot really 
a characteristic of the proposition, but of ite made of 
‘expression, ‘ Elemeatary proposition "is ike “spoken word"; 
just as the same word can be both spoken and written, #0 
the mime propunition can be both elementary tnd aon 
lementarily expretsad. 

Alter thse preliminary explanations we proceed toa thoory 
of propositieal fenctioas. By x propositional function of 
Individuals we meta a symbol of the form “18,9. « 
‘which io vach that, were the names of any individuals 
abetted for "4°. °9°, "8%, «in it, the reslt woul 
alwaysbe a proposition, This definition needs tobe completed 
by the explanation that two wech rymbels are regarded asthe 
same fonction when the subititutioa of the same set of mes 
inthe ome ane in the other always gives the saree proposition, 
‘Thus if "fla, 8, “ela, 2,6)" ara the exe proposition for 
any vet of eb 6, “fib 9. 0 and ' eit 9, "are the ame 
function, even if thay are quite diferent to look at 

‘A function * $e” gives ws for each individual a properition 
nthe sense of a propeition-type (which cay sot have any 
instance, for we may not have gives the individual w nama). 
So the fonction collact together a set of propositions, wove 
logical vax and product we auart by writing capectvely 
“(ae . $2", "(@) fa This procedare can be exteaded 
to the case of several variables. Conelder “#4f, 9)’: give 
Y aay constant value . and '$(¢, 9)‘ gives & proposition 
‘when soy individeal name is substituted for , and i therefore 
1 fonetion of one variable, feea which we ean form the 
propositions 

Nash $e Me). sin 
Consider next“ (32) - ofc, 9)"; thin, ax we bave seen gtver 


By "ton we sal ttn avape mats peopstine 
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4 propotion wes any oem (eg, 9°) in sabetteted for 
‘y', nd is therefore a function of one veriabie from which 
sre can frm thn propositions 

G62 - Hs. 9) 28 0): lae)» He 

‘Aso fas there bas ben no ically, we shal attempt to 
tret Sanctions oC function exe he sme Way af 
ave Geated factions of indivdaals Let et ttt, for 
simplicity, a function of one waa which a function of 
{ndividual. Thin woakd be « symbel of the form “64's 
which becomes a proposition om the sabstitation for ‘dé’ 
ot any fonction of am individeal°748)" then collects 
ogether a set of proporitions, enc for each function of an 
{odivdal, of which we sare the gin eam and product 
by etng eipectvely "(39 «40's « 46)" 

"Bot this account alee fom an enfortunae vagus 
ad to the range of functions $4 giving the valoes of /(@) of 
‘which we aur te log sam ar prdect. In hi tespet 
ther ina portant diecence beers facto ol rctine 
snd feo ol ndvideals which i wert examining cel 
Tt appears clearly in the fact that the expressions ‘ function 
of fetiosand fnetion of fev are not. trety 
Analogous: for, wheres fecticos are gms, inves 
tre object. wo that toga an exprenin analogs to fanction 
of fetoes" we sboald have to my "foeton of names of 
individuals‘. ‘On the eter band, thee doce not em any 
ple way of ering“ faction of fenton” wo a to ake 
it analogoes to *fneton of fives’ and it jet this 
vhicheaumathetreubhe Fer Ca rangeof aloes feria 
of indvieas is denial Bxed by the range of individ, 
ta cbjctive totty which thr i a0 geting amy fem 
But the cage of argues to «feta of funeone it 
range of symbol syrabola wich become proptions by 
‘ovrting in them the nae of am indivi). And hi mage 
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cof symbols, actual or pone, Is not objectively Sxad, but 
depends on our methods of ceustrocting them and requires 
soem pecs defaition. 

‘This definition can be given ia oo ways, which ray be 
Aiotinguished as the subjectiveand the objective method. The 
subjecthve? method i that alcpted in Principia Methematice; 
it consiata im dening the range of functions a al those which 
‘could be coestructed in 2 certain way, io van Gat instance 
by wala wie of the / cgn. We have een how it lend ro tbe 
Impane of the Axiom of Reducbiity. £, aa the other haad, 
‘hall adopt the eaticelyorigical objective method which will 
lad us to & satistactory theory i= which no sach axiom ft 
requleed, This method is to treat fonctions of fonctions ax 
fur an posible in the same way as funtions of bilviduae, 
‘The signs which can be substiveted ax arguments in *(¢, 
1 function of individeals, arp detarnins by thei meanings 
they muut be names of individuals.  propow sicilaly to 
determine the aymbola which canbe substituted ae arguments 
in" f(48)" not by the manner of tis constenction, bet by 
their meanings. This i more dificult, became functions 60 
fot mean single objects ax names do, but have meaning in a 
‘morn oomplictad way derived feat: the meanings of the 
[propositions which are their vues, The problem is itimately 
tofic ws valoes of fide) wore defo tt of prepositions so that 
we can anert thei fogical peoict and sem. Tn Principia 
Mathematica they ace deterticed 28 all prepositions which 
ean be constructed in a certain way. By method, on the 
other band, is to disregard bow we coald construct them, 
‘and to determine them by « description of theig tenses oF 
imports; and in 40 dolng we may be able to incinde fn the 
sat proportions which me have no way of constructing, jst 
‘3 we incuce inthe range of values of ix propositions which 








4 3. pat wit to prs Cs tem: Cmemiy mH ca Let 
se er 
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‘we canaot expres from lack of names for the individuals 
‘concerned. 

‘We must begin the description of the new method with the 
Aebsiton ofan stoic fenetcn of individuals, as the rent 
of replacing by variables any of the oamas of individual in 
0 atamle propouition expeesed by using names alone; 
‘where if x name oocur more fhas cose in the proposition it 
say be eeplaccd by the same or iflerct variable, or It 
Alone in ita diferent occurrences. The valves of an atomic 
Jmeton of individuals are thus atomic propaitions 

‘We nest extend to propositional fenctions the idea of a 
‘ruth-metion of propositions, (At fist, of come, the 
‘ucts to which we extead it ace oaly atotic, but the 
‘extension works abo in general, and so { shal sate it i 
gnaw) Suppose we have fonctions $a J dul. 9). ten. 
then by saying that a fanction YE, 9} 9a certain trethe 
function (ex. the logial sum) of the functions $4(. fh. 
Hull, 9), and tbe propositions p,q te, we maa that 
any valon of Yor, 7h wy die, 8), Se that truth function of 
Ae conveaponding vate ot y(t, 9) sl, 9), ten bi $d), 
ale. ec. and the propositions p,q. et. This definition 
‘aabics us (9 elude fonctions among the argamenty of any 
‘ruthtietion, fori always gives ws « asigue function which 
‘that truttetunction of those arguments; 6, the logical 
mam of $8). $8). «is determined a3 Ye), whexe Ye) 
i the logics som of due, dys... & dete proposition 
for etch a, 90 that 4s) is a dfnite function, It 6 unique 
becnune, if there were two, namely (x) ext Us), (ad 
aur) woeld for ech be the me proposition, and hence 
‘he two functions would be intial, 

‘Werannow give the mont impertent Setnitioa in this theory, 
that of a peedzative faction. I do aot se thit term in the 
en of Principia Matematica, 10 efor which 1 fclow 
Mr Rosel?s star wack in wing “elementary. The notion 
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fs prdiativefncton, in my mae, ane which does nat 
cocur in Principia, and marks the essential divergence of the 
fre matiods of jrocedare A prebitine foncton at 
indiidals a ge Rh i any truth fmetion of argent 
which, wheter faite cr into > pune, areal ier 
omic fimetio of divine or propenions’ This 
Gene » deta range of fons of inva wich is 
‘ier than any ange oecariog in Principia. Its coetaly 
dependent on the notion of a truth-function of an infinite 
umber of anpanents; if tne coud nly be e Sit asmber 
fof arguments our preicatve functions would in dngly 
the dmantary fonctions of Prima. Adstvog an inte 
nib inva ha edo ner ede the ane fancine 
1 thom whic cond be constricted ina ceria way but ete 
mina them by » description of thelr meanings. They are to 
te trutnfnctony—ect explicitly in thi eppearace, bat 
‘in their rignificance—of atomic functions and propositions, 
Ta thin way we stall ink many fonction whch we ave 
0 way of contro, wd any mich we contract ule 
Giese ways. Tham sepponng $3) i tei anton, 
‘Pa proposition, 
HED. BEA. ¥~% OD. HDD 

stv all pnicatvn futons (The lati pede bone 
{0s the lapal prodst of theatre fanctons $9 ar 
Aifeent valves of y} 

or tnctios of ection thee ae soe ort analogous 
tlefmitions. Fimt, an atomic function of (predicative®) 
fmctoes of intinidete and of intitle can ey eva 
‘one functional argument, say $, but may have many indivicmal 
hea ae FS ee ecto 


ee, 
soub¥ia hic grace scion Git wits Svat cpr, 
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aquest, sy, and tat be of the form $6, 9, <n 
eho.) where'e, 8", areas of ida, ta 
Portela, an stole fonction fg in of the form ga, 
Prediative function of (rectve fnctioes of inven 
fod of indivi is one which i x tathocion whose 
Angumests ae ll ther propoeions or atamie fenctons of 
fonctions of individeals and of idan, 

eg. fe. Pivep (a heoetion of 4. ¥, 

(0). dx, the logical prodect of the atomic fenctions 
dice : 
{tinct hat a fiction ont cero « prodicatve faction 
‘trough its valoes, In this way we can proceed to define 
redintve fictions of fonction of function and 0 0010 

aay ote. 

Now consider such = proposition as {¢) . fig) where 
J0 in preticative function of functions. We understand 
‘he range of vals of $ tbe al petcative functions; 

(4) « fs) ia the egal prodect of the operons 
Fig) foreach prtiative faction, and an thin i defiite 
‘ect of propositions, we have attached to (¢) « /i¢$) a definite 
pisces. 

Now conic the fonction of x. fil, Aa thi 8 
redintive faction? Tee the logical prodect of the pro. 
‘Positional functions of x. figs. 3) for the different ¢'s which, 
since fs pret, are tr tensions of and propetions 
possibly variable ia ¢ bat constant in x (¢.g. $a). The gx’s, 
tla the #5 ace peta, we trtbfurctins of atomic 
functions of Hence the popeitina! fonctions of 2, 
Sil, 2) are trtteetons of stoic famctios of £ and 
Prepontinn, Hence they are prdiative ction, nd there- 
fore their logical product (6) . /(@¢, x} is predicative, More 
envy it cera by geet, whatever the 
he epptrent variable we can sever create ox paz 
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fonctions: for the graeraization in « troth-fanetion of its 
inated, and, if these are predleative, wo is 
‘Thusal the fuoctions of individual which oocar in Principia 
sre in our sense predicative and included ix cur variable 
4 that all need for an axiom of redsciblty disappears. 
But, it will be objected, serely im this there it a vicious 
‘ecle; you cannot include Fm () . ¢t, #) among the 
8 for it presupposes the totality of the q's, Tle 4 not, 
however, realy 2 vicious deci, The ptopeution Fe is 
cartainly tha Jogial product of the propositions AB, 4), 
bout to oxpreas it Uke this (which Is the only way we can} is 
merely to describe it iam ettan way. by reference toa totality 
of which it may be Itself a tecnber, just as we may elo 
‘man as the tallest in 9 group, thus Sestlying him by meant 
of a totality of which he is himeelf a meaber without there 
being any vicious cide. Tbe proposition Fain it seniicance, 
that is the fact i asserts to be the eae, doesnot involve the 
‘tality of fonctions; itis merely our symbot which involves 
it, To ake particularly simple cae, (6) . dis the logical 
product of tbe propestions ga, of which it is iuet one ; but 
thin no raore remarkable and no more vilons than i the 
fact that p . ¢ i the logical product of the set 6g, # + ¢, 
of which iis itself « member, The only ditlerence is that, 
owing to oat inability to write propositions of insite length, 
‘which is logically a mere accident, ($) . $e cannot, lee 
4, be elsentarly expressed, bet oust be exprewed tt 
‘he logleal product of 2 set of which it ia al a meraber. 
Hl we bad inSnite reooroes and could expvets all atemnie 
functions a8 ¥ee, df, thes we could form all the propoitiane 
do that is, all tha truthfanctionsof Yue, te, and among, 
them would be ooe which was the logical praiuct of them al, 
Inclading leet, just as 6.9 athe product of f, § Ov4. 
This proposition, which we cannot exes directy, that lt 
iementaily, we express indirectly a8 tbe logical product of 
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(henna by weiting'(). a". Thins omtaily a cenitone 
roots, but there i ary nothing vicious about it 

Te this les te goat advantage of my method over that of 
Principia Bathomatice, a Princiis th range of is tat 
of functions which can be elementary expremed, and oe 
) «(6144 cannot beso expreted it cannot be aval of 
41: bet I define the vales of ¢ oot by bow they can be 
fxpremad, but by what acct of senses Cir valees have, or 
rather, by bow the fact their vain abet ace related to tiie 
srgurents, thas lnclede feactons which coud not crm 
‘be erpreaed by sat al, Jt alone elementary, bat only bya 
Yelag with an infinite symbolic systen. And any sunetion 
formed by generalization belng actully predkative, there i 
10 longue any nae for an Axiom of Reducility. 

Te retains to thow that ny oti of predictive functoos 
oes not involve wt fn any contradictions. The relevant 
coutradictins, as 1 have reared before, all eoatin some 
‘wot ke rears’, aE aball show tat they are ue €© an 
cowental abigity of sch worde and sotto eny wosicens 
in te tion of pretiativefeneton, 

Latustake fret Wey's contradiction aboat “bateolegiaal* 
‘whlch ve dscsied In the fst chapter. Tt i lear that the 
tobstion sven there ie 20 anger avaible to un, Far, a 
Delores te elation of reusing between "#200, 
“ra tercogieal "is egivaint to Ca): (4). ge, 
te range of $ bring Bee umentood to be chat of 
predicative functions Then 


(a8) ek4O.~ $e, 

hich T i eal Fis bela predictive neti, 
ES “Fe REA 

= (ah F RED, 


amd thercfge FCF}. = FCF, 
‘which ins omtradiction, 
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Tewil be men that the coxtraticion esvextinlly depeade 
on dococing (39): °F" RGS) from 'F* REL. According to 
Principia Mothanatice this daduetion Is eitisate becuase 
Fé in nok a potlble valoe of $4. But if the range of a ie 
that of predicative fonctions, this soktion fail since F 
1s certainly & predictive function. Bot chee is obvioy 
noother pomible teltion—to deny “F' RFA) the premiss 
of the eduction. *F”R(EH cays that P' means Ft Now 
‘thin fw onctainly tus for toene meaning of *menss’, 90 0 
‘uphold our daria of i we mest show some ambiglty ft the 
rmaaniog of meaning, and say that the venue in which '' 
reans F4, ie. in wbich"beterlogica” means eteologie, 
in pot tha sense denotot by ' Re. the seas which ceca 
‘he defatom of hetercogial. We can eal aha that tha 
{rally tha cae, vo thet the contradiction i szply dus to om 
smbiquty in the werd meaning" and has oo relevance to 
mathematics whatever 

tof a, to mpeak of Fa meaning FA at all must eppent 
wary odin view of our defen of propstional fet 
‘us itselt a nyse, But the exprenog is meray eipieal 
‘The fact which we tey to dexcibe in ther terms is that we 
have acbitrarly chow the leer“ F* fora certain purpose, 
0 that aba have a certain eenaing (Capening 00 2. 
[AS a remlt of this choice “F', prevowsly con-dgnicat, 
bocomes significant ; i has meaning, But it ix dearly an 
imposible sieplication to sappose that there ie a togle 
‘object F, which it means. Tts meaning is more complicated 
‘has that, and rust be further investigated. 

‘Lt ue tae the scnplest cate, an atomic propetion flly 
written out, 283‘, where ‘a’, “5” are mus of individuals 
and *5” the name of « relation, Then ‘a’. B",S" mean 
tn the simplest way the septate object 4, 8, and S. Now 
soppove we define 

few. aSs DL 
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Then "$1 sabia fr "aS" and down not team ae 
ject, ut haa meanings a nore complied way fo Vite 
fa thew termed relation to both and S. Then we can any 
1" means aS#, monaning by th that“ bas thi elation 
toa and S, We can extend this accout to den with any 
lemenvary function, tbat i, to ay that °° means $1 
toeans that * $1” reat fa carta way 20 the objets 
cle, valved in 614 

But sopprae now we ‘ake a non-clmentary fontioal 
sym, for example, 


data iG) yRe DL 


Hore the objects favolved fn #4 inctade all Individuals a6 
values of . And i in clear that's not related to thesa 
{mat a the name way as "1s to the objects in fe meaning, 
Far‘ #1 iszelated toa, 00. by being short for an expression 
‘containing names of «, 8 ete. Bot "6, is short for an 
cxpremcn net contain” 6°," b",.... bat contalniag only an 
apparent variable, of which hese canbe valet, Cary’ 
eanswhat ft means in quite « dient and moreconplcated 
way ooo that ia which “@t° meas OF course, just ma 
elementary snot ratty a characteristic of the proposition, it 
in not really u characteitc ofthe fection ; that isto say, 
Hf and $12 may de the sare fencticn, because dys is 
‘vay the sume proposition as ta. Then‘. ‘6! wil 
‘have the sum meanlog, But wl ean i, 23 we mw above, 
in quite Accent senses of mnaning. Similrty "$," which 
involves a fanctional apparent variable wil mean in a 
iSerent and more compllated way sill 

Hence in the contradctica which we were discasing, if 
*RY, the opm of the reation of meaniog between “ 








Dg er EEE 
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nd 2, i to have any dette meaning. “4/ can ealy bea 
_symbol ofa certain type meaning is certain way; mppene 
svelimit‘ $' to bean elementary function by taking & to be 
‘tha relation betwees "$1" and 414 

‘Then "Fe" or ‘{36):28(4).~ $a" Is not elementary, 
bat isa * a". 

‘Hence "F” means not in the sete of meaning deocted ty 
“R* appropriate to ‘t's, but iz that appropriate to & 
"a's 90 that we have ~:" P” R(PA), which, a8 we explained 
above, alves the eomtradiction for this cae 

‘The essential point to waerseand is thatthe sean why 


taphs" FRG 


un only be trun it" Fis a eleanentay faetion, not that 
the range of § 1 tat of elemectery functicns, but thet 
syabol cannot have R ta function salen it (the symbol is 
clnmantary. ‘Tae Hiiation cores 20 trem * but fora 
"The distinctions of "4 't. dys, and “a's apply 
to the symbols and to how vey ea but not to whit they 
mean, Therstoe I always (tht section) enclowd * 4, 
"4c tad” ia iaverted oman 

Bie ic maybe cbjcted thet his ean Snoomelate aaton 
fer suppone we take for R be am of thn elations appropiate 
40 “41's, "$y"s aad "fy Then 'F since ft atl enly 
conta 39 all $y and we mast ave i this case 
TERR: which destroys our eatin. 

Tat this isnot 90 because the ext complaity inva 
In the new R makes Feat 2 $y", bat 3 more complicated 
symbol sl. For with this new B. for which “f" Riba), 
since ye of seme each ecm e834) il). in (34)<F* 
Rida) a tovotved at Dnata vane faction Jig 3) of 
fmncions of individ, for thins invaed a the tin of 4 


oh 6 tn ag be tat of pairs aetna, le 
a TELE 8 tT ey Sagas 8 
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‘variable ‘ ', which is involved im the variable > taken in 
confunction with R. Forif anything has 8 to the pradicative 
fnnction #4, 48 mast be exprestibic by either a‘ $!” oc a 
“$e oa Bae 

‘Henoo (34). F*Rigd) involves sot mezely the variable 
# (predcaive facta of am idlvidal) but also « hidden 
Table f (fmetion of fection ofan individ and of an 
Individual), Hinee 'Fx* or * (a4) ARGS). ~ $e in nat 
"y's Dut what we may calla "$y", Le « fonction of 
individuals involving x vice fenction of fonetlans of 
Individuals (This is, of course, wot the same thing as a 
‘Pa! in the sense of Principia Mathematica, 20d edition.) 
‘Hien’ F means in a more compte way sill ot inched 
fn Rand we do uot have’ F'R(FA, wo thatthe omatadtion 
nin diaappears, 

‘What appears clearly from the contradictions is that wn 
cannot obixin an allnchve relation of meaning for pro 
eakooal fection. Whatever ace me take tern i til 
sway ofcenstructng & rymbsl to mean ina way net Sacded 
I ourreation. ‘The meaning of rencig forma nn egitnate 
totaly. 

‘By the process begun above we cblain « hierarchy of 
Propositions and 2 herarchy of fusions of intviduals 
oth ave based on the fundamantal hierarchy f nid, 
funetions of individuals, functions of functions of individuals, 
‘te. Afemetion of individ ne wlll faction of type 
4 foetion of feetons of individual, « fastin of type 3 
sod 20.00 

‘Werow contract the hierarchy of propositions at follows: 
Propositions of order © (lanentars), scmtaning no apparent 

aslble. 


+t, containing an individual epparent 
‘vaca, 
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‘Propositions of onder 2, contazing an apparent variable whese 
‘aloes ae fancicas of type 1. 
eM, Ooatinng am apparent varitble 
‘whose valess are functions of type 
ae 
From this hleracchy we dndaoe another hlerarehy of fenctions, 
lnreapective of thei eypes, accordlng to the onder of thet 
valu, 
‘Thus fanctians of order 0 {imarics) coetain no apparent 
verabie; 
mA oratsin an nivel apparent 
viable 
and v0 on; ie the valu of w function of onder are 
‘propantions of order m. For this clasifation the typen of 
the functions are immaterial, 

‘We most emphasize the ementlal distinction between oxdet 
sand type. The type of a fonction is veal characte of 
it depending om the arguments it can take? but the onder 
of a proposition or fenction is not » ral characteristic, bot 
‘wht Peano called a poeadonfunction. ‘The ovder of 2 pro 
‘poriton is like the mumerator of a fréction, Just as from, 
‘army! we cannot deduce that the sumerator of © is equal 
to the nainerater of y, from the fact that "p" and "gare 
{instances of the same proposition we cancot deduce that the 
‘onder of “is eqaal to that of g', This war showm hove, 
( &4) foe the particular case of elementary and non 
lementary propodiions (Orders 0 and > 0}, and obviously 
Del fn general. Orders only a characteristic ofa particalar 
symbol whigh a an insta ofthe proposition or function. 

‘We shall now sow Exley how his theory solves the 
‘remaining contradictions of groap B? 
oh Reny Suan cet Seto ents ae A 
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(9 11am yng * 

‘Thin we shold anager as"(g~p",/): Tam saying "p*, 
ip” meana p. mp". Here (0 get a deSnite messing for 
maces its nocaamnry to atin erm way te oder of", 
Suppose “9 is to be of the ath ex lewer oner. Then, 
syabaliing by dy fancti of pe m9 may be (34) 
Fite. 

Hence g *p' involves a¢s 4». and “Tam tying“ in the 
acne of “Tam emertog a felon propediion of order a” 
Isat least of erder n+ 1 ad doesnot contract ite, 


9) (1) The east integer not oameable ip tewer thin 
‘lneteen syllables. 


} The least indeinade ordinal. 
0) Richart's Paradox, 


‘A hse al nin amy of “nening 
tat Vatag’ The nme Sn ch a 
tcctnal sal wh oly # une én by 
Iegsineng The we wich ar et Be 
dnp by Sig er; hn ea tien 
involving all such names or definitions will be of a higher 
tread his ewe conan My ci 
Ger entra ne cca mya tthe a 
Witness ten then png 
‘eye er op ro pops 
‘=i pactina rms pont in hanes re 
crn ey te Set ce of si 
Popaiineea dee tay, een sy whet 
SS Ras ree 


tle a ind tod is eis rards bon i Reg 
incon t epeate ge cf ie el objet ov 
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‘tami propositions thee ae. Odes and egitimate 
Cotalities nly cura in with the symbols wa se to aymbalse 
(he facts in vasiocaly complicated ways. 

‘Toma up: ia tht chapter Ihave dened a range of pen. 
‘ative fuetions which escapes contradiction and ensblet of 
‘to dapense with the Axiom of Rederoiity. And Thave gives 
‘asctation ofthe coatraditions of group B which reets x and 
‘explains the fact that they ll contain seme epatemic element, 


TV, Provosrriouat Foxenions mr Extension 


Before we go on, let ws look round and ate where we have 
ot to, We have seen thatthe Introduction of the notlen of 
_redicative function has given as a range for ¢ which enables 
1 to dispense with the Axiom of Redocibilty. Hence it 
removes the second and mot iroportant detect inthe theory of 
Prinipis Mathematica; bat how do wenow stand with regurd 
to the other two dishcltien, the difhculty of ineloding all 
dames and relations ia extersion and not merely defouble 
‘ones, and the difficulty connected with hectity ? 

‘The ditiulty about identity we can get rid of, at the cont 
of great inconvenience, by adopting Witygenstein's convention, 
hich enables ug to eliminate "= ' from any proposition in 
hich it cccart, But this puts usin a hopes position at 
regards clases, because, heving eininated *=" altogether, 
‘we cam no louger wie sy a8 a propositional tanction ia 
ening tints eases, So that the ooly clams with whlch 
wwe ae now abia to deal are those defined by prodicative 
fenetions, 

Ut may be sesh here torepeat the definition of predicatve 
fonction of individests ; i is any truthfonetion of atomic 
functions and atomic propositions, We call sch fancHoas 
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*yroicatve”becsase they comarond, soar as rin 
soon can fo a vague on, tthe iea that ga prelates the 
tame thing of a gd dows of Thay inte al the pr- 
fitinna fanctons wich cecr in Prins athena, 
Indding Waricy as thre eoad. Tis cbicar, however, 
that we ough notte dene Keni in hs way es greenest 
{a case ofl prditve fcc, cae fo ings cat 
lary ages 8 regard al ateic factions and therfore 
Aa rogadh all practi fcetoos, an yt they ame to 
‘hing and ot, a the peoonid deion of est wosld 
aval, on thing. 

Henee our theory is every bit as imadloquate as Principis 
Mathematica to provi an extensional age fact We 
‘eject sae dfn of entity. we ae wb to incade 
sanoog the dases dealt with even lt file ermrrted 
‘classea, Mathematics thea becomes hopeless beouase we 
‘cannot be sure that there is any class Gefined by a predicative 
fencton whisenezaber ix two; for things my al fal ato 
{cada whic agri evry respect, whch case there would 
bo in our system uo exit clases ad oo txomenber Cae 

iw aretoreere all theerinry form of eathamtiy, 
{eines aif sme extesin mest be made i the notion of « 
ropositoal futon, 0 nto take in fhe clan a8 wel 
Soch aa extasi is eae oo other rounds, bcanue 
‘any ting whlch wou materi be regarded roped nal 
fonction cn te shown not tobe preieativefectent 

Tor example 


(sy) = Something other than x end y atin 
(Hare, of coure,‘ other than" isto be taken stltly, and 
ok In the Privifia Mathematica sense of "distinguishable 
from 

‘This is uot a preicative fanotion, bat is made up of parts 
of te pradicative functions: 








‘(THE FOUNDATIONS OF MATHEMATICS 51 
0) Foexsty 
Fergie seedy: D Neg) >a: 
By vty wd De RS >A: 
ret er eae 
‘This fs « predicative fonction becaute [to 2 teu fenetion 


of ge. fy and the constant proposition Ne'A4s) >1, 2, 3, 
Which do not iowolve x,y. 








) Forzey 
Pos, ia $10) Det ie) 22 
~ $e. D.Netige D1. 
ich in 2 predicate function. 


But F(6, y) in not itself predicative fonction ; this is 
‘perhaps mere dificalt to see. But it is easy to ee that all 
functions of this kiad cannot be peedicative, because if ty 
‘were we could find a predictive function stised by any given, 
individual a alone, which we clearly cannot io general do, 


For suppose ffi ot aha ~ ff). 
ue = 4f9, 
send. 


Thm fa =" There is nothing which satishes fe except 4, 
and members off applies toa and aalone. Sosuch fictions 
cannot always be predicative. 
Just as Fig, 9) above, 9 als * 
‘redicative functions: 


0) Fossey 


samy! may be taken to be (af) de. ~ ge: 
(36) dy. wy, in a cmtraitin. 





fs made up of two 
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"amy" may be taken to be ode. be 
fo vow dy La a tantly, 


But xy" ia not itl pradicative. 





Te seems, therefore, that we need to introduce non-predlcae 
tive propositional functions. Mow is this te be dane? The 
‘uly practicable way i to doit ax radicaly and drastically an 
pomible; to-deop altogether the sotion that da says about a 
‘what $0 says about 8: to treat propositional fasctina Uke 
smathematical fonctions, that is, extensionalize them com 
platy. Indeed iticlear that, mathematica functions being 
erived from propositcnal, we shall get an adequately 
fertensional recount ofthe former ealy by taking a completely 
‘extensional view of the latte: 

‘Soin addition to the previouly defined concept of a predic 
‘ative faction, which we shal etl require fr oertnin parpose, 
we define ct rather explain, fr in oor ayter it must be taken 
as indafnable, tha now concept of 2 propositional function 
In extension. Such a fanetion of ene indeidual reuls from, 
‘ny ove-naay relation in extension between propositions and, 
Individuals; that fe to tay, a contlation, practicable or 
Impracticable, which to every individual amociates a unique 
‘ropoiton, the individual belag the argument tothe fuetion, 
‘the propodition its value, 

‘Thos $ Socrates) may ba Quaea Anct is deat, 

# (Plato) may be Biase ipa great man ; 

48 being smaply an arbixary amociation of propelthons 
(ta individuals x 

‘A fonction in extension wil be marked by 2 sufix ¢ thus 
a4. 

‘Then we can talk of the tonality of sch functions an the 
ange of valoes of an agpareat warlabie 
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Consder now SS $e 
‘This anerts that in any auch exeelaion the proposition corres 
lated with « is eqeivalent to that correlated with y 

TE a ary this is 9 tantelogy (i is the legal product of 
‘aloes of 9 = 22. 

But ix yt fea contradiction. For in one ofthe omrelae 
loos some p wil be associated with x,a88 ~ prwithy, 

‘Then for this comelation £4, fais pf fu $, 20 that 
Jam fy is wefcontradictry sod (4) $e = dy bs vat 
‘contradictory, 

So (fi det = fy Isa tautology if = 3, a coatraiction 
it agtys 

Hence it can suitably be talen asthe definition of x = y. 

.£= y isa famction in extention of two variables, 15 valve 
la tantology when xand y have the same valve, contradictlan 
wes x,y have dilereat valves 

‘We have now to defend tis suggested range of functions for 
‘variable fy aguinet tbe charges that gitimate and leads 
ta contradictions. is legicimate because i san intelligible 
notation, giving a definite meaning tothe nymbols in whieh ft 
ig employed, Nor ean i€ lead to contradiction, fr it will 
‘scape all the muggested contradictions just as the range of 
predicative functions will. Any eymbal cootaining the 
variable 4, will meas in a diferent way from a symbol not 
containing it, and we shall have the same sort of amblguity 
fof ‘meaning as in Caapter If, which wil remove the 
cantradictont. Noc can aay of the fist group of contradic. 
tons be restored by our new notatia, for it will stil be 
lnmpoasble fr a elas to be a member of eet as our functionn 
in extension are confined to deSaite types of argurents by 
Sebition. 

‘We have now to take the two notions we have defined, 


0m te ote: maa fmf pena) aatby 
pi Shnt natn comtt a BY 
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rodicativefnctoas and functions i exten, and consider 
‘when we shill want to ase one and when the other! Ficst 
Jot us take the caso when the arguments are individuals: 
(hen there is every advantage is taking the range of functlons 
‘we use in mathematics to be that of functions in extension. 
‘We bave seen how this enables es to deine identity satis 
factory, and itis cbvicas that we aball need ua Axiom of 
Redaabilty, for sy propaitional function obtained by 
(generalization, of ia any manner whatever, i6 a function in 
extension. Farther it will give us a satisiactory theory of 
laue, for any las wil be defined by a functoe in enteation, 
eg. by the function which i tastology for any member of 
‘the clas as argaroent, bot contraction for any other argu 
‘ment, aad the nullclas will be defved by the eaicoatra- 
‘ictory fonction. So the totaity of clases can be reduced 
to tat of fanctios in extensloa, aad therefor it will bo 
‘this totality which wo shall requir iz mathematics, not 
‘the tolality of predicative functions, which corresponds 
‘not ta ‘all clases" but to all predicates" or" all propeticn", 

(On the other hand, when wa get to functions of functons 
the altuation is rather diferent, Toece appears to be 00 
‘int ia considering any except predicative functions of 
fanetion ; tha reasons for introducing fenctions in exteslon 
olonger apply. Facwe donot need to define identity baton 
functions, but oaly identity between class which reducen 
‘tm equivalence between functions, which is eatly defined, 
Nor do we wish to contier clases of functions, but eases 
‘of classes, of which = simpler treatment is also posible 
So in the case of fanctions of functlons we eoufne tureelvct 
to euch as are predicate. 

Lat us recall the definition of a predicative fonction of 
Suaetions; se a truthfusction of thir values and eoastant 





10 cme pecon tne or ae Sting fa ext 
(6 Guero Shh age teat on Pea Bao 
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‘propositions All fanetoos of taretiont wich arene Ln 
Priaipia are of this wet, bat "T balls (¢). $a“ a9 fonction 
of pélenot. Prodicative mctionsof fenctiouare mended 
im the sxst of Principia that ifthe range of fd) be that 
‘of predicative functions of fencions, 
bx ee barDMAN a 02. 

‘Thie e becanee id) 6 4 trathtuncton of the values of 
dor which are equivalent to the corrspending vuoet of 
x, 20 that fib.) a equivalent 10 8). 

4. we asoumed tie we should have a very srople theory of 
laws, since there woeld be no ared to dstinguich 4.) 
from 4.2. But though It a tantalogy there is lezly 00 
way of proving It, 90 that we shold have to take It ab a 
[pximitive peopeiton. Tf wa wish (avoid thin we have ooly 
to teop the theory of clams given in Principia bused 00 
"Que derived extensional fenction ”. The rtogeofprdicative 
fumetions of functions is edegaats to deal with dass of 
lame Decasee, although, ax we have wen, there may Ie 
awe of iodwidaals whic can only be fined by hetoos 
{ axteasion, yot any cast of clase can be dabned by 2 
predicate function, namely by fla) where 


IbAm 2p oem. $0). 


Ae the lageal sun of fase fet for all the faaetions fo 
ich deine the members of the clas of clases. CI couse, 
if the claw of clases in intnite, thie exprention cannot be 
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writen down. Bat, nevertheless, there will be the logical 
sum of these fonctions, though we cxsmot express At? 
So to obtain 2 complete theory of cases we must take 
the range of fusetons of individuals to be that of fimetions 
fn extension ; ut the range of functions of functioas to be 
‘that of predicative functions. By exing these variables we 
obtala the ayvtem of Prinipie Matematica, implied by 
the oaiason of the Axiom of Redocibilty. and a few cone 
sponding alterations. Formally it ie alssost mater ; 
or ite meaning bas been conserably changed. And ia 
thos preserving the form while modifying the interpretation, 
Tam folloming the great school of mathematical logicens 
‘who, in virtos of a series of startling detsitions, have caved 
mathemati fram the scxpties, and provided a rigid deman- 
stration of its propeitions. Only 20 can we praserve i foc 
the Bolshevik menace of Brouwer and Weyl 


¥. Tue Axsous 


T have shown fa the lust two chapters bow to reanedy 
the three principal defscts in Principia Mathomatce a8 4 
foundation for mathenatic. Now we have to conser the 
(wo important dieattive which remain, which cancer the 
‘Axiom of Infsity and the Maltiplicative Axiom. The intro- 
uction of theae two axioms is not go grave as that of the 
‘Axiom of Reducibility, Because they are not in themelves 
such objectionable aagomptions, end becuse mathematics 
inlargely dependent of the Mulplicative Axiom, and might 
eaably be supposed (o require an Axiom of Infinity, 
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‘propodtions or aven cxatradicticaa, Te this inquiry Isbell 
‘nchnda, rom curiosity, the Ania of Redctbiley, although, 
slace we have dispecsed with Its longer really concaras Ub, 

‘Lot ws begin withthe Axion af Refucbiity, which ausets 
‘at all functions of dividuals obtained by the geramliza- 
tion of matrices are oquivalent to alementary tenctions, 
In Alsconsng it several cass aris, of which I shall consider 
‘aly the most interesting, that, rarely, in which the xumbera 
of individuals and of atcmie functions of individals are bot 
‘nGite, Ta this case the axiom isan empisial propltion, 
that i to any, either a tautology aor & conteadiction, and 
fan therefor be neither asserted nor denied by gle or 
mathematics, This is sown as fellow -— 

(a) The axica is not a contradiction, bat may be trun, 

exit is clearly pousble that there sboed be ax atomic 
function defaing every class of individuala fm which case 
every function woukl be oqeivalet not merely to an 
slementary but to an stems function 

(8) The axiom is not a tavtlogy. but may be fave 

For it 6 clearly possible that there should be an infty 
of atomic functions, and an individual « each that whithever 
‘tome fanetion we take there is anctber individual agreeing 
‘ith ain expect of all the other functions bot not in repect 
(of the function taken. Then (¢}.¢{m $14 conld not be 
‘equivalent to any elementary function of x 

Waving thus shown that the Axiom of Redusiitty is 
neither & tautclogy nor a contradiction let us proceed to the 
Multiplicative Axiom, This auerts Bat, given any exist 
cas K of existent clases, ther is 9 Catt having exactly 
‘ove member ia common with eack ramaber of K. It by 
“ class‘ wa mena. a3 T do, any set of things bomegenems ia 
type not neceszily defiaable by & funetion which is not 
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vaerdly 4 foncticn in extension, the Multiplicative Axiom 
ees to me the most evident taxtelogy. I cannot #0 bow 
‘this can be the subject of reasonable doobt, and T think, 
1 never would have been doubted wales it bad ben mise 
fnterpretod. For with the meaning it has in Principe, 
where the lam hous existence i aserts most be ons definable 
by & propositional function of the sort which occurs fa 
Principia, becomes really docblfel and, Hike the Axiom 
‘of Reducbiity, uelther © tastaogy wor x contradiction. 
‘We prove this by showing 


(e) Te is not a contradiction, 


For it ie clearly pomible that every cass (ia my seas) 
‘ould be defined by an atomic fenction, 9 that nen there 
fs bound to be a casa in my sense having ove mamabec i 
‘otamon with eich sremiber of X, this would be also a class 
‘tn the sense of Princiia 


(0) Teo oot a taxtology. 


To show this wo tae not the Multiplicative Axiom itsell 
but the equivalent theores: that any two classes are cam= 
‘menzurable. 

Ceaaldee then the folowing case: et there be no atone 
functions of two oc more variates, and only the following 
tore fonctions of one vasiahte:— 

‘Associated with each individual san atomic function 
of each that 

reer 
(One other atomic fenction / sch that 2/6), (fs) ate both 
‘faite clams. 
‘Than thera is no one-one relation, inthe sense of Principia, 


bing ether 4) or (mf) for domain, and therefore these 
‘two clones are incommmenrale, 
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‘tae Multiplicative Axiom, interzeted as Ut in in 
1s not w tactlogy bet logical Gocbéfl, Bet, 
2 Tinerpret it tia obvious tatlogy, and thin can be 
clined as an adatticnal advantage in may theory. 18 weil 
probably be cbjectad that, i ite a tatcegy, it onght 10 
be able to be proved, ie deduced from the simpler primitive 
Propositions which rufice for the dadoction of the rest of 
sathomatis, But it does not seem tome inthe kas allkely 
‘hat there shoud be a tautology, wbich coud be stated bi 
finite tera, whone prot was, nevertheless infitely compi- 
cated and therefore lmpoutble focus. Moreover, we cannot 
expect to prove the Multiplicative Axion ix my sytem, 
‘because my ayatern i formally the wroeathat of Princip, 
‘nd the Multiplicative Axiom obviowly cannot be proved 
in the syntem of Principia, in wich itis ot a tautology, 
We came now to the Axiom of IxSsity, of whlch aguin 
‘my system and that of Priipi give dilereatinterprtationn 
1n Principe, oming tothe deinitlen of Wentity there wed, 
the asiocn cnaans that there arn an idity of distinguishable 
Individuals, which is an espicical peoponiten ; since, even 
‘soppodag there to be an infty f individuals, loge exnaot 
Aetoroine whether there are an infsity of thea v0 two of 
which have all their properties i commen; bat. co my 
sytem, which admits functions in extzason, the Axons 
of Tatty asets merely that there ae an indie nomber af 
(odividanle, This appears equally to be a mere qoestion 
of fact; bat the profound acalsis of Wittgenstein hes 
shown that this a an Wasin, and that. if it meane azything, 
i tmst be either a tantslogy oa contradiction, This wil 
‘be much easier to explain if we begin ot with infity bet 
‘wth some smile umber. 

Let ws start with ‘There fs ax indvidaal*, or wting tt 
st simply as pone fa logical notatia, 
"aaa 
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[Now what ix this proposition ? in the logical ama of the 
‘untelogies x= 3 for all values of x, and is therefore 
12 taetalogy. Bet sapyese thre wee zo individuals, and 
‘herciore no valoes of x, then the above formula is sbaalate 
nowsetse. So, if it means anything. it orest be a tentology. 
[Next Jet os tke “There age at least wo individuals’ of 
"ae hay! 

This i the Jogieal sum of the propositions « 7.x, whic are 
tantologics ff sand y bave diferent valees, contradictions 
if thay have the mame value Mence St is the logical sur of 
‘a tat of tanteloges and contradictions ; and thirelore a 
lactology if any ove of the act is « tautology, but otherwise 
‘ncoatradicton. That la fa tantology (Hx and y can take 
ferent vues (af thern are two individals), but other- 
‘wise « contradiction. 

‘A little refectiom will make It clear that this wil bold not 
amarely of2, but of any other numba, faite o indie. That 
4s, "There are at teast w individans” is atways either & 
tactelogy or 4 contradiction, sever a genaloe proporition.. 
‘Wo cannot, therefore, say anyibing about che number of 
individoal, since, whea we atteapt todo 1, we never saconed 
4a contracting a geatian preposition, bet only & formula 
‘which in either tautological or ult. contradictry. "The number 
of individuats can, ia Wittgeartein's phase, only be shown, 
and it will be shown by whether the above formale are 
tautological or contradictory 

‘The seqoance “There a an ladies’, 

"There are at feast 2 individeats', 
east lndividnats 





“There are 
"There are at least ty fodividuals', 
"There are at beast ay individual, 


373 
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begins ny belag tautologoss; bat somevtere it bene 
tobe contradictory, and the position ofthe lat tatshqgou 
tera dows the Zumba of indivi. 

“Te may be mondeved how, If we can ey nothing abot i, 
vee can cavlage as divine ponies that the suber of 
{paiva the wor isso and-o. We do iby iapilog 
dere wniverses of alacors, to which we may be conn, 
to that By “al” we me all in the eniverse of deoane? 
fd then that much-and-och a wnivene contsins sand 
many inividsala $e 4 tal poasbisty, and can be asuerted 
fn geruine propouticn. Iti oly when we take, not & 
limited univer of course, bot te whole we, tat nethig 
‘ay be aid about the mezber of individuals i it 

‘We can do logic not only or the whole wold bat lie for 
such Hed uniteraeof soar: Iw ake one cotaning 
 individans, 


Neiie = 9) > will be a tantology, 
Neda a) Dat a contraction, 


Hence Ne'dls = 3) > +1 cancot be deduced from the 
‘Primitive propositions comaron toall amiverses, and therefore 
for a rivers contuiaing a +1 individuals mast be takes 48 
4 plimitive peepositon. 

Slmilanly the Anions of Intaity ta the logic of te whele 
world sit i & tautology. eaanot be proved, but mast be 
(aken ay a primitive propualtion. Aad thi ie the ove 
‘which we must adopt, ales we preter the vlew that all 
analysis la welf.conteadictory and mesclagiess. We do ot 
have to aumme that any particular set of things. eg, atoms, 
‘a inate, bat merely that Ghar fe some infinite type whleh 
‘we can taka to be the type of individuals 
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MATHEMATICAL LOGIC (026) 


have toc sik to speak aboot developaents in Mathe- 
matical Logic ince the pabication of Principia Mathnnat, 
(8 Think wou eat interensog ted of describing 
‘aroas deita improveneats of deni, I wee to dias 
{nothin the work which has Ree dote 00 ext difrent 
‘oem and clans to sapernde atogeter the ponte takaa 
‘ap by Whiteead and Rall as tothe nature of mathematics 
sad ft logical foadatins 

Let me bagio by recalog what Whitehead and Ruuel!s 
iw in: iin tat raatharatics spar of fal ogi, cht 
a the ideas of pure mathematics aa be dele! in tecme 
which ure ot distictively mathcontia! but ivelved ia 
counpiated thought of any aerptcn, and thut a the 
‘Mopoaos of matte can be dotiond tom propouions 
‘of formal loglé, such ax that if fis true, then either p or ¢ 
{ntrun. This view seems to mein itt paul, fr oo soe 
1s logic ha bee deveozed boyond its oi sUogite nudes, 
re dhlteapect to bev bese the forms “All eeu are etl’, 
"Some men re mortal’, the numerical forma * Two men 0 
rectal and “Three toes ace mortal’, andcimber wil have 
ta be lnluded ts fora! og 

rege was the Gat to malstain hat mathematics was 
part of lope, and to construc a deta theory oo tha bass, 
Bat he fel fou ofthe tarsus contractor f the theory of 
fapeegate, and It appeared Cat coatrdtiy ecosequmoen 
(nl be dadocd ‘ross pristive propositions. Waitebead 
tnd Rupe exaped ths tte by fetoducing their They 
(Type, of which i la iopousbla uv to ge an adoqute 
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‘ccouat, But ace ofits implications most be expllned if 
later developments are to be inteligble, 

Suppoon we have a eat of characterieica given as all 
haracteritics of m certain wort, may 4, thea we can ask about 
anything, whether it bas © characteristic of the sort A, 
{tit hag, this wil be another eharacterlati of I, and the 
quettlon arses whether this characteristic, the charaterntic 
of having a characteristic of the kind 4, can itself be of the 
Ikind A, wening that it presappoes the totality of ach 
acacterstics, The Theory of Type beld that it could pot, 
and that wa couk! only escape contradiction by maying that 
it wan a characteristic of higher onder, and could sot be 
lacloded in any statement about al characteristics of lowe 
order. And mote generaly that any statement aboot all 
characteristics mast be ragarded as meaning all of a certain, 
crder. This seemed in itself plaesible, and also the only way 
fading certain contradictions which arose fom confusing 
hese orders of characteristics Whitehead and Russell 
so hold that statements about class o sgzregates are 
‘to ba regarded a8 really about the characteristics which deine 
the classes (a clase being always given as the class of thiogs 
‘messing a certain character} 0 that any statement aboot 
All claies will be really aboat all characteristic, and wil 
‘be Liable to the same dificaties with regard to tbe ander of 
these chavacterisicn 

‘Such a theory enables ws easily to avekd the contradettons 
‘of the Theory of Aggregates, but (thas al the unfortunate 
comsequenca of invalidating an ordinary and important type 
of mathamatical argument, the sort of argument by which 
‘we ultimately mtablsh the existence of the upper bound of 
an aggregate, e+ the existence of the Unit of a bonnded 
rmenotonic sequence. Tt is assal to dedce these propositions 
from the principle of Dedekindian section, tat i{ th real 
umber age divided completely into an apper and » lower 
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clam, there unt be « dividing number which is elther the 
Jart of the upper cas or the greatest of the lower. Tai 
fn tum Is proved by reganding seal mumbera ax sections of 
rationale; sectcas of rationals are a particular ind of 
‘lases of rationals, and hence a statement aboat real sumbers 
‘wil bea statement abont a ind of castes of ratioaals, that 
i about Kind of characteristics of rationals, and the 
characteristic in question wil have 0 be Limited to be of 
fe certala order, 

[Now suppose we have an aggragate E of real nembers; 
‘that wil be a class of characerstes of rationals. &, the epper 
oud of Eis defined as a section of rationals which is the 
sum of the meraters of E; Le. € isa section whove merabers 
fare all those rationals which are members of any member 
Of E, that i, all hoe rticoals which have the characterise. 
fof having any of the characteristics which give the members 
of B, So the upper bound § is a section whowe detning 
chaructectstic none of higher oxder than thowe ofthe members 
Of B, Hence it all eal exmbocs means ll sections of rational 
Aebned by characterises ofa certalo onder, tbe epper bound 
wil, fa. general, be a section of rationals defined by a 
charneterstic of higher order, and will not be a real tuber. 
‘This means that szalyais as ordinarily anderatoad ie entirely 
(routed on fallacious kind of argument, whieh whan applied 
I other fede rads to selcontraditory raul 

‘This unfortunate consaquenor of the Theory of Typer 
Whitehead and Russell tied to avoid Dy Setrodacing the 
‘Axiom of Redecibiity, which auserted that to any cherace 
‘eriaticof higher onder (here was an equivalont characteriste 
of the lowest order —equivaleat ia the sense that everything 
fat bat the ove has the ote, $0 that they deine the same 
casa The upper bound, which we saw mas acs of rationale 
elined by a characterise of higher order, would then wso 
Ye detined by the equivalect characteistic of lower onder, 
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‘and would be u real wumber, Unforsunately the axiom ia 
‘certainly not selfevident, and thera ia mo reasco whatever 
to suppose it ue. fie were rue ths woukt only be, 0 to 
spk, © happy aceitent, and it weeld not be a logical truth 
Uke Ube oeher primitive propositioos 

a the Second Editon of Principia Methnnatica, of whlch 
the fest volume was pablisbed last year, Mr Russell has chown 
‘how mathematical ndction, for which the Axlom of Reduch 
Diltysaemed also to be reqeized. can be established withoot 
St, but he does not held oat any hope of simular succes vith 
the Theory of Real Nuasbers, for which the ingenious voethod 
tated forthe whole mummbers ia not avalable. The matter ig 
tha left ia « profoundly emuatatactry condition. 

‘This was pointed ont by Weyl, who published in 3 
lite book called Dax Kontinsen, in which he rejected the 
Axiom of Reduebiity and secepted the consequence that 
ornary analysis was wrong. He chowad, however, that 
various beorems, soc as Cauchy's General Principle of 
Convergence, could still be proved. 

Since then Weyl has changed his view und become a fllowar 
fof Brouwer, the lender of what Js called the iatutienist 
school, whose chiet doctrine Ss the denial of the Law of 
‘Rxcluded Midtle, that every propoutlon ic either true or 
fale This is decied apparently because it is thought 
spouile(o know sucha thing «frien, and equally opoarble 
to know it by experience, becanse if wa do not know ether 
‘that it true ot dha i 6 false we cannot verity that itis 
fither true of faba. Brouwer would refuse to agree that 
cither ie was ening or it wat not mining, unless be had 
look to see. Although it is ceninly dificult to give a 
Dhilosphial explanation af our kzowlnige of the laws of 

1 Zo jane te Whe alg md“ Beri tet Seed 


mpeg geht tte ners ts td apr ee™ 
SEP Alen, Se Kenget End ne 2 cen snr 








“ MATHEMATICAL LocIc 


Tete, Leann perwuade mysif that {donot know for certaia 
thatthe Law of Excladad Midile is true; of come, it cannot 
be proved, although Ariatode gave the Sciowing ingenious 
srgument in is (arour. Tf a proposition fa elther trae nor 
false, tet os call it deubtfal: bat then ifthe Law of Exchoded 
Middle be false, it need act be either dosha or not donbtfal, 
‘0 we aball have not merly three posible but four, Uaat 
Wels true, thot it a fale, that it ls Goebel, and that itis 
either tru, false, nr doubt. And s0 00 ad infinitum. 
Butifiebe anvwered ‘Why not? there is clearly nothing 
more to be said, and T donot see how any cummon basis abe 
found trom which to discus the matter. The cast in which 
Brouwer thisks the Law of Excluded Middle fel are ont 
in which, us 1 sboeld say, we could not (ell wbether the 
‘propoution was true or false; for inatance, is 27 rational 
er rational? We cansot tal, bat Brovwer would tay it Wat 


athe We earaot od intagrs mw 2 at = 24; 


therefore itis not rational: aad we cannot abow thet ft it 
Ianpoorible to fad wach integers; therefor it isnot irrational. 
Teannot ye thatthe matter isnot settled by saying wat it 
féthee rational or iratial, but we can't tll which, The 
denial of the Lay of Excladed Middle reoders Wagitimate 
the argument called 2 dilemma, in whieh something it hows 
to follow trom cae hypothesis and also fram the cantra 
ictory of that hypothesis, and iti conchae tha i tre 
‘wnconditinally. Thus Brouwer is anable to justify much 
of ordinary mathamucics, and hla concasions are even mare 
sceptical than thove of Wey’ fet theoey. 

WWeyl's cond theory is very like Brouwer’, bet be seems 
to deny the Law of Exclaied Mile for erent seasons, 
nd in a ess general way. He does not appear to deny that 
any proposition is either tre or false but dene the derived 
‘ew that either avery rumber has a given property, or at Mest 


‘MATIEMATICAL Logie o 


‘oon xamber does not have it. He explaiss Ns denial frat of 
ll for veal numbers ia the falowing way. A veal eummber 
‘a piven by & seqeence of integers, for inatance au a8 innite 
decimal: thin sequence we can covosive as generated athor 
bya law or by succenive acts of choice, Tf now we may there 
1 a real number ox sequence having a certain property, thi 
can oaly mean that we have foond a law giving one; bat 
we sny all vequences have « property, we meena that to have 
the peoperty x part ofthe essence of sequence, and therefore 
belongs to seqoences arising aot only by laws but fom 
freeactsofcholee, Henceit it not trae tbat elther all aequencee 
have the property or there is sequence aot having it. For 
the meaning of sequence is difleent in the two cauies, 
ot Ido not see why i shold aot be posible to we the woed 
consistently. However this may be, nothing snail can be 
‘urged about the whole nambers which are not defined by 
equsotes, and to another more fundamental renton is pot 
forward for denying tbe Law of Excluded Middle. Thi is 
that general and existential prepositions axe not relly 
propositions a¢ all. If {say "2 is « prise auraber, that bs 
2 genuine jgvent asserting a fact; but iT vay Theresa 
rhe namber or“ Altsurabers are prime’, amnotexpresing 
4 judarnent at all Uf, Wey! says, nculedge is a reasons, 
the existential proposition is a paper atestng the existence 
of a treanura bot not saying where itis. We san only ay 
"There is a prime mumiber' when we have previously sald 
"Thin ina prime autiber ‘and foxgotten or chosen to disregard 
‘which particular camber it was. Hence itis never legitimate 
tomy ‘There it's soand40" enka we are fa pouealon of & 
seomstraction for actualy finding one, a consequence, 
_zathematica bas tobe very considerably altered ; for natance, 
‘it ls imsposible to have a function of «veal variable with more 
‘tan 4 Anite nurnber of Siacontinuites, The foundation on 
‘which this rata, namely the view that existeatial nd geneal 
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ropenitions are aot gmaaine Jadgoents, I shall come back to 
later, 

But est Teast wy somathing of the eyster of Hilbert 
fend bis folowes, which ia designed to pat an end to sock 
septic once and for all. This le to be dane by regardiag 
higher ‘mathematics 18 the manipulation of meaningleat 
seymbola according to Sed cals, We start with certain tows 
of eymbola calle some > trom thase we can derive others 
Dy aubatieating omtaia symbols called constants for thers 
called variable, acd by prosending {cer the pair of formulae 
iC then, tothe formula g. 

Mathematica proper is thas regarded as a sort of game, 
played with meanioglear marks on peper rather Ike nonghts| 
and crotes ; bot besides this there will be ancthes vbject 
ceallad metarathematicy, which le not meaningtes, bat 
‘consis of real asertioat about suathorates, telling us that 
this or that formala ean or cacnot be obtaised from te 
fexloras according to the rules of dedection. The must 
Iumpoetant theorems of metamathematics is tbat it not 
omible to deduce a contradiction from the axioms, where by 
4 contradiction is meeant a formals with a eartain kind of 
‘ape, which can be taken to be O40, This I wnderstand 
Hilbect has proved, and bas vo removed the pouty of 
‘contractions and seepticiam based on them. 

Now, whatever eae a uiathematician ie doing, bois eatainly 
‘making tacks on paper, and vo this point of view congas of, 
nothing but the roth ; bat st is hard to suppose tthe whole 
‘mth, There mast be some reason forthe choice of axiame, 
fd some reason why the pariculer mark 0-360 is regarded 
‘with much abborrnce. This lest point can, however, be 
explained by the fact that the axiom woold alow anything 
whatever to be deducted from 0760, so that 104.0 could 
‘be proved, anything whatever could be proved, which woakd 
end the game for ever, which would be wary boring for 
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poterty. Again Ie nay be asked whatber it really posible 
ta prove that the azioms da not led t2 contradiction, since 
nothing can be proved unless some principles are taken (or 
ganted and asomed not (0 lead to contradiction, This 
objection is admitted, but itis contended that the principles 
wed in the metamathenstical proof that the axloms of 
mathematics do not lead to ouatratiction, are 30 obvioudly 
true that not even the septic ean doubt them For they all 
relate not to abstract ot indnitely complex things, but to 
marks on paper, and though anyone may doubt whether & 
ubelass of a certain sot of insite series mast bas first 
term, 20.008 ean doobt that if = occurs on a page, there faa 
place onthe page where i coc or the ie ine. 
‘ranting allthis, it must gt be asked what use of 

‘merit there isin this geme the roathematicina plays, it is 
really a game and not a form of knowledge; and the o 
saver which is given is that some of the rathematicia's 
‘formulae have or can be given meaning, and that If these can 
bbe proved inthe aymbetic eystem their meanings wil be true. 
For Hilbert shares Weyl's opinion thet gecera a exiatentia) 
roponitions are meaningless. so that the only parts of 
‘wathematics which mean anything ace particlar asertionn 
‘about nite integers, such as" 47s 2 prime “and conjunctions 
‘and disjunctions of a finite amber of ch assertions 
‘There. primo betwnen 30 and 100, which can be reparded 
5 meaning "Either 51 lea prise or £3 ina prime, et, up to, 
‘x 0pise prime’. Bat asallsach propositices of simplearith- 
metic can be easily proved without sing higher mathematicn 
ft all this one for it camoot be of great fmportance. And it 
seems that although Hiiber’s work provides a new and 
powertsl method, which te as succeally applied to the 
Coctinssm problem, as 2 philosophy of matbematics it can 
hardly be regarded 28 adeqeste. 

‘Wesee then that these antherites, great asare the differenom 
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Detwoen them, ar sgreed that wathematical analyeis a 
condinavly tanght cannot be regarded as a body of truth, 
Dut Is ether false or at Beat a meaningless game with maria 
on paper; and this means, I Qhink, that mathematicians in 
‘this country should give sume attmtina to their opinions, 
an try te ind tome way of meeting the steation, 

‘Let ua then coasider what set of detence cam be mae for 
asuial mathematics, and Ruse philceopy of it 

‘We must bagin with what appears to be the crucial question, 
the meaning of general ad existent propeditions, about wk 
Wilber and Wey! take substantially the same view. Wayt 
(ays that an existential proposition is oot w jedgroeat, bat un 
abstract of a jadgroest, and that a general propasition [¢ a 
sort of cheque which can be casbed fr a mal jodganent when 
aan instance of it occurs 

Hilbert, leo metaphorically, says that they are idea! 
propontians, and full the aame function in logic as Seal 
lensents la various brances of roathematies. Me explains 
thie origin ia thin sort of way a gemuine fie proportion 
‘och as ‘There in prin betwee $9 and 100", we verite 
"There ina prie which is qrenter thas 0 and lesa than 100 
‘which appears to contain a part, "te a prime, or 52 is a 
prime, ee, ad inf.” and so be an inite logical mum, which, 
like an infaitealgebeate eum, is ft of alt meaningless, and 
can only be given « secondary massing sabject to certain 
conditions of convergence. But the Intrdyetlon of hea 
rmeaninglins forms so simples the rules of inference that 
it We convenient to retain them, eegueing Uhem at ideals, for 
‘which o consistancy theorem matt be proved. 

Tn ths view of the matter there seem t0 me ta be several 
iialtles. Firat it i bard to see what ute these ideals can 
‘be supposed to be; for mathematics proper appears to be 
reduced to elementary arithmetic, not even algebra being 
‘adcaitied, for the amecce of algebra ix to mak gener 
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sertions Now say eteaet of eiemetary ahmed 
cam be eatily tested or proved without axing higher mathe 
imate, whi ft be meppome to exit willy fr the ake 
of eile arithmetic seams exerely pinto Secomly, ts 
hard to ae how the notion of am ea an lt peesppone 
the pomibliy of general owes. Fer te fnteaton 
of eal esi the face tata proponions net containing 
‘dans which cas be Proved by rran of tham are toe. An 
te Fibers metaratheratc, which ir agront tobe gauinn 
frat, in bound to cxtait of general ropostica abet ll 
owble mathematica prook, which, tha each eof 
fs ite coms, ay well be init mame, AnE 
‘fas Weyl ays an exten propio pape ttetng 
the existence fo trea of kaewdge bot tet ying whet 
it, eaaot se ow we exp tbe wy of sch paper 
‘xcept by prewspponng i ecient capable ofthe ete 
Iowlage that there i x rnsare srr 

Moreover, eves if Hibs acount cos be accepted 0 
ea at we cone car attention to mation, Ido 20 me 
how it could be made plausible with regard to knowledge 
in goed, Ths, fT tal ou “1 keep w dg on appa 
to cain koownge of & fat trv, Set nt Keowee 
But “Tkoep a dog” mast be pt into lial srbol 
“The is something which 6 dag and kept by me": 50 
atthe koopa nowadge of an cristetia propstio, 
covering tbe pony init range things’, Now it mig 
Pony be nintaized that ny owing hat I Lep a dog 
own inthe sort. way Habert deri by sy pitting ff 
fecorety what sppars to be part of « Ste ropes, 
such aa Rolf is a dog and kept by me’, but your knowledge 
cxmot pony beexplind i hisway beau the etna 
‘eopettion expres you ever hve Known, and probsbiy 
A you ever wil iow abont the matte. 

Lastly, rem the apparently indies facts of simple 
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sithmatie soem to me to be rally general. Far what are 
‘toa mumbers, that they are about? According to Hilbert 
marks oo paper consirected out af the marks 1 and +. 
‘Bt this account seems to me insdaqoate, becasse if I sald 
“T have to dogs’, that would also tell you something ; yoo 
‘woud understand the word ‘two, and the whole setenct 
‘ould be tendered something ike “There are x 0d y, wich 
are my dogs and are not sBentica with ope another. Thin 
statement appears to involve the idea of existence, and not 
(be about murs on paper ; so that I donot see that it can 
be saiousy held that cardinal muraber which answers the 
(queation “How many? roecelya markon paper. Utben we 

i» one of these individeal arivomatical facts, anch at 
142 w 4, ths mers to me to mena “Ifthe #8 are two in 
number, and the g's alo, and nothing is both a p and a 
thea the numberof toys which are ether fs or 9 ie four.’ 
For thi in the meaning in which we must take 2 4-2 A in 
‘order to use it, as wedo, tote from Lave two dos and (wo, 
cats to 1 have four pets. This apparently individual fact, 
++ 2a 6, then coutains several elanents of genecalty and 
xistentiality. festly becanse the p's and q's are absolutely 
‘Reveal characteristics, and secondly because the parts of he 
‘ropoaitice, such as “If the p's are two in suraber', involve 
4s we ave ten the Idea of existence. 

It 4 ponible that the whele assertion that general and 
fevietential propositions cansot expres genuine jodgments 
orlnoveletge is purely verbal: that itis marely being decided 
10 eraphasie the diference berwece individual and gosera! 
ropeitions by efesing to use the words jodgment aod 
Jknowledge ia connection with the latter. This, however, 
would be a pity, fora our natural steocitions to the words 
judgment and kacwicdge St general and existential propeet 
‘long ag wall 23 they do indival ones for in either case 
swe can fel greater ox leser degrees of cooviction about the 
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moter, and in either cane we cox be i soon see right oF 
wrong, And the anggetion which Ss implied, that general 
and extental knowledge exists sicaply for the sake of 
Individval knowlege, ous tome entirely false, In theorising 
what we principally admire ia generality and in ordinary ilo 
1 may be quite saicient to know the exstentiah proposition 
‘Ht therein bull somewhere in a. certain Ge ned here may 
eno farther advantage in knowing that i i tit ball and. 
‘ner inthe eld, lastead of meray a bull sooweere. 

Hlow thea are we to explain general and existential pro- 
postions? T do not think we cun do better than accept the 
Wiew which has been put forward by Wittgenstein as a 
conmeqeence of his theory of propositions in general, He 
‘explains them by reference to what may be called atomic 
propositions, which assert the simplest possible vert of tact, 
and could be expressed without using even implicitly any 
logical terms suchas or, ital, some, ‘This ore" is perhaps 
‘an instanceof am atomic peopesiton. Suppose now we hava, 
‘my, w atomle propositions; with regard to their truth oF 
falsity, there are 2* matually exchaive altimate pousbitien, 
Lat call these the trath-pouiblitien of the m atomic 
Propositions ; then we can take any abet of these trthe 
oasis and ascert tbat it is powiblty ovt of thie tab 
et which is in fact, realized, We cam choowe this batt of 
posbiies fa which we azsart the truth to He in 2” ways; 
tnd these willbe all the propositions we ean build up out of 
these © atomie propeitions. That to take a cimple instance, 
“It, then 9" expresses agreement withthe thre possiblities, 
that both # and g are tru, that # % false and g true, and 
that pie flee and gfalae, and denies the cemaining posebilty 
that fis true end ¢ alse. 

‘We can easly se that from this point of view there is a 
redundancy in ai ordinary logical notations, because we cat 
‘write in meny difecest ways what ia exentlly the same 
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ropostion, expreuing agreement and disagceemeat with the 
same sta of pousbiities. 

‘Me Wittgensteis holds thar a propositions express agres- 
meat ani dimgreenent with trati-pomibities of atomic 
ropodtons, er. as we say, are truth-functions of atomic 
propositions; althoogh often the atamiz propositions in 
‘question are not exumersted, bot determined a8 all valaes of 
1 certain prepositional function. Thos tye propositional 
tunctlon ‘x is red" detersines & cobectlon of propodtions 
Which are its value, and we can asert that aller a least one 
of theve values aze true by saying“ For all, # 46 red "and 
“There isan x sch that «ie sed respectively. That isto 
tay, i we coald enumerate the vals of sana b...2,' Far 
All 5, # 1s red” would be equivalet to the proposition a is 
rd und Sia red and... and sisred’, Tein class, of comma, 
‘that the state of mind of a maa wiing the ove expression 
dies in several expects trom shat of a man using the 
other, but what eight be called the logical meaning of 
the statement, the fact which is asverted to be, is the 
same in the bo cases, 

[Nivizoponibe to diacans now al the argument which ight 
De used againtt this view, bat something emt be sid about 
the argument of Miert, that if the variable has an infinite 
-auraber of wales if that into say, there are a insite namber 
fof things fa. the world ofthe logical type i question, we have 
Ibere ag iafnite logical sam or prodact which, ike an inaite 
‘Algebra nun or product, is initially mesningess and can only 
‘oe given a meaning in ac indivect way. This seers tome 10 
‘est on false analogy ; the logical um ef «et of propasitions 
4 the proposition that our of the set at mast is true, and it 
‘don't appear to matter whether the set is Site or inte 
1 ls uot lke an algebeaie sur: to which fnitode is essential, 
sinon thin is extended stp by step from tha sua of two terms. 
‘To say Oat anything ponsbly involving an infinity of any 
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‘kind most be meaningless isto dear ia advance that aay 
real theory of ageragates a inponttle 

Apart from providing 2 simple account of existential and 
ever proportions, Wittgenstnin’s theory seiten anotber 
oration of the Sst importance by explining precy the 
peculiar aatare of logical propestiogs. When Mr Rill 
fis sid that matbematics cool be redced ta ogi, is view 
of logic was that it consist ofall true abaletely generat 
‘propositions, propositions, that i, wbich contained no rateria 
(as opposed to logeal) costars. Later he abandoned thie 
view, because it was clear that some further cbamcteratic 
Imides peeraity was rguiced. Fer it woud be pomible 
to deeribe the whole werk withoot mentioning any parlelar 
thing, and clarly something may by chance be trun of 
anything wbateves without haviog the character of necetty 
‘which belong (0 the truth of loge. 

1, then, we are to understand what loge, and 9 00 Me 
usil's view snthemtics i, we must ty to define (hin 
further characte which rary be vagualy calle necemity, 
oF frora another point of view tautology. For instance, "9 
ta either tre or fale” ray be regarded ether ab neceazy 
froth or as a mere tautology. This problem is iocdentally 
solved by Wittgenstein’s theory of propositions, Propautions, 
We fald, expressed agreement aad diagreecimnt with the 
‘ruth peasblities of atomic propositions. Given # atomie 
Propositions, there are 2 tuth-powsbiltis, and we can 
agree wit any tet of these and disagree withthe remainder, 
“There wil thea be two exireae cases ce in which we agree 
‘ith all the posites, and disagree with none, the other 
in which we agree with none and disagree with all, The former 
‘ncalled a tnulelegy, he latter «contradiction. 

“The sioplenttantology is“? oc not 9": such a statement 
de noting to our knowledge, and does oot eeally auert 8 
fact at a; iti, as it wee, 20% 2 real propeition, but a 
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degenerate case. And it will be found thet all propositions 
of logic ae in this sease tantobogis; and this is their 
Astingithing characteristic, All he priitive propodttons ia 
Principia Matematica aze tautologies except the Axiom of 
Raducibiity, and the ru of Gaduetion are sack that from. 
tautologles only tauteloges can be dadced, so that were It 
‘not forthe axe blemish, the whole structure would consist of 
tavtologlet. We thus ace brought back to the old diffcalty, 
‘ut it is possible ta hope that this too can be removed by 
cane modification of the Theery of Types which muy rmnlt 
{rom Witigeostein’s analysis 

‘A Theory of Types must enable us to avoid the contradioe 
tion; Whitedead and Russell's theory consisted of (wo 
iatnct part, united only by being both dedaced from the 
rather vague 'ViiooCirele Principle’, The frst part 
istinguished propositional functions according. to their 
“arguments, |¢- clas according 10 theic members; the wecand 
part created the need for the Axiom of Radueibiity by 
tequicing further distinctions between orders of fanetlens 
swith the same type of arguments. 

‘We can easly divide the contradictions according to which 
part ofthe theory is required for ther talation, and when 0 
‘nave dane this we find that these (wo sets of eomteadlctons 
‘ce distinguishes in another way also. The ones solved by the 
fiat part of the theory are all purely logical; they involve 
1a ideas Bot thove of clas, ration and cumber, could be 
stated in logical symbolism, and oocu inthe actnal devalep- 
‘ant of mathematics when iti pursued ia the right direction 
Such are the contradiction ofthe greatest ordinal, and that of 
‘he class of cass which are not members of themssives 
‘Woh regard to these Me Russell's scltion seers inevitable, 

Gn the otber hand, the second set of contradictions are moar 
of them purely logical or mathematical bt all involve sme 
payehologial ter, such as menting, defising, amine er 
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‘amerting, They occur not ix mathematics, but a thinking 
bout outbematicn: co that iti posible that they arise not 
from faulty logic or mathematics, bot fora ambiguity in the 
rehologlal ot epistemological actions of meaning and 
fesertiog. ‘Indeed, it seems that this must be the cate, because 
eruminstion soon convinces ate that the peyehclogical erm 
win every case exsentil to te comtradietion, which coed not 
be constracted without introduciag the relation of words to 
their meaning some equivalent 

‘now we try oapply tothe qoustion Wittgensteln’s theory 
of generality, we ean, Think, flely easly cnoeteuet &waltion 
slong these lins. To explain this adequately would require 
‘paper to lef, butt may be pouibe to give somne iden oft 
inafew words, On Wittgenstein'sthoory a enerl preposition 
In equivalest 03 conjunction of ts instances 0 that the kind 
of tact amerted by « generat proposition is not ementially 
Aliferent from that asserted by 2 cenjenction of atom 
proportions. Bat the symbol for a general preposition 
‘mee ite meaning ia a ferent way trom that is which the 
symbol for an clemectary proposition means it, beaute the 
latter contains names fo al the things iti about, whereas 
the general propaition’s cymbol coatsios only « variable 
standing forall te valoes a8 ozce. So that though the two 
kinds of symbol could mean the exe thing, the senses of 
‘meaning in which they mean it mast be diferent, Hence thi 
orders of propositions wil be characteristics not of what i 
reunt, which is alone relevant in seathematics, but of the 
symbols used to mean i. 

First-order propositions wil be rather like spoken words 
the same wotd can be both spoiea and writen, and the same 
‘Proposition can theoretically be expres in dierent orden. 
Applying this wndatic swtendis to propestinal fenction, 
wo ind thatthe typical distinctions betwee: Sanctions withthe 
‘ame arguments apply nt lo what e meant, but the elation 
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cof meaning between symbol and object signified. Hence 
(hey cam be neglected in mathematics, and the alution ofthe 
‘untradictios can be preserved in e wighly modibed form, 
‘because the contradictions here relevant all have to do wth 
the relation of meaniog. 

{In this way 1 @ink it i powtible to escape the dificalty 
of the Axioo of Reducibity, amd remove various other 
‘aare philosophical objections, which have been made by 
Wittgenstein, thus rehabdieating the general aocomt of 
the Foundstiocs of Mathematics gives by Whitebead end 
Rawsll, But there sul remains an important point ia which 
the reuleng theory must be regarded a6 uosatisactory, and 
‘tt is in comeection with the Aaiom of Infinity 

‘According t the asthors of Principe Mathematica shore it 
Bo way of proving that thee are an inSiite numberof thingy 
4m any logical type ; and if tere are not an inénite number 
‘many type, the whole theory offi aggregates, aquences, 
ferential caleules and analysis in pececal breaks dowa, 
‘Accoeting to their tory of summer, i thee were only ten 
Individuals in the sease of ember appropriate to Individuals 
sll muubers greater thas tes would be identical with tbe mull 
flags and 90 with one another. Of course there would be 
2 chames of individuals, and oo the next type of members 
‘would be allright ep to 2, and 40 by taking a high ene 
‘ype say finite ourber can be reached, 

‘Rat it ell be impossible in this way to reach My, 
‘There are various nataral suggestions foc geltiag oat of 
iticlty, bot they all seem to lead to reconstituting the 
‘contradiction of the greatest cediaal. 

Tt would appear thes imponible to put forward analyuis 
‘except nan ccnsequance of the Axiom of Intnty; nar do J 
sce that thia woald in yeaerul be objectioeable, becawe there 
would be litle point ia proving propositions about infinite 
serien unio snch things exited. Ana co the other bend 
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‘the mathematics of » world with a gives faite number of 
smumbers is of Hite thecretcal interest, a¢ all ia problene 
can be saved by a mechatical procotare. 

Tt 1 aifaity seems fo me to arie in connection with 
sdementary propositions in the theary of numbers which ea 
only be proved by trasscendental methods, euch at Dinehlet’s 
‘evaluation of the clase member of quadratic forms, Let 12 
nnsider sock a remit of the form * Every number hat Uhe 
property 9’, proved by trassoendeatal mathads only for 
the cave of an infoite wor ; exes this, if we knew the. 
world ealy contained say, 1,000,000 things, we conld prove 
by lasting the mumbers ep to 100,000. Bet suppone 
he world is finite and yet we do sot know any upper 
limit 4 ita sine, then we are without any method of 
proving it at a 

Te might be thought that we ool escape thin conctsion 
by saying that although vo infinite agregite may exis, 
{he notion of an infaite aggregate isnot sllcontendictory, 
fund therefore permiasble in weathematics, But I think 
‘this miggevtion iano use, for three reasons fsty, it appeart 
4s « result of same rather dial, bat I think concHasive, 
reasoning by Witgeostein that, if we accept hi theory 
fof general and existentiat propositions (and it was anly 
wo that we cau get vid of the Aniom of Redciblity) it wall 
{ollow thet if no lnfeite agergate existe te notion of much 
a aggregate would be selcoutradictory ; sevedly, however 
thar may be, It fs generally accepted that the oely way of 
emonatrating that postalates are compatible, is by ax 
existexee themem shoving that there actaally is and not 
merely might be a system of the kind postulated ; thinly, 
‘even if it wece granted thatthe wotive of an inniteeggrepate 
‘ware not self-contraditory. we should bave to make large 
slterationa in ou system of Jag in onder to vallate prools 
epanding on coratructicns is carms of things which might 
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exist but don't. The system of Principia would be quite 
tuadequate. 

‘What the can be done? We can try to alter the proot of 
och qroposttiogs, and it might therfore be intersting to 
try to develop x new mathematics without the Axiom of 
Infisity; the methods to be adopted ight resemble thase of 
Brouwer and West. These authorities, however, seem to me 
to be sceptical shoot the wrong things im rejecting not the 
‘Axiou of Infinity, bt the cleanly tautologoas Law of Exchided 
Mba. Bur Ido not feel at all content what anything could 
bo uchiaved oo these lines which would replace the transee- 
ental acgurcents af present employed. 

‘Another pouty is that Hilbert’ general method shold 
be adopted, and that we should ewe is proof that no eontra- 
Aiction can be dadveed from the axioos of mathematics 
inclading ax eqivalent ofthe Axio of Infinity. We can the 
sare thos: whetber a given umber has or has oot the 
property p can aways be found out by calculation. Thiswill 
{ve wa formal proof of the result far this particular murbe, 
hich eannot contradict che guseral eval proved (om the 
‘Axiom of Infnity which mux! therfore be valid 

[But thie argument wil ail be incomplete, for it wil only 
apply to numbers which can be eyenbolized in gor system. 
‘And it we are denying the Axiom of Ininity. there will be an 
lapper Umit to the scmber of make which can be aude 
on piper, since space and time willbe fit, both in extension 
ne iviibiey, so that some sezibers wil be to large to be 
‘written down, aad to them the peoot willnot apply. Aad these 
numbers bang faite willbe existent in a suficenty high 
type, and Hifvert’s theory will st Belp us to prove that they 
ave the property 

Another serious diffenity about the Axiom of Intalty is 
(at fit sale, tin dificult to soe how matiematica analysis 
‘an be wed Sn phytic, which ses to require ie rathermatt 
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‘to be troe and not merely to fllow from & powtbly fale 
Inypothess. Bat to discus this adequately would take wf 
to far. 

‘As to how to carry the matter farther, I bave no muggeation 
tomake; all Tope isto have made i clear that the subject 
4 very dificult, and that the leading authorities ase vey 
sexptial an ta whether pare mathematics as ordinadly taught 
can be lgially jastifed, for Brouwer and Weyl say what it 
feannot, and Hilbert propose ey to justi i as a gue with 
‘ocaninglest marks on paper. Oa the other band, although 
‘my atlempled reconstruction of Whe view of Waitebead and 
Rusell overcones, I thisk, many of the dificaltion, It 


Sampocsibe to regard it a altogether satstctory. 
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ON A PROBLEM OF FORMAL LOGIC (1028) 


‘This paper is primarily concerned with « epoca cate of 
‘neol the lesding problems of mathematica! loge tbe problem 
‘of nding a regular procedure to determin the truth oF falsity 
of any given logical formula® Bot in the eouree of this 
invemigation it a oecensry to use certain theoreeas on 
combinations which hve an independent interest and) are 
‘mont conveniently set oat by themselves beforehand, 


The thooreras which we actualy roqure concern finite 
lates only, bat we shall begin wi a simies theorem about 
infnite classes which is exsier to prove and gives « simple 
‘example of the method of argusart. 

Tunowns A. Let Ibe an infinite case, end and rpoitive 
Sntgers and lt al hose ewh-ases of I which have exacy 
members, or. 53.9 may say. lar combinations ofthe mombort 
of Tbe hivided im ony manar ito maaily orlusve classe 
C2 oon who that cory ecoebinaon és member 
af ome ond only ome Co then, avrg the Asiom of Sletions, 
E mast contain a infite ub-lans each tna alle rcome- 
Pimatiome ofthe members af 2 Balog be he same Cs 

Conte feat the case wo — 2. (UE pe ~ 1 there fs nothing 
te prove) ‘The theaces I trivial when + ie 2, and we prove 
{efor all vals of by induction. Let as anv it, therefore, 
When 1 = p—1 and diye it Sor r= p, there belag, since 
f= 2, only evo tues C, amely C, and Cy. 
seat camae Be ASR, alee" 
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He may happen that Peontane a member x and an inte 
snbclass F, not incating 2, such that the peombénatioon 
emiatiog Of 2 together with any p —1 members of Py, 
allbeloag to Cy. If20, Fy may similarly contain a mersber sy 
and aa ichiite subciass I, not inceding sy, soch that all 
the poombinations consisting of x, together with p—t 
members of Fy, belong to C,. And, again, 17, may contain 
an syand a P, with seilae properties, and so on indefinitely, 
We thas have two possbitien: either we ean select in this 
way two infaite sequences of members of Fy. £y,-- fos 
sss) and of infsite sab-cases of FUP, Ty 
{in which «is always.e member of Fy, 
of Thy net iachading m, s0ch tha 
consisting of 55 together with p—1 monmbers of T, belong 
10 Cy; oF else the proces of selection wil 12H at a certain 
stage, tay the wth, ecame Fang (or it wm t, Titel 
wil contain no member x, and inénite sobelau M not 
Ancuding x, wich that all the poonblnations coossting of 
ry lager with p —1 members of P belong 10 C,, Lat us 
take these possibilities in tum, 

tthe process goes on for ever Tet A be the class (4, 
soe as Je The all these 2's are distinct, since ifr > 8, 
isamemberof Fy. ,anwoof Fy» Fry, andultinately 
‘of F, which does not contain 5, Hence 4 ininfinive, Ale ll 
pcombinations of membect of J belong to Cy: for it x 
in the term of such a combioation with least tific 4, the 
‘other p—1 terms of the combination belong to T), and #0 
orm with 5 2 peombisation belonging to CI therefore 
containn an inflate rb-ciae of Use required kind. 

Seppose, ou the other band, that the proces of welctig 
thes'sand Ts fale at the wth tage, and let y, be any member 
of Ty-y Thea the (@— t}combinations of members of 
Th-,(yp can be divided into evo mutually oxclsive 
dames €°, and C', according as the p-cwntinations formed 
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by aking to them y, belong to C, oc Cy, sad by oar theorem 
1A), which we ar assuming toe whea r= p~ 1 (and p= 2), 
To-1— (9) most contain a intate subclass such that 
al (@~1}combinations of the members of 4, belong to 
the same Cc: Le such that the combinations formed by 
foining y, 10 p—1 members of 4, all belong to the same Cy 
Moreover, this C;eaunot be Cy. or y, and 4, ooeld be taken 
‘ta be rand Fa, «2d our previous proces of selection would 
‘ot have flled a the w-th stage. Consequently the pos 
‘inations formed by joining 7, to p—3 members of 2 all 
Delong Wo Cy Consider now 4, and let yy be may of ito 
mambers. By repeating the precling argument 4,— (73) 
‘oust contain an infinite sub-class 4, such that all voe pcom- 
binations got by Joling 95 to p—1 members of y belong 
te the mame C, And, again, this C, cannot be Cy, oF, since 
yalnm merader and dy a tab-class of 4, and a0 of Te, which 
inclader dy, yg and dy conld have bees chown at and 
Ty and the process of welectng theve would not have failed 
At the with stage. Now let y, be any member of dy then 
4,—(yn) mast contain an ifnite ub-lass 4, each that all 
e-comblaatlons consisting of yy together with p ~ 1 members 
of dy, belong to the same C, whieh, as belore, cannot be 
Cand mutt be C,. And by ooatiauiog in this way we shall 
evidently id two inate sequences es ad 
Ay, dy dae» costing respectively of merbers and 
subsdasses of 7, and soch that yy is abvays a member of 
yy dy 2 eubelass of dy. not inctuting y,, and all the 
peombinations formed by joining 3. (o p—1 members of 
Azbelong 10 Cy; asd if we denote by 4 the clase (71.95 

Ys --) welave, by a previous angumest, thet all pcombina- 

cn of members of A belong t0 Cy. 

Hence, in ether case, F contains am intnite subclass 4 of 
‘he required kind, and Theor A is proved feral valoes ofr 
provided that y= 2. For higher values of we prove it by 
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induction ; snpporing it already established for wma end 
pom r—1, we deduce it fora =», 

‘The reambinations of merabers of Fare then divided ita 
vy cdamen Cy (Fw 2... We Befine new cles C4 
foe 9 1,2,-47 by, 


CUS CHAS, um 
CrCl. 


‘hm by the theorem for = r= 1, Pant cootain an 
Infinite sah lass 4 such that all -combinationsof the members 
of d belog tothe same Cy. M,in thi Ci, v=, they, 
all belong to the same Ca, whic is the result to be proved ; 
cothervive they all belong to C'y.y, 14. either to C,.y of 10 
Gy Ta this case, by the theorem for w = 2, 4 sma conta, 
‘mninGnitesub-clase 4" sech thatthe combinations el membere 
(of A’ either all belong to Cy. all Belong to C, and our 
theorem is thus established. 

‘Coming now to faite clasees it will eave trouble to rae 
ome conventions at to notation. Seal letters otber than, 
2x andy, whether Talc or Greek (eg. ym). wil always 
denote finite cardinals, postive walew ctherwive tated. Large 
Greek lettas (eg. 7, 8) will Gencte clases, and Beir subset 
will iaicate the nuraber of thet mecabers (eg, Tb. clase 
‘with m members). The letters «and y wil represent members 
atthe clases F, 4, ee. ant ther sufnes wil be osed merely 
(edistingsish ther. Lastly, the etter C wil stand, an before, 
for lates of combinations, and We satines wall not relr tothe 
‘utaber of member. bet serve merely to distinguish the 
‘erent classes of combinations contitered. 


Corresponding to Taeocem A we then have 


‘Tacoma BL Ginen any ra, ent pw cam find mm uch 
ha, if > oy ond the combinations of any Tr ae divided 
any manne ino x mutaaiy eelason casts Ci (me 1. 
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2s: BM Da pues contain 2 ecass by such tha at the 
eombinatona of manters of 4, bong ie the seme Ce 
‘Thiais the theorem which we require i our logical investiga 
ont, a4 we thould atthe same time lke to heve information 
1 to how large my mst be taken for any given 1, and 4. 
‘This problem 1 do not know bow to salve, acd I have bitte 
doubt that the values for wy obtained below are far larger 
‘than is necessary. 

To prove the theorem we begio, as io Theorem A, by 
supposing that = 2. We thes take, not Thocrem B itil, 
but the eqaivalent 


Tuxorru C. Gin any 1,9, and hw tat 4 A>, 
there is an omy such that, if m > me and the r-combinations of 
ny Te Sided sats Rap rua ezine cates Cy and 
Cy, thn Pt conain tn wll sxcluin ed-laan 
Ay and Ay sch that all the combinations Jormed by + member’: 
Of dy 4 aah acd at Lt one member from dy bon 
fothe rane Co 

That thin equvaknt to Theorem B with = evident 
{roe the tat that. fo any given r, Thee C for ad, 
Asweto moe than Theorem B for, bata han Theorem B 
fora te 

Tho yroot of Teoren Cet be performed by mathecaties) 
induction, 404 ean conwenieaty ba at ont a «demeontration 
‘that {8 is posable to define by recursion a funetlon fir, m, A) 
tie wil eve as yin the theorem. 

tr = 1, eh theorem ig evidently tre with mt eel tothe 
speaier oft —1 and w + bso that wo may dace 

Aim Mm mas 1 $A DLE DO, 

For othe values ot wedese fin.) rears formule 
favalvng a2 auaary function gf, 8. Suppone that 
f—3, mB bas beam deine fr 2 cain 73, ad al 
ss boch hata + ¥ 71, en we cetse tor by puting 
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a ere Es ere 
7.0, Bm ean 73,8, 

Eee Da H Leet) > 0. 
fem B=Som—teeb) (ea. 

These formsiag can be easy seen to dein fm, 4) for a 

postive values ofr, m and stistyiog w+4 >, and 

ate 9, # Cor al vals of greater than 1, and all postive 
values of # an6 A an we shall prove that Thoorem C is 
true when we take my tobe this fir. .4).. We know that thir 

1 10 when y=, and we shall Useretoe asnume it tor all 

‘aluet up bo 71 and dedice i for. 

When wm faandm my = ft b— 14 2r— 2) +1, 
‘we may tahe any member x of to be ale member of 4 
and thera renain at last fr— 1b + 2,72) merece 
of a= (i); the (—teombioatons of these members 
of Ta (9) an be divided into clases C', a8 C' secording 
1 they belong to Cy oF Caw xs added to ther, an by 
cr theorers for F—1, Pay— (e) mst contain two muteally 
fective chases Aso Arca soch that every combination 
of r= terme 60m Aare + Arce (ince oot of ie terms 
rust come trem daaroy Ary having ealy ¢—2 embers) 
del fothesame C's Taking Astove this Breragt Avy 
Al eombizations consisting of», together with r— 1 members 
of ds, telng to the same C The Ubeorem is theriore trot 
for when m= 1 

Foe other values of # we prove it by indection, assuming 
fi lor a—1 and dedecng it form. Taking 


Dm fea afte. 9M. 


Fra munt, by the theoree for 3—1, contain 2 4,., and & 
Areas 43th that every combination of 7 members of 
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Ax bolongs to the same Cy say 10 Cy Tt, 308, Aarndy 
contains a member + and 2 subclass A, uot iocludlng +, 
such thet every cambination of x and ¢—1 members of Ay 
Deloogs to Cy, then, taking 4. to be dens + (6) and Ai to 
bethis ,,cor theorem istrve. Itnot, herecan be no member 
of Apyay which has a eabdass of & mebers of Ayn 
‘xaageted with itis this way, But inca 

ae eM aH ete 1M, 
Argo ast contain & maraber x, end a sub-clans A, 
rot incleding xy, coch that «, combined with any 7—1 
rmemberu of Ay,e-» gives a combination belaging to the 
same Ci, which caret be C,, of and any & merbor of 
Aqw-nn C048 have Ween taken as the and A, above 
Hence the combinations formed by x, together with any 
71 members of dyr-sn all belong t0 Cy, But row 


MEAL, a= 2, 


tad Agent ant contais as fy Ad Aynecnye 
rot incleding. 5, auch that the combinations formed by 
2 4a 71 members of Apa a Delong to the sae 
Gu which emat, as Delore, Be Cy ince ty 204 Ayr seaiy 
tre both coated ia Aya. a04 sie, m2, 8) > 
Contiauing in this way we can nd m intact ters ey 
sone And & Ay gay Sach that every sombination of ¢ 
terms from (tp, fy ==» 30+ Anien belongs to Cy 
provided that at eat one tem ofthe combination eames ram 
Gute nota Since gr. 0,4) > bis proves our theotes, 
taking dy 10 Be (4, Sy. Ad and dy to be any & terms of 
Aaam 

‘Thewem C is therefore extabihed forall valos of rm, 
204 B,with my oqal to fr. 9. 8). It follows that if w= 2. 
‘Thaorers B is true for al vals of rand wth, al 
POMP Tra), whi weal a cal Kr .2). 




















FROBLEM OF FORMAL Logic * 


Foe other valees of we prove Theorem B by ioduction, 
taking m to be At, p), where 


Ben = fe, 
Mion p= Adem M2) > 2h 


For, asuming the theorem for — 2, we prove It for 4 by 
Aefining new classes of combinations 





re henw, 











en Se. 


1 then me > Aes ms) =r lr ms 12,2) by th 
‘theorem for m2, Py mest conic a Paves g, BE 
combinations of when embers belang ether at all. 
4o-C'y To the Sot cae thre in 0 rors to prov in thn 
second we have only to apply the theorem for =A te 
Pree 

Tothesinpen cava whichy = y= 2 he above eesoning 
ives m equal to A. a. 2), which is ently ahown to be 
26-08 But for ths cam thee la simple aegumest 
Which gives the mach lower alin my = 1, and ahows thet 
ur value Ay. m,n) ie altogether excessive 

Tet, tabla Theoren C Sst, we can prove by Induction 
with regard to m that, for 7 =2, we may take my to bo 
Ate 41). (bis here append grater thas or egos! 1) 
For this is tre when # = 1, snes fm > 28, of thm m= 1 
pass obtaled by combining any given member of F with 
the eter, at lene Xcanat tang 12 tha sme Ce Anum 
‘ts thea form — 1, lat us prove form. 

Te Db tet lade + t)at Fa mutt, by the 
ore fer x= 1, contain bro mutually exchsive mb 
dames dans sod agg ech What all pate froin dye + 
Ange yt eat oe tre of which comet from dye, baloag 
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to te sme Cy my C;. Now coud tte menter ot 
Avec i the fv Pace, Cate ay be oe of thane, my, 
‘wich is suc that thee axe A omer member of Ange 
‘which ombiand with glve pais belonging 10 Cy. If 2, 
the theorem is true, taking d, to be da, + (x); if not, 
fet x, be any member cf Angry Than there ate at moot 
A=t otter members of ace which combed with 
ive pais Ylongng 62 Cy 22d Agno fe) mt conta, 
© dus any meter of which gives when combed wth 
1 pair belonging to Cy Let xy be any member of A, ten, 
tines a0 Au, are both contained in Aug there art a 
roost A= other menbect of Aa which when combined 
vith give pairs eloging 19, Mason de — (4) sotains 
4 Aseoy A2Y ember of which combioed wih gives & 
‘pair belonging to C, Continuing in this way we obtain x,, 
Besos fe and Aas wich that every pac 34, and every 
pat condtiog of wn x and marber of Ay tnongs ‘0 Cy 
‘Thesrera Cie therefore proved. 

‘Theores 3 fr x then fellows, wits Ue myo Theorem Cfo 
1 and 1, be, with mg egaal (0 829; and 18am easy 
srteson to show that if in Theorem B r= 2 bat p92, 
fre cam take gto De wi... whe tbe proses of thing 
th factorial ie performed — 1 tes. 








iH 
We shal be concerned with logical formulae containing 
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usctlons have as arguments individuals denoted by #, 7,4, 
‘ete, and we shall deal with fenctions with eny faite umber 
‘of arguments, Le. of any of the forms 

Hel xt. Ha 9- 9, 


1 mddition to these variable functions we shall have the oo€ 
‘enstant function of identity 


say © =ty 


By operating oo the value of #, x. and with the 
logical operations 


~ meaning et, 





(said, 9) v= = 931 ¥ (698 ata} 


‘a which all the individual variables are made “ appareat' 
by prefins (x) or (as), and the caly real variates et are the 
Snetiooa x... Soe a exprenion we shall calla fret 
order formas 

1 such a foramla is trae for all interpretations? of be 
functional vatlables ¢, x. 9. etc, we shall call t valid, and if 
it is trve for uo interprtatian of Ue variables we shall 
cal it inconsistent. If it ia trun for some (aterpretations 
(eter or not focal) we shal cal comand? 
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‘The Ralchedwagrproion isto nd a procedure for deter 
iminng whether any given formula is vad, er, alternatively, 
whether aay given formula 5 couitent; for these two 
problems are equivalent, sioce the necsary znd sficient 
emdition fot 4 focmula to be cnaitent ie that i contrar 
try sosld nat be vali, Wesball nt more somveait 
1 Uae the problem in is socand frm aa an investigation of 
cowidency.. The consistency of » fornala tay, of coure, 
Aapend og the suber ofindivdenein the enbverse considered, 
‘ad we sal hve > itiogaish betwen frelae whi ae 
comsstent in every univer a thon which are nly content 
in waivectes wth some putielar wombers of member 
Whenever the aniverse is inate we shall have to assume 
the Axiom of Seletcos 

‘The probe has been wine by Behetan? for formulas 
involving cely functions of one vasehe, and by Bersayn 
tnd Schbafnke for formate iavetring ool two india 
appasent variables. Tis sled below for the furtber case 
Jn which, when the formala 8 walttes ia‘ noemal form", 
‘Bere are ay numberof pees of genralty (8) bet sone of 
fexatence (g3* By "normal form # i here meant that al 
‘he pede sand a he begining. with no negatives between 
ofa frat of them, and have scopes extending to the ead 
of the formals. 

“The Formula tobe considered wre thas of th frm 


Wada Eb Bens ete etd 
swhern the matric F is a trathfunction of values of the 


5, Beas, Bue wr Alb ce Lagi engi ms 
gang a sein, oe gp eae 
on gis 








gate Pa roe 
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Etat Gad Ackermann, op ct 80, 
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faoctlons $x. Ys ete. and — fer arguments drawn from 

“This type of formule is interesting being the gener 
Aypeot an axlom system comlsting etiely of” general lawn 
‘The axioms for order, betmesoness, and cyic order ate tll 
cof thie satare, and we see thas attempting « grovel theory 
of the couxsteney of axiom aysters of & common, If very 
simple, type 

Tt Sdentty dace not occur ia F the problem i trivial, vince 
in thie case whetber the formula is consent or not can be 
show to be independent of the namber af individual in the 
‘universe, and we have only the easy task of teitng I for a 
‘universe with one meraber ooly.* 

But when ws introduce identity the qocttion becomes 
smveh more diffcalt, fr abcbough it is atl obvious tat Hf 
the formsla Is conastent ain universe U it mut be consistent 
In any waivers with fewer maenbers han U, yeti may easly 
‘be consatent in the seller universe but notin the larger 
For lnstuace, 

feu 0 bas = Hav 68D. ~ 9D) 
‘s comsstent in a univerge with only one member but not in 
any other. 

‘We begin oar investigation by expresing F in x special 
form. F is a truth-tusction of the values of ¢, x. gh 

Wien 
at 6 wich 
can occur in F, and F wil be a teth-tancton of at values 
waned =, which we shal ll atomic propottons, 











253 Lae = amtal ompieren xf omic” Pe 
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With regard (0 these Zier atomic propastions there are 
20 poastlities of truth and falsity which we all call 
‘ternative, each alternative being 2 conjunction of Ew 
‘ropastions which are ether atomic propesitions or thair 
contraditions. Iz constructing the alterativer all the 
Zee storie propositions ase to be axed whether oF not they 
coeur ia F. F can then be expressed ata disjunction of some 
ol thes alternatives, namely those with which It compatible, 
eis wal known thas such an expres is pomuble; indeed, 
4 i the dual of what Hilbert and Ackermana call the 
“aneseichaete Konjanktlve Necraltorm') and is funda- 
rental alto in Wittpenstin’s logic. The only exception is 
‘wen F in a seltcontradictory truth-fnction, in which ease 
‘oe formula is owrtialy wot consistent. 

F having been thus expreased asa disfanction of alternatives 
(ia our special ange of the word), our next task ib to bow 
‘tt some of these alternatives may be able to be reenoved 
‘without afecting the consistency ox inconsistency of the 
formula. If all the alternatives can be removed to this way 
the formla will be incondatent; tberwive we shall have sill 
{to conrider the alteroatives that coma 

In the frat place am alsernative may violate the laws of 
Identity by containing part of any of the following forms 


né 








se bx faa. 

mn GAN IHh be, 

or by omtanig n= 5 5s) and wales of a function 

ad is contradictory ~ 6 for acs ef argument which become 

the sume whens) i sibstitead for seg. 21 = 

Hite sy 2-~ Hee te 2- 

‘Any altenative which voltes hse laws amt aivays 
Son dt pit Wemtensty ia = lems 


nm 
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be fale and cam evidently be discarded withoat acting the 
ceasktenry of the formate. The remalniog alteroatives can 
(hen be cased ecoondng to the mame of they make 10 
be diermt, which may be anything fam 1 upto. 

Sappose that for & given aliemative this number i », 
thea We ean decive fom it what we willeall the eoredponding 
_y acnative by the following proces — 

For x, wherever it occars in the given alternative, write 
Yes meat is the aleroative sq ~ efor ey write 3, age, 
not oe sy write yy, Te general. i into he given alternative 
idatical with aay 5) wit j Jee than i, waite foray the 7 
previously written for x; otherwise write 40r 4 Jroa 
‘whece # la the mamaber of y's already Introduced. The 
expremion which resles contains v's all diferent stead of 
‘2',some of which axe Kentical, and we shall eal it tbe y 
atrerative corespording to the given »aterative 

‘Ths to the alternative 

HED Hed Head Hed on = 
‘correnponds the y alternative 

30-~ Hod. 9 

‘We call two alternatives sina if ey conta the ame 
tmumber of 3's and cam Be deived fren ane another by Ter 
ting thowe y's, and we call two + altecnatves eplen 
if ey conrespond to similar for ential y alternatives 

Tow 


He). ~ Hed Blea). Bled ns ta 
‘is equivalent to 
Hessel tad esate 


Weta oor fection of coe vue sly foe umpicty ae 
oan Spc Se pis 
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‘ince they correspond to the similar y alternatives 
40)-~so007H 
mH 6odne 
Aevivable trom ane another by interchanging 7: and ye, 
lduough (a) and (f) arent so derivable by permsting ha 3 

We now ace that we can discard any alieative contained 
‘in P unlews F ako contaios a the alteroatives equivalent to 
it; ag.ifP contains) bat not (f(a) ray be discarded fom, 
4 For omiting alteratives leary cannot make the forma 
consiatent if it was not 40 before; and we can eatily prove 
hat, ff it was comsistent belo, oxuitting thew alterutives 
cannot eake it ncoosistent. 

For sappose that the formula is consistent, i.e. that for 
sore pasta interpretation of $x Ys. Fis true for 
‘every net of 2, and let be an akerestive contained ia F. 
{149 aternathe equivalent to $ but not contained in F, 
Then for every set of 2 one and only ene alternative ip F 
vel (on this interpretation of, x, be the trve one, wn 
thin altamative can never be 9. For if it were 9. the 
corresponding > alternative wood be tree for some wet of 
_y', a the similar y altamative corresponding to ¢ would 
bo truetor asa of y's got by permutiog this ast et. Giving 
the a's salable valves in tara of the y's, 4 would then be 
(rue fr s certain set of xs and F wouk be false for these 2's 
contrary te Bypotbeis, Hence pis never the tree alternative, 
and many be omitted withoat afleting the coonstncy of the 
formula 

‘When we have discarded al these alternatives rom F, 
‘he remainder wil fal into sts each of which i the complete 
at ofall alternatives eqeivalent to a gives alternative. To 
sch w set of 3 lternatives wil corespond a compete et 
ofwinilarysiteratives, andthe disjunction of mah a compete 
set of similar y alternatives. ofall pormstations ofa given 
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_y alteraative) we aball cal a form? & forma containing » »'» 
‘we hall denote by an ialic capital with stir, eg. ,, Br. 
‘Tas force of car formala can now be represented by the 
following conjunction, which we shal call P: 
For every yy Ayor Bor, 
For every distinct yy ye Agar Byer. 


For every distinct 95.9y, -- Yer Ay 0 By oF. vi 





For every dlstioet yi. «ante Ay oF B, OF.) 


‘where Ay, By, ee., are the form corresponding to the # 
attecatives till remaining ix F. M for any» <« there are no 
‘uch forms, i. if co altenatives with » diferent s' remain 
‘a F, oor formula implies that there are 90 such things an » 
distinct individeas, and 90 cxzaot be camtitent in 4 world 
Of » oF more mensbers. 

‘Wa have now to dane what is meant by eaying tat one 
{oct is inolnd in another. Contr form A, end take one 
of the y alternatives contained in it This yalterativeit a 
conjunction of the valves of $x. Ys.» aN6 their contradic- 
tole for apgements drawn from .Jq.--0.5- (Wemaay lave 
‘Out the values of identity and diterence, sce it is taken for 
rantod that y's are always diferent) Iu < v we can select 
(of thet y's ia any way and leave out frm the alte 
all the terme in it which contain any of the »=y y's not 
selected, We bave lett an alternative in 37+ which we can 
rmumbee yee Jp and the form Ey 12 wil this pee 
eernative belongs stall describe as being inal in the 
Ay with which we stared. Starting with ove particular y 
teatro A ve ll gt «esx fiat 

GL Lanta, 


1 SRE Sry Seg. oe pte en 
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By by choosing diteresty the p y's which wa onlect to 
promrve; and from whichever y alternative in A, we start, 
(he Be which wee Sad to beinealved ix A, wil be the same 


For example, 
Hou) 400 99-10e9)-~ Hoe ydl 
$019) 70404 2-H IO) 
‘sa form A, which iovelves the two 5, 
Hurd. 
~ HH I 
Ue clear that € for toma distinet st of » y's u form Ay 
fs tro, than every form B, involved in A, will be true foe 
same dstnct set of 7 contained in the». 

‘We are now in a position to sete the consstaney or inean- 
sintency of vue formala when i, the number of individuals 
fn the naiverse, is las than or equal fo, the momber of <'¢ 
inoue forraula. I tat, f <n it in necessary and ecficieat 
for tha consatency of the formule that P should contain x 
form, toethes with all the frm E, invaved int for every 
pts than. 

"This condition is evidently nacesary, since the individeale 
he tnivarae ast, taken at 4, 34.- Joe be dome form 
Ap faregard to ny dx, f=! and all forms involved in 
this dy must be tree for different sdectiont of y', and #0 
‘contained in P if Pinto be trun fr this. x. $+ 

Conversely, smpone that P contains a form Ay together 
‘with all fexms involved In dy then, callag the W indliduals 
fn the universe 9. Jo.» Ju, We can define fonctions 4, 
XY. to make any amigued y alteroative ia A, trae ; for 
‘any permotation of these N y's avotber alterastive i Ay 
ville the true ane and for any subset ofy'ssomeyslterative 
‘0 « frm invatved 0 4, Sce all these y alteroutives are 
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tay bypothass contained in P,P wil be tne fee thee 4.x, 
sand one formals cnet. 

‘When, kowever, > the problem is oot $0 simple, 
aithough St deci depends oe the Aye in P euch that all 
forms involved i them are abo coctaned a P. Thess y's 
wo my call comply conaiead in P, and if there ze 30 
such Avs stair arguneat to Ut wand when <a 
wil show that tha foram is icomsatnt. But the canverie 
argument, tbat If there ax Ay completly contained ia P 
the formula mrt be content 30 lange: Dolés goed; and 
(o proc farther we have to ataduce ane conception, the 
‘enneeption of form being sara 

But before proceeding to expien this Hea it in best 
imply matters by the Ineodaction of ace functions, Let 
4 be one of the variable facts in oot frm, wit, ay, 
fF axpuacts, Thea, fr <9, ¢ wil eccar in P with allie 
arguments differen ($9, 9») ad alo with sme 
of them the mame (64. $n 24- +» Yeot Yl) Dut we ean 
convenestly liiaats values of he pecond kid by tate 
uring new factions of fewer argesents thar £, which, 
eo ll thir argusunts are deren! ts vals oguivaest 
to thow of ¢ with soe of 8 argu enti 

1g, we may pat 


ie Yee ena BOL Ie aD 
Im this way ¢ gives saa toa large musaber of functions with 
fewer argassents: each of these functions we dation ocly 
for the casa in which all its arguments ore diferent, a8 Is 
secured by thage arguments being 9's wide difereat sufhnes, 
187 > a, there iso difference except that ¢ can never acer 
‘wits all Its arguments different, and 0 ia antely replaced 
iy the new feretioas. 
15 we da this for all the fanetions $y. $<» 200 replace 
‘arn by new functions wherever they occas in P with some 
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of thei arguments the mame, P mil contain « pew set of, 
variable fnctions Gadling all te od ones which have 26 
sore dan a argusats}, and Mase wil saver ooou fa P 
‘wth the sane argument cepted. 

Tt in cay to 909 that ths translation doesnot afect 
Ah cnsitency ofthe formal, or. it were cozitent before, 
ie mua be consistent afterwards, since he sew faxctens 
ave singly tobe replcad by their deinitona. And i it ia 
consist! ahervards it ett have been 90 before, sso may 
fexcion of the old set has cnly to be given for any st of 
scpumeats the value of the appropiate fenton of the 

Tr view of tis fact we shall St move convenient 10 
take Pi ks new form, and denote the new sto! fnetons 
Wena te-- 

‘Suppae hes, that iss faction cy variable; ther are 


ain Y..areD 

values of gy with + diderent exguments drove from. 3, 
Jur Ye anh every 3 alternative ust camtain each of test 
‘ules or Its cootradictary. 1? of these values wil kava as 


arguments permetations of y.9y,- dn Any other wt of, 
1 can be azranged ia the order of thei satixen at ¥4, 








Hore Houten 
MID = bOI, 
Hird =40n rer 
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apse Jos Sta Sno <5, adit may happen that 
4 given alternative cactains the valves of gy for Bioae ne 
only those permetatins of 94.3... .9u WHE correspond 
{in the obvions way} to the permutations of y4. Ye. 
for which it (Che alterative) contains the values of fy? 
it the alteative cxntalot iyi. 74 « - 9) and 
1 Jn. bet for every other permutation of 
J contales the cxreapending value of ~ $y, 
then it may happen that the allereativne contains 
$e One Inyo oe Hd A Halder Fe 
covey other permatation of Jn, Jy. = 
conremponding value of ~ $y 
1 thls happens, no matter bow the Nt of 37% Yue J 
15 Jo coe 40m 3, 3p Jus Oe we my Ua te 
‘trnative 1s voit in $y! an HE am alternative & seria) 
‘every function of the new at we shal cll it sari simpy. 
Consider for exaraple, the following altemative, fo which 
we ny imagine gy and yf to be derived from one "ald" 
function # by the detent 


Fd) = He Hae 
Hep = Hn: 
Ibe 10 dibn 1 Arbo 1m blon I -Le WO 
~ bod 
Herd ~ tere Hed 
This is aerial in fy, sce we always hive Bayo 24) 
whales J): et not in Yo, snce we sometimes have 


helyn)- bu sematinen ~ $u(9,). Hence it is not a serial 
ahternative. 














Bias be fac ot» ctf rat i 
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(We call» form serial whan it contains at least ont aeiat 
ternative, and can tow alate our chief result 49 fellows, 
‘Tron —Thart ie 4 file member m, depending on 0, 
‘he nuober of fonctions 4, x, $y =o and the muimbrs of thir 
uments, ch th the ecessary ond mien condition Jor 
our formule to be coneitens ia a snisarse with m oF more 
members is that there should ba a seiah form Ay comply 
onlin iB, For cosisency i wives of fever than 
‘membre this condition a anficion bat nal necessary, 





‘We shal frst prove that, whatever be the sumber of 
Andividuals ia tha univers, the condition i eucent for the 
canvistency ofthe formula. If W <a, this ea consequence 
of 1 peevious covet, since. if Ae is completly coutaied in 
Praalsany A,involved ioe 
TEN > 1, we suppose the enivere ordered in seties by 
relation R._ (UE is infoite this raqeires tae Axion of 
Selections) Let ¢ eazy serial alteroative cootained £0 Ae. 
dy in function ofr arguments ¢ will cost the vals of 
diner Go oF ~ hy (Oat not both) for every perwetatlon of 
Pua s3e Any sacs perataton ean be writen Yo Yo 
Ip, WEE Ps Pes = Pr aeA, 2, Pencranged. We 
‘make wit ofa those pereatatons (py Po») £00 which 
¢ contains the values of fy, and cal tis it J. We now give 
e the oostant interpretation that dle «» «£8 to be 
te if and only ifthe order ofthe terms t,t. yf the 
series i geen by ome ot the permatatioes Ut. Ay «+» 
contained in fo the sxse that, for each i, xi the pr 
Ob ta ye em thay are onder By Re 
Lek us wappone noe that yx 79. art suaberad fa the 
order la which they occur in Bi, that in the R wean yy 
1S thn fit of them, yy the second an go 00, Thea we shall 
ten that, if dy is gives the eomstant iatesretaticn defined 
ove, all tbe vals off and ~ ing wil be tru, Tadeed, 
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for vauas whoa azgaments ae obtained by petting yy, 
Yu +n this follows at ence from the way in which dy as 
ben ditond. or fly Jay «  3u) is tr if und ely if 
the crder of Yay Yop + rin he R series is given by w per 
amitation (fy Ay «A costained in Z, But the onder in 
the series Of Joy «+ Jo i fact given (on oar pretent 
boypoen Chet the onder of the 9788 3. yw 8) BY 
ov em ++ 0). which is cantained in Z if and only Ut 
lt Inyo) 8 enatalzd in ¢. Hence values of $y for 
angusreats conting ofthe st # yar true when they ara 
‘cantained in ¢ and false otherwise, wen the corresponding 
values of ~ 4, are contained ing. 

‘For tts of arguments not onan’ to the Sst # y+ axe 
snl alos fromm the fact that gis serial be that ity << 
ss 5 Fn 90 BRE Ys Jay oo Tu AC he order given by 
‘th R series, ¢ contain the vales of fot jst those permanta- 
HORS Of io Sig eu WBich sorespand to the permutations 
Of y4. J =o Jefe wich it comtaas tbe values of $y ie by 
the deities of $y andthe preceding argent, for jt Chae 
armntations offs + 3m Whe ake fy toe 

lence all the vats of $y and ~ $y in @ are tut when 
Fu du ov Sui the order given by the Rae 

1, thea, we defi gralogoes omtant interpretations for 
Xo Yee, aad carbine these with cur interpretation of 
te the whole of ¢ wil e true provided that 7, 

Actin the onder given by the series, and if 31 Ye 
hon heer he un aoa wil aed 
{com q by eitably perating thes Le. wil be a altereative 
tisiks to ¢ and contained isthe mae for da, Hence dy 
fs trun for any set of distict 95,95... Moreover, or 
aay we of Satit 0.7 «Jn <a) the tro Cre el be 
90e involved in Ay. and since 4, and all forms ivoled i 
‘ue contained in P,P wil be trae for thes interpretations 
Of en Deer 8 oar Forma most be consist, 
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Hiring thas proved our colon for cmtencymuBreat 
fn any mivens, we have naw to prove # onommary fm ny 
fate oc ficiently large nie ative, and for ts we Bave 
te ane the There B prove in theft prt ofthe pape, 

‘Oar fine of argusist i a flows: we Lave 1 chow that, 
whatever Jy. xe fo «=~ we tal P wil bn flee uals it 
ccnpetly contain seca Ax. Fer thin tn encgh to ow 
Gat, given 2 ow Po + ther rat ba aot ot m7 
far wie te tev fora wera? or, sage a serial form one 
‘which contaoe wwe alternative, thet ae ut hea tof 
Yale of 9 9+ J for which he tre aeeatve Mei 

et os suppose that amng cr factions $y xp ds «+ 
thera re functions of one variable, a of two variable, 

nd ey of vale, and let ws erdet the universe by a 
teria tation R. 

‘The W indie fo the walverte are vided by them, 
fenctions of oon variable oto 2 case nconting 4 wich 
of thene fonctions they make true or false, and Lf N > 2k, 
we can fad y inva which al log te the mame la, 
4. a to which oft, mcs hay make toe and 
‘which aie, where 4 ea poskive tage Bo be atl ater 
Let us cal ts set of by individuals, 

"Now conser aay two litinet marian of Ft, and 4 
my, ar et 4 precede yi he R see, Thea in cea (0 














any ofthe og fonctions of two variables, dy sy, there are four 
pomiblitng. We may bave 
OD felt 2) Halts 
o Alte 1d. belted 
« B ~ date td fe 
« @ ~ Hite ad ~ dead 


Bor em Penn ot be faa tet copay ome 
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4 us vides te combinations two at tine of theaters 
of Ty, into foo distinct clases acorting to which of thea 
tour panic fx realized when the canbinaion i ten 
sz, f,ln the ones ia which its tert oor fa the sere 
and the whole st of fuetins of two varabes divide the 
combinations two a a ise of the members of Fi, Sato 
‘lanes comBnatons inch clas ageing inthe pony 
try realise with resoct tocach of the fy fenctons. Hence, by 
Theoeem B, if 4, = H2, 4, dm, Ty, cota «seb 
dase Py, of 4, ecbers mck that all the pare out of Fa, 
ages fa the porate they reise with exec to each of 
the a funetons of two variable, 

We continge to reaon is the seme way acconing tothe 
folowing general form — 

Consider any + distinct meme of Fy, wppose that 
fn the seven they have the eer 4,4 The with 
revpet to any feta of »varabies hee ce 2" pond 
in regard tot ty oo ty t0d the  fancions of + vecabet 
Avid the combinations rat 2 tes of toe members of Pas 
Into 2° eases. By Traces B, if y= by 29) 
Tr, mast contain « sabelams Fy of A merbers yo that 
Ait Ge combinations rat tee ofthe members of Paget 
inthe ponies they veae with rept to each of the 
‘fanction of arabian. 

We proceed in ths way uotil we reach i all somite 
ficas 41 at a time of whose members agree in the 
pporsbities ey reste with rect to ech of the dey 
functions of —1 variables, We then detecrine that by 
‘ha equal m, whlch fies eg ab ie — 1 9, 28-90) and 
0 on back toby, every A, being determina fro A 

1M, tha, > 2k, te waivers emt contain cas 
Diy o0 Fa Glace ig») of» member which i contac 








ay O wedctmpee 8 Ip ahead Soy Ti, 408 Fy 
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Ty or wery 7 = 1. et fs mentee 
‘be, in the order given them by RY Ye +. 3m Then for 
rey Flam than, Jy. Fy 9o are contained ia Th, and 
Ly combication of them agree te pases they realize 
‘Wi rumect to each function of ¢ wrablan Let Yaw Jy 
Yo (hy Sty<...<H) be such a combination, and 
oe Noctis ofr vaialen The iy Feo 9r 28 the 
‘orde len them by Rand sory, yu -9; eomseuatly 
the ac hat thexe to combination are inthe pont 
‘whch ty rai with respect to mean that yin tran 
for the same permettins Of Jy =r Jr AH 9, 
Yorvsnije Tie tre ltenatve ot 7, = 3uiaterlor 
tevin 404 sly I sein every eer fonction 
of aay tmaber + of variables; i thartore a set 
alternative. 

‘Our cxition i, thre, shows tobe ecmsy ia ay, 
saivese of at east 2 raesbers ware A given by 


degen 
ee 
s tgno 
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} eenenne 


For universes lying between a and 24d, we have not found a 
ecamary and suflcient condition forthe consistency of the 
fortula, but itis evidently posible to deterine by tal 
whether any given formala ie consistent fe aay such universe 


m 
‘We will now ommsider what oar reslt brooms when ou 
forma 

Cte DFE I Seed 
oe a stan en ¢ <n wy may ane Meee = bat 


see Sse tps dais w That oe ato 
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‘eautans in wddition to identity only oe funtion 4 of te 
variables 

‘in this ease we bave (wo fanctons $y, given by 

Fn = HM OEM. 
xd = Hound, 
to that 6, 1,64 Owbeny > 2 Comeqaeatly 
Ayer ys oc hang = mand by = 2, a); 

bot the argummt at the cad of I cows that we may tke 
instead by = 611 |, and oar necersry ad evfEcient condition 
for consistency applies to any aniverse with at least 2.0111 
indlvidoate 

4m this simple cae we can present our condition in a mere 
striking form as fellows. 

Telsnacessary and saint forthe consistency ofthe foronla 
‘that it whould be trae when ¢ is replaced by a leatt one of the 
following types of fuzetion — 





(0) Thennivers fection = 4-y=y. 
0) Thenulfcting Eee. 
6) Kentity amy. 
4) Ditcenen sey 
(0) A ecal fnetion ordeig the whole onivere ia orien 
e atintyng 
(2) teed 


0) Gril = 9 ¥ (Her modo) ¥ By.) de aI 
8 Gy. weed HO. eds a 


(0) A function dering the whole oniverse in a mere, but also 
holding between vey term and ital, etitying 
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co) ates 
and 0) and (9 20). 

“Types (5-(0 icine caty oe function each ; in regu to 
types (6) and (6) is tmmatesl what uci of he Op 
vee take, snes if one atseg the formals, we sal me, 
do al the others 

‘We have fo prove this new form of car copdision by showing 
that P weil completely cootaa a aca a Stead aly Ifa 
tatided by futons of at last ene of oor sx typet. Now 
amalterative in y's svi in ii containa 


iter 0nd kd «ld eto at, Hi 
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‘bat not otherwise a It wil be sera lo $y fit ontatns 


© BE Hdn 3) $e we 
0 Bam Wd blond 
« © I~ ban 99 tn 
ca BT ~ Fda 9) ~ bbe - 


hace are then llogether eight ltcraties sea fa both 
Ayan x gt combining either of (, (5 with any ofl), 
48). (0), (a); bot these eight serial alternatives only give else 
to nix serial forms, since the alternatives (i) (#} and () (e) can 
be obtelned trom one another by nevrsog the ede of tbe 
174 and mo being to te ame for, endo do he aleraatives 
8) @) ans (i 

Tis ce any Somme forma compas cenainng 
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‘one of these «ix serial foc will be etised by all functlons 
‘of ana ofthe six types scoording ta the scheme 


Fam a) OBadg HE) Cie) TO ang ENA) 
Typeoffeniom’ = 6 9D 


and that cooverelyw formula sisi by « function of axa 
of the ax types tu completely emia the coneeponding 
form. Foe lostanes, a fonction of type 6 will say the 
ternative (i) Q) whee 94, Jy «Yu tein thee order to 
the series determined by the fection, and WED Ju 3 
_yeace any olker onder the foetioe wil tay aa alteaative 
of the suze fort 

In the language ofthe theory of potute systema we ca 
folarpet our universe as a class X, amd conclude that « 
postlite oyters om a base (, R}cennaiog only of generat 
law involriog at most w elements will be compute with 
2X baviag a8 many as 2.1 scabs if and ony Hf an 
‘be aod by an of one of our ix type, 





Ww 

Let of, la cosclaion, biely indicate how to extend oar 
‘method in onder to determine the eanelstency or inconsateney 
of foranuae of the mee general type 


SH 





‘which have in ecrmal form both kinds of prix, but satisfy 
the condition that all the prefies of existence precede all 
those of general 

‘As belore, wa can sappese F repeesented 21a dlelanction of 
alternatives and discard those which vite the laws of 
Wemtty. Those lett we can group according to the valuea 
‘of identity and diference far arguments drawn extindly fran 
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he 2s, Such a ast of valoes of entity and diference we 
ean dente by Hy (=, 2 ty <0), and F ean be pot in 
he forms 





Gig FIV Wy FOY Oe POY 


and the whole formals is equivalat to a disjunction of 
forme. 








CB te one tala tar te te) 
hae en) PU oss etapa 
vist ta) Thm fe fad 
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Since if any one of ete formulae is consistent 40 Is their 
ajunetion, an if their dsjanetion is consistent one atleast 
fea terms must be consatet, i i enoagh for us to show how 
to determine the consistency of aay one of them, say the frst 
I thin Hm, 24 yoo A) 1 8 consistent set of values of 
Wectity and diflerence for every pair of a's, We remumber 
the €8 ty ye oof Og the mame sul for every set of 
{a that arn identical iH, x0 ou formala beoomes 


1 SNe Fuld Meee ete te 





(tute 








‘re always diferent. 

‘Now mupposing the universe tohernat east + members, 
sre conskier the diferent possibilities in regard to the 2's 
boing ideation? with the 2's, and rewrite oor forsula 


(ate 
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fn which 3 masna ‘i, then” and 

Gi, 5) = HEE. x. 
the product being taken for 
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4 te 
and tn @ any term acm 4 4 ceplaced by & falsehood (og, 
785) not iavelvng ay. 

Next we modity G by introducing new funtion In @ 
scour value of, ¢g. 4, with arguments some of which aze 
‘Ye und tome 3's; from these we dane factions of tho 4 
nly by simply requding the #' as constant, and cal these 
so functions yxy. aloes, which neds 
0 W's among their acpumeats, we replace. by constant 
frepasitions p, 9, ... ‘The caly values of Wentity iG are 
of the form «j= xn8 them we leave sloce. Suppor chat 
by thie proces 6 turns into 


Lbs Yoo ow Xe o BeBe me Ka Ba oy 
Thea tha consistency of formula @) in a anivene of 
Individual is evidently equivalent to the consistency in a 
miverae of 8 — p individeale ofthe formala 


se tistes 














Bat this is a formula of the type peevionly dealt with, 
‘exept forthe variable propeitions p. ,..., which ae sasly 
limlnated hy considering the diferent ces of thelr truth 
and (ality, the formula being consistent if i is consistent 
neue muchease. 
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‘The purpose of ths paper is to comtider whether there fa 
‘fundamental division of objects ite two cane, partcalara 
‘and niversals. This quertion was dlscoued by Mr Rowell 
a a paper printed in the Ariatotelian Society’ Proceedings 
for 1911, His conslasion that the distinction was ultimate 
‘was bused upon two familar anguseats, directed against the 
‘wo obvious methods of abolishing the distinction by holding 
sither that univers are collections of particular, ar that 
particulars ae cllactioas oftheir qualities, ‘Theveanguroects, 
_pactectly woud as far as they go, do not however seem to me 
‘to atte the whole question. The fe, wich appears wgain 
ia The Probions of Philowphy, shows xe aguinwt the 
‘oominaite that such proposition ax "This sense-datern ia 
WAte ranst Dave as coe conttituent meting, auch 3 
‘whiteoess or scarey, which ia not of the ste logical (ype 
1s the sense-datum Indl. The second argument ano beiety 
expounded in MeTaggar’s The Nate of Existence, roves 
‘tt a man cannot be entised withthe sum of his qualities, 
‘Bet althovgh 2 man cannot be axe of his own quali, at 
{inno raaon why be whould not bea quality of something elie, 
Tn fact material objects ave deserted by Dr Whitebaad as 
“ true Aritotelienadjactives"; so that we cannot regard these 
‘bro arguments as rendering the dicinction between pasticuat 
and waiveral secore agate all tiie, 

‘What then, I propose to ask, ia the ditferrace between 
perticuas and a univereal? What cam we asy about one 
‘which will not alee be true of the other? If we follow Mr 
‘Rupee we thal have to investigate tee kinds of Giinetion, 
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peyebologial, pbysiell and logical Fiat we have the 
ference betwomn 2 percept snd a concept, the objects of 
‘yen diferent Inds of meatal acts; bt this in unllely to be 
‘a dutineton of any fundamental mportanc, since a diflerence 
in two meatal acts may not correspond tu any diference 
‘whatever ia their objecin. Next we have varios distinctions 
‘betwee ebjects based on ther selsicns to space and time : 
for netanee, some objects can anly tein ane place at x time, 
‘others, lke the coloes red, can be fa many. Here agate, in 
pit ofthe importance of the mibject, I donot think we can 
Ihave reached the eseoce of the matter, For when, for 
{nstanca, Dr Whitebrad says that a table is an adjective, and 
Me Johnson that iis a substantive, they ace not arguing 
‘boat how many places the tabla can be in at ance, bat about 
tte logleal nature. And ao it ia with logical dstnctions that 
‘our inguiry ust mainly deal. 

According to Me Rusell the cass of eaiversly isthe sua 
cof the claus of predicates and the class of relations; but 
this doctrine has Deen deaind by Dr Stout. But Dr Stont 
thus been already suficlntly answered® So 1 shall only 
leew the more erual opinion to which Mr Rassell aber 

According to bim terms are divided sto individanks or 
‘particulars, qualities acd relations, qualities and relations 
‘being grouped together as universls; and sometimes qualities 
are even incladed armong relations as one-armed relations {2 
tinction fom two, these, of many-termad relations 
‘Me Johnson also divides tems into substantives and adjec: 
‘tvs, including relations as transitive adjectives; and bo 
regards the distinction betworn eubstantive and adjective as 
‘plaining that between particles and universal. But between 
‘ese authorities, who agree so far, hee is atl an important 
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Aifereace, Me Jobosoe hls that although the natare of a 
subetantiveis such that it cam only function in a proposition a 
subject and never ot predicate, yet an adjective can faction 
tither as predicate or as s subject of which w secondary 
adjective cam be predicted. For example in “Uspunctuality 
‘in Gault’ che abject & itell an adjecsive—the quality of 
‘unpunetualty. There i thus = want of symmetry between 
‘ubstantives and adjectives, for while 2 predicate ust be aa, 
‘adjective, a abject may be either asebstantvecr an adjective, 
‘and te mast define a subatantive as 2 term which can oaly 
bea abject, ever a predicate, 

Mr Ruseall, on the other Ind, i his Tecteres on Logical 
‘Atoanam,! bas denied this. He says that about an adjective 
‘there is something incomplete, sme weggeaticn of the form 
‘ofa propottion ; 1a that the adjective symbol cam never snd 
‘lone of be the subject of a proposition, but must be com 
pleted into a proposition in which itis the prdicats. Thus, 
be anys, the appropriate symbol fac redore 18 not the word, 
re" bot the function ‘x is red, end red cam only came 
into a proposition through the values of this fanction. $0 
Me Rosell would say ‘Unpuneteaity is a fait really 
uaans something like ' or alls, if ia unpunctaa), « is 
reprehensible’ and the adjective unponctuaity i not the 
subject of the proposition bot ealy oomes into it at the 
predicate of those of te parts which are of tie form ‘a is 
‘unpuncteal This doctrine is the bais of mew werk in the 
Second Editi ot Principia Maltenatice. 

‘Neither of these thecrits seems entirely eatistactory, 
atthough neither coeld be disproved. Mr Russell's view does, 
indeed, involve difcultes ix coenaction with oer cognitive 
felations to universal, for WAIch reason it was rejected in the 
First Esiticn of Principia; bat theve dicate seem tome, a8 
‘now to Mr Ruste, ty 20 means insurmoantable, But} coald 
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‘not disnss them here without exbarkiog upon iamemersble 
‘questions inelevant to the resin points which T wish to mae, 
‘Neither theory, thea, can be diaproved, bet to both objections 
‘een be raised which may szem fo have some foree, For 
instance, Mr Russall urges that a elation betwoen two terms 
‘cannot be a third tarm which comes between them, for then 
would not be a relation at all, and the anly genvinely 
relational element wookd consist in the consections between 
‘this wow term and the two origizal fers. This athe kind of 
consideration from which Mr Bradley deduced his infinite 
repress, of which Mr Rasell apparently now approves, 
Mz Johnsca might reply that for Bim the oonnoctional 
‘or lruetumal element isnot the elation bat Ue cbaracteriing 
sand coupling tis ; but these ce remain most mysterious 
‘objects. Tk might also be ebjected that Me Johoxon does 
‘ot ake particulars and niversals different encugh, o¢ 
take into account the peculiar incompletenem of adjecr 
tives which appears in the posubilty of prefuing to 
them the auxllary "being’; “belay red‘, “being a man’ 
do not sum real things tke 2 heir and a carpet. 
Against Mr Rustell it might be asked how there can be 
such objects as is mniversle, which contain the form 
‘of a proportion and $0 are incomplete, In a sense, it might 
be rgd, all jects are incomplete; they cannot oscar in 
facts except in conjunction with other objects, and they 
coattin the forms of propositions of which they are con- 
stituents. Ta what way do universls do this mare than 
anything eve? 

Evideatly, however, none of these arguments are really 
ecisve, and the postion is extremly ensatifactery to any 
‘ove with real carcaity about sack a fendamoetal quectin, 
1m woch cases it fsa heurate maxim that the trath Us not 
in one of the two dispoted views bat in some third pousbilty 
‘which ha not yet been thonght of hich we can only discover 
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Dy reacting something assumed as obvloas by both the 
Gnpstants. 

‘Both the disputed thecres make an Important asmumption 
‘whieh, ta my mind, haa only to be quostonsd to be doubted, 
They ouencas 2 fordaments} antithes between mibject and 
‘predicate thatifa proposition consss of two tera copulate, 
‘these two term ast be functiming in different ways, 
‘one as eabject, the other as predicate, Thus in * Socrates 
4a wino', Socrates is the subject, wisdom the predicate, Hot 
sappowe we turn the propeition round and say * Wisdom it 
1 chumucteristic of Socrates’, then wisdom, formerly the 
‘predicate, 1s now the sablect. Now it seem to me as dear 
4 anything cas be in phidowophy that the two sentences 
“ Socenten is wise, "Windows is « characteristic of Socrates’ 
‘amert the sume fact and express the same propotition. They 
are aot, of ooura, the same uenteooe, but thay have the same 
meaning, fast a8 two sentences {a two diferent languages 
fan bave the same mmaning, Which sentence we ane is a 
ater ether of literary style, ox of the point of view trom 
which we approach the fact. 1( the centre of or intrest it 
Socrates we say ‘Socrates fs wite', if we are discussing 
‘wisdom we my sty‘ Wintow i 2 charactaritic of Socrates"; 
bot whichever we say we mean the mae thing. Now of owe 
of tha umtencas ‘Socrates’ ig the subject, of the other 
‘whom’; and 20 which of the two is subject, which 
‘rodicala, depends spon what particular sintence we use to 
‘exycese oar proportion, and has nothing to do with the 
logeal natuce of Soerates or wists, ut is 4 matter entirely 
for gracmarians. In the came way, with « suficiently 
dastic language any proposition can be #0 expressed that 
say of te terme i the subject. ence there is no mental 








predicate, and no facdamental clamifcation of cbjectn can 
‘be bamnd upon gach a distinction, 
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1 do not caim Gat the above argument Is tmmediately 
cooctsive; what T clam ie that 1 throws doubt upon tho 
‘whol basis ofthe disinetion bereeenpartiala and univer! 
‘8 deduced fom Gat between subject and predicate, and 
fiat the question regres a new examination. Tt 
Point which as offen been cade by Mr Rosell that 
Pillopbess are very Hable to be misled by Che eubject 
‘redicate contruction of our language. They have supponed 
that all propositions mur be of the sebjctpredicate fra 
08 20 have bona ld (0 dany the existence of relatos. T 
shall argue that oeaty al pilopher,incloding Mr Ranwell 
msl, have bean ale by language in a far more fa 
reaching way thas that that the whol thay of partie 
asd waiver js due to rstakiog fora fundamental cher 
teristic of rmality what in mer «characteristic of language. 

‘Let us, therfore, examine clonaly this dtinetion of subfect 
and proicate, and for simplicity let xs follow Me Johnson 
‘nd lociude relatoes among predicates and ther terms 
among subjects. The fest quan weave to asc is thin: 
‘whet propdtans are they that have a aubject or subjects 
ud a prediene 2 Ys thin the ease wth all propositions or 
nly with woe? Before, however, we go cx to an6wer tia 
question, let us remind cxreive tbat the task on which we 
[xe cagagel isnot merely one of Bag grammar we a4 
‘ot ethoo idvenanalyaing teateace into eject, exten 
ofthe subject, complement and so on, Bat ae ntaeat not 
40 Mich in senteoses themtaves, at fo whtt they mean, 
fon which we hope to laces the logical nature of reality. 
eace wr mst lok fer senses of sabject and predicate whieh 
‘re not purely gracumatical, but ave a genvne loicl 
sepiiancs. 

‘Let wr begin with such proposition as“ Either Socrates 
4s wie oc Pato is fooiah’. To this, it wil probably be 
ered, te conception of mbfect and predicates Ineppicable: 


it may Be applicable to the two parts“ Socrains is wi 
"Plato is foolish ', but the whole" Either Socrates is wise 
oe Plato is foolish” is am alternative proposition and aot 
cone with a subject or predicate, But to dis someone may 
make the following objection: Tx sech a proposition we 
an take any term we please, say Socate, to be the saject, 
‘The prdicate wil then be" being wise less Pato i ois 
1 the propositional fonction *2 is win or Pato ix fxs 
‘The phrase "belng wise unless Plato is foolish’ wil then 
sand fra complex univer! which saat to characterise 
Socrates. Seck a view, though very frequently held, seems 
to me neverthalew certainly mitzken, a order to male 
‘thing clearer let us take a ips cave, a proposition ofthe 
fora aR; then tis eheory wil old that there ace three 
lonely related propodtions; one assert that tbe selation R. 
holds between the terms « and 2, the second asierts the 
pomenion by « ofthe complex property of “having R to 
‘while the thd ascra that bas the corapien property thot 
1 has X to it. Thea at be three dierent propasitions 
‘onus they bave diferent sats of contitents, and yot they 
fe not theee propositions, but one proposition, for they all 
vay the sae thing, namely that «as R tof, So the theory 
of complex universal respnaibe for an iocompeehennibie 
‘nity, at senseless 08 hat of theology. This argusment can 
be strengthened by considering tbe proces of defiton, beh 
ja us follows. For certain porpores “aR}‘ may be an 
unecessary lng symbol, so that its conveniet to tortea 
{8 into ‘48° Thisis dace by deiniion, go = aR, seilying 
‘hat any symbol ofthe fers fist be ntexpreted as mean 
‘what is meant by the coresocding eymbal eRe, for which 
4 isan abbeeviation. To moce complicated cates much aa 
abbreviation is often extremely waft bt it could ebways be 
<ispened wi if time and pape petted. The believer ia 
complex anivenals ia pow confronted with « dilemma: is 
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+B), vs detned, uname forthe complex property of x whch 
conats in a Laving Eto x7 If oo, then ge wil be the 
smartin that = fas this property; it will be w uabject- 
‘rndicate propeaita whove subject in x and predicate 
find this isnot identical with the relational propodsoa af, 
is by hypothesis dened to be short for aR this 
‘absurd, For fa defition ia not tobe interpreted aasigsfying 
‘hat the dfiniendum ad the deindent have the sane meaning, 
the proces of definition beozmas unintligibe and we lose 
A justitcation foe faterebanging deiniens and deiniendora 
At wl, on which depends its wale uty. Suppose oa tha 
thar hand "4", as Geined above, is not a name for the 
comple property; then how can the complex property ever 
‘becom an object of cur contemplation, and how can we ever 
pea of it seeing that 4’, 8 nly pouble mare, i mot & 
rane for it nt all but short for something else? And thea 
what reason can there be to poatlate the existence of thiy 
thing? 

in spite of thin reduce af abrrdn of the theory, it any 
stil bm worth while to inquire into Sts orga, and into why 
tiated by 0 any people ichiding Sreneriy msl without 
tte occurring to than to doubt it. Tho chief vesoa for 
‘hin aT thik o be foued in Ringuiatic convenience; it given 
1s one object whichis ‘the meaning’ of “¢". We often 
vant to tll of the meaning of  #", and ii soptr 80 
supp that this ew uniqua object than to recognise that it 
‘i rayeh more complicated rater, apd that "4" has & 
lation of maaning not to ane complex abject bat to the 
several simple objects which are named in its éeGnition, 
‘There ia, however, another reason why this view sv popular, 
fod that is the iagtnary diticaty which would other 
‘vite be ft in the wie of a variable propositional fanstioa. 
How, it might be asked, are we to interpret such a state 
vent an ‘a fas all the propetisn of 8”, exoapt on the 





supposition that there are gropetes? Tse anower ie that It 
4s to be interpreted 25 being the gical jrodact of al. pro 
postions which can be costrcted i the felling way: fain 
proportion in wich a coer, sy $e, change a into and 
bial and then form the propatio gh... . Yeismot 
really quis o simple at at, but a mare accurate account of 
{woud involve a Lt of ticeucan detail, and ao be ont of 
place Rete and we can take fat a safclent approximation 
that" « as all the propartos of in the jst stsrton of 
all propositions of the form 48-2. da, where thee ix 20 
eceaity (or § tobe the ears of univer, a iti merely 
the rest of & proposition in which « occur Hence the 
<imoaty is entirety imaginary. T may be observed tat the 
sae appli to aay other case of apparent variables me 
of bone valuce are focounplete symbols, ne thls may 
‘explain the tendency to ausert that some of Mr Ressl'a 
‘noorapeteaymbols are not cellyiscomplete but the mama 
of propertion or pedo. 

T cence, threfore, that complex avers are (0 be 
rejected; and chat wach « propoiton a8 “Either Socrates is 
wri or Plato focish fas maithar aabject nor predicate, 
Sinaar arguments apply to any compound prepeition, tat 
is any propention coetsning such words as ‘and ‘00's 
“not, "al, "some"; and hence if we ae to Sd a ogi 
Aintzction tntween snbject and predicate anywhere $¢ wil 
be in atomic propositions, as Me Rawal! calls them, whlch 
coal bo exprewed by untences contaizing oe ofthe above 
‘word, bt ooly names and pegs a copa. 

‘The disoction between subject and predicate wil then 
sn from the sama mamas in an atomic proposition 
mctioning in dierent wept; and if this is mt to be a purely 
erasmatin! isting it mast caerpond to ditenence in 
‘he fenctioning ofthe weve] objects In an atone tact, 40 
‘het what we have picatily to exaiion isthe construction 
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cof the atomic fact out of Its comstitomts. About this thee 
views might be suggested: frst there ig that of Me Johnson 
sceording to whom the constituents are connected together 
bby what be cals the characterising te. The nature of this 
smtity 1 rather obscure, bet I thiak we can take it as some: 
thing whlch fa not constituent of the fact but represented 
in language by the copula ‘is’, and we ean deceibe this 
theory as boing thatthe connectin I made by a cea! copuls. 
‘Next therm isthe thacry of Mr Rawal! that the conagcten is 
uae by one of the constiteents; that ia every atomic fact 
there must be ce sonstiteeat which is ix is omy mare 
Incomplete or cannecive and, as it were, hak’s the other 
constituents togathar, This constituent will be « eaiversl, 
andthe others particulars, Lastly tere is Mr Wittgeaatel 
‘theory that neither is thar acopala, nor aoe specially cosnecte 
conattutent, bus that, as he expresses it, the objects hang ome 
{in another like the links of x chain 

From our pot of view itis the second of theve theorem 
‘that demand most attention; for the fist and thitd do not 
rally explain aay diterenen ia the mode of functioning of 
subject and predicate, bot eave this » more dogma, Only 
(08 Nr Russall's theory will there be ax intligible lfcenon 
‘ootwoen particelar and universal, grounded on the necessity 
for there to be in each fact « copslating term or universal, 
‘eomrerponding to the need for every sentence to have a verb, 
Soltis Me Rosol's theory that we sast frat consider. 

‘The great diicalty with this theery lies in wederstanding 
‘bow oaz wrt of abject ean be specially incomplete, Teer i 
‘8 ange in which any object i lncocaplete; namely that It 
an only occur in 3 fact by conection with an object or 
objects of sultable type: just as any nama is Lacomplete, 
‘because to farm 2 proposition wo have te join tn it certain 
other names of altable type. At Wittgenstein says: <The 
thing i independent, i so far as it cap oocar in all foils 








rcamstaness, bot this form of independence is 4 form of 
connection with the atomic fact, a form of dependence. (Tt 
x impoatbe for words to occur io two different ways, alone 
and in the propoctioa)."? And Johnson: “Ultimately 
‘niversal meane an ajectivethat may chararterize a particular, 
‘anda particnar means a abetantiva that may be characteized 
Dy a universal"* Thes we may admit that “wise” involves 
‘ta form of a proponitioe, but so does "Socrates, and itis 
Inard to see any ground for distinguishing between them. 
‘This isthe rubstance of Mr Johnson's criti that Mr Russell 
will not let the adjective stand alone, and in treating “si p* 
‘6 @ function of two variables takes the argusants to be aot 
sand p, but sand"£ 9". 

Ia reply to Cais critica Mr Resell would, {imagine, 50 
‘to lines of argument, whose validity we mart examine, 
"The fist would dwal cx the great convenience in raathe- 
‘matical lie of bs functional symbotis, of which be mag 
say thice was oo explanation axoept that this xymbolien 
conresponded to realty mare cloely than any other. His 
smcond Hina of argument woold ba that everycne can feel a 
ference betweea particulars and eniversle; chat the 
_Prevalenee of nominal showed Ct the raaty of aniverinln 
‘was always aspected, and that tht was peobably because they 
<i in fact differ from particalars by being les independant, 
Yeas set-contained. Also that this was the only acconat of 
the differences between particulars and univers which 
‘made thera sally dierent kinds of objects, ax they evidently 
were, and oot mamly difereatiy rvlated to us er to our 
language. For insance, Mex Joemson describes the particular 
1» presented to thought for its character to be determined in 
tbooght, and other: might say a parseuiar mas what wat 
meant by the grammatical subject of«santance: and on these 
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‘vews shat was particular, what anivesal woald depend on 
‘poeenentialcharactaristin of oor paychology or out langutgs. 

Let os taka these Lines of axrumeat io reverse order, 
Iaganing with the fet dierenco between partcslar aud 
‘univeral, and postponing the pecaliar yiabotc convenianoe 
cof propositional functions. Anyoca, it may be mid, set & 
diference between Socrates and wisdom. Socrates: is a ral 
independent entity, wiadors a quality and #0 etsentally & 
quility of something alse. The fit thing to reauk aboot 
this argoment is that itis not really ebout objects at al. 
* Soerutas ia wise is not am atomic propextion, and the 
symbols * Socrates” and 'wite’ are not the names of objects 
Dut incomplete symbol And according to Wittgenstein, 
‘with whom T agree, this will be the cate with any other 
Inatance that may be voggested, since we are sot acquainted 
wrth aay geeulne objects or atone properitions, bat merely 
{infer them as pretopposed by ether propositions, Hence the 
atinction we fea is one betwee: two sorta of Saoomplete 
symbol, of Jgical constructions, and we eanaot infer without 
farther invnmtigation that there is any corresponding distine- 
tion between to sorts of names or objects. 

‘We ean, think, enaly obtain a clearer den of the diflerenea 
Detween these two sorts of incomplete eymbols (Wittgeasteks 
calla tha "expressions ) typided by " Socaten ‘ant ‘wis’ 
[Let us consider wins and why an expremion occurs, as tt 
‘were, a5 an iaolated nit, For instance ‘ei‘ doan not 
naturally divide into ‘2 and" Rb‘, and we want to know 
‘why anyone shuld so divide it and Sonate the expression 
"RD". "The answer is that if it were « matter of this pro- 
positon slone, tere would be no polat ka dividing i in thie 
way, but that the importance of exprendons arises, as 
‘Wittgeastein points oat, just in oxgnection with generalization. 
Tes not ‘ai but“ fx) ARB" which makes RD prominent, 
1 writing (@) .aRE we mun the expremion Rb to collect 
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‘together he set of propositions Rb which we want to estert 
fede trun; and itis bere that the mxyremion Rb is relly 
siseatal because {tf this which common to this eet of 
-ropositicaa, If now we realie that this i the ementia) woe 
fof exprescions, we can ope at once what i5 the difermoe 
‘etween Sourates and wise. By mean of the expresion 
* Socrates we collect together all the proportions in wich it 
‘cary that is all the propositines which we should ordinarily 
say were about Socrates, ch as * Socrates ia wise, Socates 
Jk font, "Socrates is either wise ce jest '. These propeitions 
sre cllected together as the values of "¢ Soorntes, where 
isa variable 

Now consider the expension ‘wise’; this we ae to 
collect together the propositions *Soemte is wise’, * Plato 
4 wise ', and wo on, Which ace values of "Se wite’. But 
this in not the oaky callction we can nse ‘wise’ to foram; 
ost a6 we used * Socrates * to callet all the propositions in 
‘whieh it occured, we cam wae “wine "to ellect a those in 
which it occur, inceding aot only cet tke * Socrates is 
‘elec’ but alo ones like ‘Neither Socrates nor Fist i wise’, 
Which are not valune of "ia wi’ but exly ofthe diferent 
fimetion "4 we’, where ¢ is variable, Thus whereas 
Seerates gives only one ealetion of propositions, wise gives 
‘oro! ane analogons to thet given by Socratns, namely the 
cealeetien ofall propeaitons ia which wise occurs; and the 
coher « narrower collection of propodtions of the form ' 
‘Tain is obviomly the explanation of the diferance we fs) 
Detween Socrates and wise which Me Resell expreses by 
saying thet with wise yoo have to bring in the form of « 
(Foposition, Since all expressions must be completed to 
form a proposition it was previoely bard to understand how 
wim onal? be more iacomplate than Socmtes, Now we cin 
et that the resson fox thie is that whereas with “Soezates” 
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swe oaly have the tea of completing iin any manner into a 
properties, with “wie * we have not aly this bat alsa am 
ea of completing tin « special way, ghring snot merely 
sary proportion in which wi oor bat slo ene i which it 
cocarm in a parteulae way, which we may call ta cocmrence 
sa peeicae, ain Socrates ia wisn 

‘What is this difereace doe to, and is ita ral diference 
wt all? That i to say, cam we cot do with * Socrates what 
swe do with ‘wie’, and use it to collect set of propositions 
aarrower than te whole st in wBich it oocara? ts this 
iimpoasbla, or is it marely that we oever in fact do it? 
‘Thete are the questions we mast now ty to answer, The 
‘way to do it would seem to be the following, Seppose we 
can dlstlaguish axong, the propetien of Socmates a certain 
suet which wo can call qualities, the Kea being roughly 
‘hat only a simple property is = quality. Then we cold 
form in connection with ' Socrates’ two sts of propisitions 
fut an we can is coucection with ‘wisn’. ‘There would be 
he wide set of propeitions fa which Socrates" oomure at 
A, which we say amet properties of Socrates, but aloo there 
‘would be the narrower tet which msert qualia of Socrates, 
‘The mspposing juatice and wisdora tobe quan, ' Socrates 
4 wite’ Scents is just * wonld Belong to the narrower set 
and be values ofa fanction "Socrates ing". But *Soerates 
Ssneltber wise nr just" woeld not amet « quality of Socrates 
It only « campound characteritic or property, and woold 
caly be 2 ealoe of thn fanction ‘$ Socrates’, not of 
* Socrates Is” 

‘Bat although sucs « distinction between qualities and 
eopertea tay be logically posible, we Jo aot teem eves t6 
‘ary it oot ayctematially. Some fight may be thrwa an 
this fact by a paragraph in Mz Johnson's Loic ln which be 
fxgues tat, whereas “we may propery cmatact a compound 
sijectine out of szpleabjectves, yet the nature of any tera 
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fouctioning ax & mbstantive i such that 3s iampouse to 
coastract 2 peice camponnd substantive”? Toes from 
‘tha two propesitians * Socrates is wise,“ Soerata is fut" 
we can form the proposition “Neither ix Socrates wite or 
4s Soerates jot’ for shot, Socrates i iter wise Bor 
st"; which sl, according to Mr Jebaior, preicates an 
jective of Socrates, i 2 valae of "4 Socrates and woald 
iumity* (ag). $ Sorates’ ot Socrates bas some property 

1 on the ober baad, we take the to propntins Soerates 
is wie’, “Plato Ue wie’ and forms from thea * Nelter 
Socrates is wise nor Plt is wis; thsi cot a valus of “x 
4a wine” and would not Juntdy * (gs). wie * Sores 
vei wise. So namsch ws "Socrates I etter wise nor 
Junt” juste" Socrates as soe adjective we can say tat 
“nether wine aor jst" law compound adjective: but sine 
“ Wether Soeraten or Plato & wise dons aot jut “some 
thing is wise’, ‘nether Socrates or Plato cannot be a 
compound sabstantive any more then sobaly ie a com 
pound ran, 

TU, however, we cou forma suage of quis as oppred 
tw properties, * Socrates i elder wear just would not 
fut * Socrates has ae quality * and “neither wise noe 
ft woaid aot be aeaty. Agsnst this Mr Jobson 
47 that the is no uriveally vai eterion by which we 
as datingul goalies tom other propio; and ths fe 
‘attain « very plauaibe contention when we ase tlkisg, 
8 we are now, of qualities and properties of logical constric- 
tons euch at Socrates, For the ditioction Jb only rely 
dear in comaetion with peive jects; then we can say 
that ¢ represents a quality when ge is a twovtemed ate 
propel, and tha would ditnguish qualities from other 
Prepunitions!fenctoes or properties, But when the subject 
is aloft ccestructin and dea compound proposition of 

Paste 8. 
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which we do not know the analysis, i is hard to Imew what 
‘woeld be meant by asking 1 ¢ were simple, acd calling 





siemple, a quilt, Te would claarly have to be 4 matter net 
of shactuta bat of relative amity. 

‘Yet is ey to see tbat, in theory an amalagoesditnetion 
can certainly be made for iccomplete nymbols als. Take 
‘any incomplete symbol “e"; this will be defined act tn 
Isolation but in conjunction with any eywbal of u certain sort 






range ac oblalaed by completing 
ita definition ; andthe general range of propostons ia which a 
‘ocure at all, that fs to say all (rath-fanctions of the propot 
tious of the prncading range and constant propositions not 
sootalning «. Thos in the two famous cases of descriptions 
od clase, as treated in Prinspie Mashomates, the narromer 
range willbe that in which the deseription or clas has pimary 
ocurrence, the wider range tbat In which f¢ hes any sort of 
‘ecarrence Pristary or recoodary, wher the term ‘primary * 
and.‘ wcondary ” occurence have the meanings explained ia 
Principia. a briet with regard to any incomplete symbet 
sme can diatingeish is primary and steandary occurrences, 
and this is fondamentaly th same distinction which we 
found to be eharactereic of the adjective. So that any 
Incomplete symbol is realy an adjective, and those which 
‘appear rabetantives only do so in victe ofc fling whether 
rough inability o neglect to distinguish their primary and 
smeandary occurences. As 2 practical instance let us tabe 
(e case of material cbjcte; these we are aceastomed to 
regard as sobatantives, thet ie to say we ose them to deine 
ranges of propositions im coe way only, and make 20 
istinction between their primary ani secondary occurences. 
‘At hast po one made puch a datineton ent De Whitebead 
ectared Chat material objects ave adjectives ofthe events in 





shih thy ae stated, so that the pricy ocureae of & 
‘itera object A Sai u propotinn ‘A i atnstod in 5". 
From och propaxitoas as (is we can onmtruct al oer 
ropodtions in whieh A ocr, Thur ‘A is red" will be 
“Ror ll E, A tsatad in F implica is tuted fa 
yin which A has wcnodary marta. Bo the dilaton 
Yetwean primary ed secondary ccnarence i not merely 
enaoatrated a logy excenary, ba fortis ease ected 
rata 

‘The consion is that, xs garda acamplets mbol the 
fesdammntal ditacton is aot between. subtartive aid 
Aijectve bot between primary sod wecontary conanoe{ 
‘04 that «went ingly a lope constrcton between 
whose prinary and weendary orcuences we fall to 
‘ining. So that tobe a mbstantive isnot un objective 
bout u mbjectve property ix the sense at it dopends not 
indesd on any one mid but onthe eausaon elecaral sal 
wena nds and pepe. 

The fn my Sit cxocusion, which is T ink of some 
lanportazee in the plewophy of netase and of rind; but it 
inmot the conctvion wich I moat want to atren, and it does 
ot aaswer thn onion with wid I began ny paps, For 
‘tna canclsin about the method aad pombiity of dividing 
‘tia logial construction into mabetantives and sete, 
it being in consetion with tees Jogi constructions that 
(he dea of subetantive and adjective traditionally exgaate 
‘But the real question at ioe is the posit of dividing 
not lofal constractoas but gemsine cect Sato particulars 
od vet ac tm anor thin we ast go back and pick 
Up the tread ofthe asgument. where we abandooed it for 
this lengthy digremion about logical consrotins 

‘We aw above tat the distinction between partir amd 
smivenal was derived Srom that betwen ebject nd predicate 
vehch we found cay t> com: in atomic ropeitoas, We 
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(thm examined the thor Denies of atomic propositions 
for rather of atomic facts, Mr Jobmson’s theory of a th, 
Me Raszets that the copelation fa performed by univerals, 
of which there mast be ace and ealy one iz each wom fet, 
nd Ms Wittgaastein's that the objects hang ia one anata 
‘ce the aks of chain. We observed that of thevethearle 
nly ‘Mr Rumall’s really asigned a difermt fonction to 
abject and predicate and a0 gave manaing to the dstngtion 
‘etwoen them, and we prooesded to discuss this theory. Wa 
foaad that to Mr Johnsoa's criticiamt Mr Russell bad to 
oaible answers; 000 being to argue that bis theory alone 
‘ook actoeat of he difference we fel there to be between 
Socrates and window, the ote thet bis notation was fur 
‘more convenient than any other and mast thireone corre: 
spond more losely to the facta We then took the fist of 
there arguments, and examined the diference betwee 
Socraten and wiadoen. This wn (oond to consist in the fact 
‘that whereas Socrates deteained only one range of propos: 
‘ona in which it cecurred, wisn datermined two wach ranges 
tho complete range 'f wine’, and the narrower range ‘#81 
‘wise’. Wa then extminet the reason for this direace 
‘etween thé tive incempete eytabels Socrates and wie, and 
decided that it was of a anbjectiva chameter and depended 
en Iman interests and needa. 

‘What we have now to consider is whether the diflrence 
betwenn Socrates and wie Bas any such bering on the 
composition of atomic facts an Mr Rezell alleges it to 
Ihave. This we can usefelly cemabine with the consideration 
of Mr Rusell’s other posible snpument from the super 
convaniance of is symbetion. Te exence of this syrbolim, 
1 Mr Johnson bas observed, conssts in not letting the 
adjective stand ale, bot making ita propositional feacton 
by altsching it to a variable x. A ponsbie advantage ofthis 
Procedura at once exggests ittelf la terms of cur previous 
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‘raatment ofthe dierence tetwem substantive and adjective; 
nanoely, that attaching the variable = helps ma to make tbe 
<itingtion we requie fo make th case of the aetive, but 
ot in the cae of the subctantive,betwera the valet of dt 
tnd thowe of f (6) where / ts variable. Only oo, tt might be 
said, an we ditiogssh (6) $e from (f/f). Bur vey 
Lite coideration is rageized to se ttt this sdvantage Is 
very Aight and of 20 fundamental importance. We oosid 
sly make the distinction i other way for intance by 
determining that Ifthe variable cae after the $38 should 
san what we now expcess By $, Dut if before the what 
sre exp by JG: sicrly by deiding to we te etre 
172m one case, J's" B's A a the ober, 
Bat, although thls supposed advantage Ln the fanctonal 
symbol is aginary, there isa team which renders it 
abwolutly indigpenmable, Take such « property a “ether 
ving B19 4, or haviog S (0 8"; Ut would be absolutely 
limpnabe to represent this bya spleen". For Yow 
then could ve define 92 We could not pat ¢ = Rev. Sb 
‘wcnese we shoal not vow whether the Banks ware 49 be 
‘le with the sume or dierent arguments, and 30 whether 
¢ vas to be a propety oF relation, Instead we must pat 
Ge. — xR v. 250; which explana ot what {9 meant 
by by ital but that flowed by any ayaa «it i short 
fer sRa,v.sSb, And thin is the reason which makes 
inevitable the introduction of prepositional fanetions, It 
simply mmos thet in such « cae “4 in not < same bet an 
Incamplete symbol aad canaot be defined ia islation o€ 
Allowed to stand by tule. 

‘But this contusion abost ev 2S wil nt apply toll 
ropostonal fonctions. TF ge te 8 twoterned atomic peo- 
Postion, “4 ia a name of the term other than 4, and can 
erfoctly wel stand by ise: 9, twill be asd, why do we 
‘write “fa” fastead of “4 la this cane alin? The reason 





for thin in 9 Hendacenta characters of mathuamatical 
logis extenicelty, by which Tzean Se primary interest 
‘in danses nd relations in extension. Now ff any prope: 
tion whatever we change any incicisal came stow variable, 
the reautng propadton fselon defen a das: and the 
clans may be te same for two functions of quite diferent 
foaas, in coe of which “i an incomplete eyo in the 
ther & nase. So matherstica! loi, beng only inereid 
i functions as a means to cases, ses 20 eed 19 iting 
these two sorts of fonctions, becase the diference between 
ther, thong all-important to pilwopy, wil not creep 
to way diference between the elasies they define, So 
‘because ome 9's ae incomplete and canst ste alone, und 
101 gs are tobe treated alls inorder to svi wel com 
‘leatioe, the oly station sto aliow one to stad alo, 

Such 6 the fotieation of Me Ress practice; but fis 
suo th reftation of ha theory, whch alto appecat te 
Aiinction besween thane functions which ace names and 
‘hove which ace incomplete symbols, a stinction which, 
rwrocked above, thoegh inonateil for suthomatis is 
ewuntal for pilowpby. 1 do not mean that Me Rawal 
‘woud nom deny this dtncton : ow the cnatrar iis clear 
{tom the Second Editon of Prinipia that he would accept it: 
but I thine that his present they of eaves the ree 
‘ot his eeviou fnifure to appreciate 

{eile remembered that we fund two powble arguments 
{or his thery of univer. One was trom Sh efcaney 
of the functional notation ; this clenely lapses becanse 
an we have tee, the fonctions notation rarely ovedodks 
an canal cistinetion wich tappens not (0 intrest 
‘he muthemsticas, and the fact that some factions 
cannot stand ale iy a> argument at all camot The 
other arpusest was foc the ditfrec we fee betmem. 
Scertes and wie, which comesponds tow diletoce in bis 
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logleal systema between individcals and fonctions, Just es 
Socrates determines axe range of propasties, but wise two, 
to a determines the ose range ge, but ff the to ranges 
$e and fds). But what is this dflerence between ‘ndivideala 
snd funexions doe to? Again simply to the fact that 
‘certain things do not Interat the matheentlcian, Anyone 
wo was interested not aly ia clauey of things, but 
so ia thei qualities, would want to dstiguiah from among, 
the others those functions which were mare; and Hf we called 
‘the objects of which they are namea qualities, and denoted a 
variable quality by ¢, we should have aot oly the range dt 
Dot algo the narrower ranqe ge, and the difernce analogous 
to that betwee 'Socntas’ and ‘wisdom would have 
inappesred. We should have complete symmetry between, 
quilts and individuals; ack could have names which 
conld stand alone, exch would determine two ranges of 
propositions, for # would determine the nnges ge and ps, 
where g and $ ase variables, and ¢ would determine the 
anges gx and fg, where # and f are variables. 

So were it not for the muathematicin’y hinged Interet be 
would inveat a eymabollan which was completely nyrametrial 
fa regards individuals and qualities; and it becomes clear 
that there is 20 seme io the words individea! and quality; 
allwe are talking about is twe diferent types cf ebjers, soch 
that two objects, uae of each type, coud be tole coustitaents 
of an atomic fact, The teo types being i every way sym- 
metrically related, nothing can be meant by callig one type 
the type of individosls and the other that of qualities, and 
‘hese two words are devi of comotation, 

‘To this, however, vasons objections might be made which 
moat be ieliy dest with. Fit it might be mid that the 
‘oro ters of suck an atoons fact must be connected by the 
biactaricing tie and /or the relation of characteriza, which 
sre neyomalrical, and distinguish ther reatafntoindividoale 
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od quilies Aguas chia I would say that the ration of 
‘characterisation is simply a verbal Section. “g characterises 
42° mmuns 90 more ard no ess than ‘is g", itis merely @ 
Tengthened verbal form ; and since the relation of charecterisa- 
ion is adtsttely not » costitucat of "a is ¢” i cannot be 
anything wt all. Aa egerda the te, [cannot undertand what 
srt of thing it oul be, and zelec Wittgenstein’ view thet 
4 the atomic fact dhe objets are connect together without 
‘he lp of any mediator. This does aot mean that the fact 
1s donply the cllezion of ts continents but ft it const 
fn their union without any mediating te, Thee s ove rote 
bjection rogpested by Mr Reseli's treatment in the new 
dition of Principia. He there says that all atemle propott 
tions are ofthe forme Ry}, Rls 9 Ril 9 9 ete 208 90 
‘an defn ndividnls ux terms wich cam oer in yropodtons 
‘with any number of teens; whereas of couse a metered 
relation eoukdealy cecur it « proposition with m+ 1 tern, 
But this earns bis theory as to the cenditation of some 
ucts, that each mast contain a term of w spect kind, called 
A universal; a theory we found to be ettedly grounds, 
‘The trath is that we know and can iknow nothing whateves 
About the forms of ateme propeitions; we do net know 
“whether wome oral objects oan occur in toe than on form 
cof atomic proposition; aad there is obviouly no way of 
ering any soch question. We cannot even tell that there 
ze not atomic fats coovating of two terms ofthe same type. 
1 might be thought that this would involve ws in a icons 
circle contraction, but x tle reection will show that it 
does not, fF the enatcadictions ue to ting fonction be 
its oma argumeat only arise when we take for argument a 
funetian contining 2 sagution which i Cheretare aa incom 
Dicte symbel not the sam ofan object. 

1a concasin Jet ws deecrbe frm this new point of view 
the procedure of the mutbenatical logician, He takes 207 
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type of objects whatever asthe subject of his reasoning, sad 
call them individuals, manning by that simply that be hat 
‘chosen thin fype to reason about, though ke might equally 
well have chown any other type and clled hem individesle 
‘The results of replacing oames of these individesls ia 
propositions ty variables he thes calls functions, irrespective 
of whether the eonstast part of the function ic a nace oF aa 
{ncomplete gymbel, ecaate thls does aot make any dierence 
‘to the class which the functoe detnes. The flute 9 male 
this distinction has led to these functiceal symbals, some of 
‘whlch are names and von ineosplet, being treated all ae) 
‘names of incomplane objects or properties, and in sesponsble 
foc hat pret matake the theory of universal Of all 
philoeophers Wittgwastsin alone as vee through this mule 
and declared that about the forma of atomic propositions we 
ean Low nothing whatever 
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cs Whes Jorote my artihe T wan sure that i wat 
Aampornible te dacover atomic propositions by actuah analy, 
OF ths T az now very doubtal, and T cannot therefore bo 
‘are that they may not be discovered tobe all of one or other 
of a erica of forms which cam be expremod by Rye), Rls 
Ry (695A, ete, in which case we could, ay Me Reel bas 
suggested, deine individeala as terme which can occur ia 
‘ropeaitions of aay of theve forms, universls ws terms which 
‘ean only occa in ne form. This I admit may be found to be 
the came, bot ax no aoe can as yet be cartin what ort of 
teen propaitions there are, It cxnnet be pautively asserted: 
and there is no strong premsmption in its favout, for T think 
thatthe argument of my article establishes that nothing ofthe 
st can be known « frien 

‘And this 2 auater vf seme ioportavee, for plilosopbers 
auch as Me Rusall hava thooght Gat, although they did not 
Jimow into what ultimate terms proposition are sualyanbi, 
hese terms maest nevertholes be divisible into wniverals 
and particule, categories which are ceed in philosophical 
‘investigations as if it were certain « pion’ that they would 
be applicable. ‘This certainly seems to be decived prizarily 
‘rons the espposition that (bere must be a difference bette 
ultimate objects analogous to one felt to subsist between 
such terms an Socrates and wise: and to one if thie 
can srawuably be maintained, we mst discover what 
ference there i between Socrates and wise aralogoat 
to the distinction made in Mr Rosall's syria between 
pertcalars.and universls, 
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we conde: the develpeent of Me Rul’ spstem of 
ogi, us expounded ia the Vtrodactcs tothe Sou Eaton 
cl Principia Maliomatic, wo can ae what difrence there is 
fn bis eatment of particulars and eaiverls, We fd that 
niverals sleaya occar as propational functions, which 
seve to deterane ranges of propositions especially the range 
of wales ofthe function gi, aed the range of functlons of the 
fnetion /8) (whee f Is vacate). Tngividuals alo serve 
determine ranges of propoitions, bt in tis case thers it 
aly one pranpal range, the range of fonelout of the 
Individual ga (variable), We cold mea ourower rage, 
1s Mr Reel point ot, by axing a viable quality, but we 
‘ave no need todos, Now this the ony diermee beeen 
the may lndivdaale aod walverils fonction io bis system, 
2d ase fd that there is a precinly similr diflernce 
‘betwoea Soran and wine itis probable Gat we have here 
‘the tence of the matter. Wie, tka « gu io Me Russel 
sytem, determines the atrower rae of roponins "sis 
wise" nnd the wider one wie, where the at range neues 
all proposoes whatever is which wie ocu. Soeate, on 
(be oer and, oly tae to determine te wider range of 
propoitions ia which it occurs samy suet; we eve na 
poscin may of ging out any sarower rage, We cannot 
o i by Umiting It to propestions ia which Socrates oocrs 
ss ash, brome in any propo in which be accor he 
an be regarded ws the subject: me can lvays regard the 
‘propio a8 sayiog "It i re of Sonate that —“, The 
‘aint in tht with Socrates the narrower range is mtn. 

Noverthnless this diderenoe betwecs Socrates and wise fa 
Linsory, beauae ean be shown to be theretcally poste 
to mate 9 nla sarowe: range for Socates though mo 
Ive neree ned to do this Neverthe, ence this 
fact 1s cbaeved, the diSerence Between Socrates and wise 
Ings, and we Bega, kr Dr Writzbead, to call Socrates an 
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adjective. Wlyou think all of newly al propetons about 
‘atrial objects re trath-fuctioas of propaiions abot thet 
loca in events, then, oo my view, yo will era aerial 
jects as adjectives of eveata. For that isthe real monlag 
of the ditnction between active and wibstantive. T 
‘ot say that te distinction bat arisen fry expt reflection 
about the deren in gard to ranges of propositions, bat 
that this eierace obscurely fet Js the aeurce of the 
distinction My view is sbikngly cotimad Dy the cue of 
Dr Whitenad, who, baving made mater object analogoas 
to wie inthe way ia questo, than dcr that they warn 
aaectves 
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‘Tae probe with which I propose to deal is tbe logical 
analysis of what may be called by any of tha serms judgment, 
belie, o assertion, Sappore Tam af this mien julging 
that Cesar was miarderad: then it i natural to distinguish 
4 this fact oo the one wide ether my mind, or my preseot 
ment state, er words or images in xy mind, whit we will 
call the mantal factor of factors, and on the other aide ether 
Cem, of Cesare reurder, of Ceear end scurder, oF the 
Proposition Cesar was rourdered, or the fact that Clear was 
‘mureted, which sre will call the objective factor or factor; 
and to wuppoe that Ue face thar Tame judging that Canar 
‘was rauderd consis in the holding of some relation of 
‘istlons between these simtal and objective thetore. The 
‘qoations that arise ace ia regard to the suture of the two 
‘ets of factors and of the relations between them, the 
fendamenta distinction between these eesents being hardly 
‘pea 0 qustion 

Let us begin with the objective factor or factors; the 
timpleat view is that thera 1 one such tector oaly, a 
‘propeition, which may be einer truco fase, truth and fality 
being usanalyaable atvitotes Thla wan at one tise the view 
of Me Rast, and in his esmy “On the Natare of Truth and 
Falshood "1 te explains the ream which led him to 
abandon it. These were, in Bie the ineredibity of the 
calsence of sock objects ax “that Cesar died in bie bed", 
‘whlch could be daseribed as cbjective falocsoods, and the 
‘mystcioos natere of the difference, ox this theory, between 
truth and falsthond. He therelore Conch. i say opalon 

"rep 
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Sehtly, that a fodgmant has 50 single object, bat isk 
rrlkiple ration of the mind or meatal factors to suany 
object, thove, namely, which we skool ontsaily cal 
constituents ofthe proposios fudged. 

‘There is, however, an altemative way of beiding that 
fedgment aaa single object. which it woald be wel to cause: 
‘afore we pate on. In the shovesmentnned enay Mr Resell 
ssserts that x perception, which ance ajodgment he regards 
oh infallbe, has 2 sage object, for instance, he complex 
object "Anifetoletot-book "This complex object ean, f 
‘ink, e ideatibed with what racy people (aod Me Russell 
‘ove wold cll the fat that the nif to the Set ofthe book 
‘we cond, for istance, say that we percived thi fact, And 
jest an if me take any croe proposition such as that Cemat 
id ot dle in bis be, we can for & corresponding pase 
Deginning with ‘the fac that and tak about the fact that 
Ie did not die in is bed, v0 Mr Ruse] wuppoved that to way 
lu proposition thee comexpanded & complex cbect, 

Me Rast, then, held that the objet of pereption was 
ct, but that in the cate of « fqrount the pouty of 
crvor made such view ustenable, since the object of  jnde- 
tment that Carded in is bed could noe be Qe fact hat he 
ied in bis bed as there wan no wach fact. It Se homeves 
‘evdeat that this dificulty aboot ear could be removed 
ty pottlatng forthe case of jodgrent two dere retin 
between the testal factors and the fact, one overrng in 
(eve jodgments the other in fale, Thos, a Judgment that 
Geter wan murdered and juigment that Cem wan not 
murdered would have the same objec, the fact that Cesar 
seas murdered. bat citer in reapect of the relations between 
the metal factor and this object, Thus, is The Anabuis 
of Mind* Mr Roel speaks of beefs as ether pointing 
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‘towards or pointing sway from facta, Tt soems to me, however, 
that any och view ether of judgment ox of perception would 
‘be faadequate for a reason which, if valit, is of great 
‘importance. Lat us for simplicity take the case of perzption 
nd, eatuming for the sake of argument that itis infalie, 
consider whather ” Ha percsives that the knife is to the lft 
of the book’ ean cally assert « dat relation between a person 
and a fact, Scppowe that I who rake the assertion cannot, 
‘myself soe the life and book, that tbe Life i really to the 
right of the book, but that through sone mistake I suppose 
‘hat ito. the lft and that he pereives it to be onthe at, 
0 that T assert faltely " Ho perecives that the if is (othe, 
lft of the book’. Tren my statement, thong) faee, i 
lgnidcnnt, and has the sane eamaning anit would have CH 
were trun his muaniog cannot dheelore be that there ig. 
da relation between the person und something (4 fact) of 
wich * that Ube ten to the lft of the book" in the samme, 
Deeanse there is 20 sach thing. The situation is the same as 
‘at with descriptions: "The King of France is wise’ in 
fot nontente, and 10 * the King of France’, ax Mr Rusell 
‘nas shown, it not a name but aa incomplete symbol and the 
‘mame mt be trae of" the King of Italy. So also" that the 
elf isto the let f the booic’, whether itis true of false, 
cannot be the nazue of a fac. 

‘But it wil be asked, why choald it not bem description of 
‘atact? ICT nay “He perceives tat the knife is to the eft 
of the book, I men that be pereaives a fact which ia aot 
‘pumed but described as of x certain sor. and the diticulty 
‘wil Ssappear when may ansertion is analysed according to 
‘Mz Russell's theory of descriptions. Similarly, t wil be sad, 
“the death of Cesar” fsa densiption of x event, and ‘the 
fact that Casar de & oaly an alternative expreation for 
“the death of Cer 

‘Such an objection is plausbie bet nt, in my opinion, valid, 
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“Toe trot is that pase ike “the death of Casa’ can be 
ced 9 tuo differant ways; ordinarily, we uae it an the 
description of aa event, a2 we could say that “the death of 
Cer’ and ‘the anrder of Cesar’ ware twp diferent 
esriptionsof tae same event. But we can also seth death 
of Cesar’ in a contert ka He was eware of the death of 
Cesar” moaning “He was aware that Cesar ad dia": ure 
{and thi isthe soe of case which oxeare in the discussion of 
cognition) we cannot regent * the death of Come’ as the 
evcrption ofan event; Ht wer, the whole proposition woul 
bbe "There ic an event E of 9 cetain sort such that he i» 
aware o£", and woukd be stl tree if we substituted another 
Seacription of the sume event, ef. ° the merder of Cas. 
‘That is if bis awareness has fr its object an event described 
by‘ the death of Getar’, then, If he {6 aware of the decth of 
‘Casr, he most also be aware ofthe murder of Citar, for they 
arn identical, But. in fact, he coald quite well be nware thot 
‘Casa had died without kaowing that be had been murdered, 
4 that bis avareonss mest have for ie object not merely an 
‘event Dut an event aad a character also, 

‘The councetion betwen the event which was the daath of 
Cesar and the fact that Cnsar die is, in my epinin, (is 
"That Cesar died ‘ie realy a existe ial propsition, asserting 
ha existance of an eveat of a certain sort, thus resembling 
“Thaly bas a King’, which amets the existmce of a man of 
a cxttain sort. The event which i ofthat sort is called the 
oath of Cesar, and shoul no mace be eoettnd with the fact 
‘at Camar died than the King of aly should be confused 
withthe fact that Italy has King. 

‘Werhave sen, then, that a phrase beginning "fhe fat that 
ia not a name, and also not a description ; it i, therefore, 
elther « name noc 2 dexiption of any gensine cooatitoent 
(of 2 proposition, and so « proposition about "the fact that 
‘Rb tana be analysed into (1) the proposition «Rb, (2) some 
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farther proposition about o, R,&, ad otter things; und an 
amulyis of coguiion in terms of relations to facts cannot be 
sooepted aa ultizaate, We are driven, therefore to Mr Rasal's 
conclusion that 2 jadgment? has not ane object but many, 
to which the meatal factor Is rauliply related; but to kava 
‘tf that, as badd, cannot be regarded as ntistactory. There 
sno reasa to suppose the multiple ralation simple; it may, 
{or Inatance, rest from the combination of das) rations 
betmeen parts of the meatal factor sod the separate objects; 
and {tie desirable that oe should try to Gnd cut mote about 
it, and bow it varies whan the form of proposition believed 
4s varied. Slraiarty, a Geory of descriptions which cantented 
‘oat with observing that" The King cf France is wise could 
bbe regurded ws asestng x possibly complex multiple relation 
Detieen Kingship, France, and wisdom, would be miserably 
tafecic to Mr Russell's theory, which explains exactly what 
eatin Is 

jt efare we proceed ferther with theanalysis cf adgmest, 
Its neoenaary Conny something aboat trth and falbahood, 
‘onder to show that there really no separate problem of teat 
Dot merely a linguistic mde. Truth and falsity are ascribed 
rimaily to propositions. The propasition to which they are 
‘scribed ray be either explicitly given or described. Suppoce 
fist that itis explicitly ven : then it ic evidest that "1 is 
roe that Camar was musdered * means 30 more than that 
‘Crs was murdered and Its false Dat Car was murdered * 
‘uanns that Canar was ect murdered. They are phrases which 
‘we sometimes use for exaghasis ce for stylish reasons, or to 
indicate the postion cocmpied by the statement in our 
argument. So also we can say ‘It is 2 fact that be was 
murdered "or "That e was mariered is contrary to fast’. 

1 the second case In which the preposition is described ad 
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not given explicitly we kare perhaps more ot « probles, for 
sve get statements from which we caanct in ordinary langunge 
‘iminnte the word“ tree "and “false”. Thus if Tsay "He is 
sways right’, T mean that the propositions he asserts are 
fiways true, and there docs xot seam to be any way 
‘of axprasing this withoot using the word ‘trun’. Bat 
ruppoie We pot i thus" For al , if he assers fp 1 rue, 
‘theo we see that the propositional fiction fis true i singly 
the nse a2, a3 €g its value“ Caesar was murdered i roe” 
4g thm sume us “Car was murdered”, We have in English 
0 Add "is trae’ to give the sentence 2 vee, forgeting that 
"p" already contnis « (variable) verb, This may perbape 
bbe made clearer by supposing for a moment that only one 
oem of proposition i in quetion, may the relational fora, 
44RD, then" Hes always right ' oak be expressed by ' For 
alla, Rb, if be nmects ab, then aR’, to which "is trun’ 
would be at obviously sepecivecs addition, Wien all forms 
of proposition ae {ace the analysis more complicated 
‘but not esestialy liferent ; and it a clear that the ablems 
{not an to the natere of trot and falsehood, but ato the 
ature of judgment or aston for what is cult to analyse 
ia the above formulation is He amerts eR 

Tt is, pethaps, alto inwmodiately obvioos that if we bave 
‘anayeed judgment wa have scived the problem of trath 
fr taking te mental factor in x jedgment (which is often 
‘tilt called a jodgamant), che truth or faulty ofthis depends 
tly on what proposition i i that is judges, and what we 
have to explain is the meaning of saying that the judgment 
a a jodgment that « has R to, Le. is true if ab, fate If 
‘ot. We ean, if we Uke, say that itis tree if there axists « 
currespoating fact Ghat ¢ has R to 8, but thie is esuotially 
sof an analysis but a peripasi, for “The fact that « has R 
todexists "is uo diferent from a has R006". 

{in order to proceed farther, we mast new camider the 
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mental factor ia a belle, hele nature will depend on the 
ease in which we are vsing the ambiguoss term ballet it 
1s, for instanea, pouble to say that 2 chicken balisves 0 
certain sort of caterplar to be poismnoes, and mean by that 
merely that it wbatans from eating such caterpillars cn ecort 
of unpleasant experiences connected with them. The mental 
factors in guch 2 belief woakd be parts of the chicken's 
ebaviour, which are somehow related to the objective 
‘acters, vis. the kind of caterpillar and poisonoumen, AN 
‘act anayais of thls relation would be very dificalt, bat it 
right well be held that in regard to this kind of belief the 
pragmatist view wan correct. Le. that the salation between 
the chicuen's Debaviour and the objective factors was that 
the actlons ween such a8 to be usefal if and ely i, the cater- 
pillar. were actually poisonous. Thos any set of ations 
foc whowe utility p 1s a reccuary and enficient condition 
might be called a belief that », and so would be true if p, 
sai thay aze sal? 

‘But without wishing to depreciate the importance of this 
Ica of bell Se not what I wish to dies here, 1 prefer 
‘to deal with those beliafs which are exprened in wonts, or 
pomibly image or otter syrbelt, contcnesly astected or 
onied ; for thowe beliefs, in my view, ae the most proper 
subject for logit erictem. 

‘The mumtal factors of cach a belief I take to be words, 
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‘wham we are comcarod wis 4 tematic language without 
Sceguaritis and with aa exact Sg aoaton Mee that of 
‘Principia Mathematica. The primitive sigan such elaagtagn 
can be divided into names, logical costars, and variable, 
Tat begin 7th came; ch namie means 22 obj 
soetning tetg «dual relation tatween them. Evidendy 
‘ae, meaning, reetion, and object may be ely al complex, 
to that the fact that the nase means the objet la not 
tuknately ofthe dant veaonl form bat far more eam: 
lated" Nevertelem, jut as inthe sty of cham nothing 
ia elon by diosing te atoms of which the cheamen are 
composed, so im the study of logic nothing is gained by 
-tatering Into the ultimate analysis of names and the objects 
hey gaily. The form te eaent of the thicker bebils 
in terms of whlch the varie logical relations of one bebe 
(0 another ca al be stated, aad their Sterna eons 
‘a matra, 

By meant of names aloe the thicker can form what we 
may sal atric yenencn, which rm out fra standpoint 
‘tee no very scion probe. 14, Rand are tings wich 
ace wipe in relation tm hi langoage, Le. of the type of 
lnatances of which he has nasa, he wil beive that aR 
by having mares for a, R, a8 bcoepecte ia bie nd and 
accompanied by fering of eit, This tte i, however, 
two snp. sine the ames mst baited in away appropiate 
to aR rather than to 8Re tis can be explsinad by saying 
(hat the name of Ris wot the word, bt the relation we 
take tntwem “a” and“ by writing “as” The ante in 
ich his telat calles “2” and "8° ten determioes 
‘whether it ina Dele that a8 or that Re, Ther are vaciou 
tir icles ofthe same sort, bot T prope to puss on 
to te more lntrating probleme whlch aie wea we casider 





1 Tale meet oro is fhe ca of tant, wah voor coos 
el eten es ee eager bere 
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sore complicated bellefs which require for Chir exproasion 
‘ot only nares but logis! constants 2s wel, that we have 
‘to explain the mode of sgnifcance of such words as‘ not" 
andor’. 

‘One posible explanation ie that they, of sorte of them, 
eg, ‘not’ and ‘and’ La tere of which the others cam be 
deed, are the names of relations, so that dhe cantences i 
Which they occur ase similar to atom ooet encept that the 
relatlons they assert are logical instead of material, Oo this 
lew every proposition is altinataly afirmative, asertiog & 
simple ration between simple teen, oc 2 simple quality of 
 shrople term, Tiras, * This is noted assets a relation of 
‘ngusion between thi and rednen, and ‘This isnot cote 
tnt relation of negation between this, redness and the 
‘rat relation of negation. 

Tis view requires seh « diferent attitude to logic frm 
sive that itis eal for me to fad a common bass Teor 
which to discus it. Thece are, however, en or two things 
1 should tke to say in evticam: rt, that T Gnd it very 
matisfactory to be alt wits explacon of formal lie 
exoopt that it isa collection of" pecesary facta’, The eon 
union of » formal inference must, I feel bein tore test 
contained io tha pesaiues and not wmething new; Teannot 
Delieve that from ana fat, eg. that a thing is zed, it sbould 
be pouble to infer a infinite meraber of diferent facts, mh 
su that itis wot wotted, and that iti both red and not nots 
md. These, I should say, are simply the sume fact expressed 
Dy other words ; nar i it inevitable that there should be all 
hese different ayn of saying the mame thing. We mlght, 
‘or instance, express negation not by inserting a werd ‘not’, 
‘bat by writing what we negate upside down. Soch a syziboisa 
4s only inconvenient because we are oot trained to perceive 
‘complicatad symmetry aboet a borzontal axis, but if we 

1 Ste mpl. J. A. Chadwick, Legal Comer.” Ant 190 
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tulopted it we sbosld be sid of the redandent ‘notact ’, 
fo the cenalt of negating the sentence “p twice vould be 
simply the wentence"p ieee. 

Teseema to me, therefore, hat "not cannot be aust for 
if it were, ‘not-aotep would have to be about the object 
not and 20 different ix meaning Irom 9, but mast function 
ina radially different fashion. It follows thet we must allow 
aegatious and disfenctions to be ultimately diferent froma 
poaitive suertons and not mores the assertions of ferent 
‘bet equally paitive relationships We must, therefore, 
abandon the iden that every proposition awerts 1 relation 
Detwoen terms, an Wea that seems a fica to discard as the 
‘older one that a proposition always asserts a predicate of 
a aabjet. 

Suppose our thinker is considering a single atomic sentence, 
and that the progress of his meditation leat either to hit 
Dalieving it of hi dubeieving it. These mary be supposed to 
consist origioally in two dicen flings tated tothe atomse 
tentenee, and in soch a relation masteally exrlosive; the 
diference between astertion and denial thvs cocsisting in a 
Aiflerence of feeling and not ln the absence o¢ presence of a 
‘word like ‘not’. Sash a word wil, however, be altoost 
Indispensable for purposes of commonication, beiet in the 
‘Atomic tmtenoe being communicated by uttering it aloud, 
ishciaf by uttering i together with the word "not". By a 
‘tort of association this word wil become part of the itarnal 
Tanguage of our thinker, and instead of feling disbelief 
towards" p” he will sometizne feel belief towards ‘nat 

If this happens we can say that dishalieving “and 
beleving net” are equivalent occurrences, but to determine 
‘what we mean by ths “equivalent” is, fo my mind, the 
‘central dificalty ofthe subject. The dficlty exists on any 
heory, bet is particulary important cx mine, which bokds 
(atthe signitcance of not “coosists mot in a mening relation 
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to-an object, but in this equivalence berveen dishalieving 
“p and believing “not. 

We seams to me that the equivalence between believing 
‘nob and dlbelcving “p's to be defined in terms of 
eaustion, the two occurrences having in common mmy 
of their causes ad many of their elects There would be 
many cecasoat on Which we should expect ene or otbar to 
‘cocur, bist wot know which, and whichever occured we should 
‘expect the sume Kind of behaviont in consequence, To be 
‘oquivaent, we may say, isto have in common certain causal 
_propetis, which I wish {could define more precisely. Cleasly 
‘hey are not at al ample: there is D0 esiferm action which 
Delving *p* wil aways produce. It may lead to a9 action 
4, excopt fa particalar circumstance, 0 that its cael 
‘roperti will omy exprems what effects ceaut fora It when 
ertas otharconditins ae fled. And, agaic, only certain 
Norte of cantes and eticets nist be admitted : for instance, 
‘we are not ccnoerved with the factors determining, and the 
‘eaults determined by, the chythan ofthe words, 

Fedting belat tawanie the words ‘not’ and ledling 
<labein towards the words*p "ave then ix common certain 
‘eal properties. Tpropove to expres his fact by eaying that 
the two occurrences axprecs the same attitade, the attitade 
‘of iabelieving # or believing n0t-p, On the other band, leeiog 
bollet towards "p has diferent cactal proparties, and 10 
‘expremea 0 diffrent attitade, the attinade of believing 
Tris evideot that the importance of beliefs sod ditbeils 
lies mot in their intrinsic nature, but in ther causal properties, 
ve ther causes and more especially thir efieets. For why 
Should T want to have a fesling of baiat towards names 
Rand, when aR, and of disbelief when notaR®, 
except Decaute the eticets of thete felines aze more often 
‘mtisactory than thageof the atemnstive ones 

HE then T say about someone whos: langage I do not 
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mow He i ellving that notaRS Tee that ther 
cersrng a bismiad cha combinaica ofa fetng adword 
1s exreams the atte of bering 20-28, La hat oartain 
aun peopcte, whi can in tit sims cau! be speci 
‘thse blnging to the sombinalion of etng of dnbelat 
sod nae aR and 3, he cae of one wha uses ha 
English langnag, to the camBiation of fcng of bea, 
samesfor, Rand, and an odd sumer!" not". Bees 
thi, wa can say thet he eaotal properties are connected with 
and bia soch a may tht he ely things which can have 
(tars ist be compose of rare of, Rand 8, (Rs 6 
Abe doctene thatthe meaning ofa setence must rent frm 
the massing of the words init) 

‘When we are dealing with oo¢ atomic propaion only, 
‘we re aocustemed to leave to the thiory of probity the. 
‘mtemediateaetoves of prt bel, and mda only the 
cntraze of fell bale end fll dsb Bt when os thi 
‘a covered with several ate propositions at once, the 
atte ioe aompicate, for we have to dc! bot only with 
completely dette attudes, sued a8 blleving # and die 
aleving ¢. but also vith raatively indafite atta, 
ich Dileving that either 9 ax ¢ i trv bot not kaowing 
hich, Any voc atitade an, homever, be dane in terms 
ofthe truth- posses of atemie proposition with which it 
agrees and disagrees, Ta, if we haven atomic propsitons, 
‘ith ragard to their eth and fbity tere ae 2° raataly 
srcisive posites, and a pole attads 1 ghen by 
taking any set of thee and saying that ti oe of this et 
srhich iin ac, veaize not ene ofthe remainder, Toes, to 
balls fo gi to express aqreemect wih the position 
2 true and ¢ tron, fale and tors tre and 7 fale, and 
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ingreement with the remaining postilty p flee and 
fale, Tsay that Selng belnf towards a sentence expreict 
such an attcude isto say that than certain caual properties, 
‘which vary with the atttode, Le wile which poustlites are 
nocd oat and which, 10 fo epaak, are all ft in. Very 
roaghly the thinker will actin disregard of the poubites 
rejected, vat how to agian this acaraaly fo not know. 

Tn any ordinary langsage rch mn etitde can be exprene 
try teling of belief towards a complicated anton formed 
‘oat ofthe atone wntenes by logical conjunctions : which 
sitade fi, dependiog not on the Selng bet 0 the form of 
the seats, We can therefore my eliptilly that the 
seotance express the atttode, and that the meaning of 
sentence in agreement and disagmenent with such and woch 
‘ruth-pomibite, meaning by that that one who aserts ot 
balers the eentence 9a agra and daagess 

a moat logical notatins the meaning of the sentence bs 
determined by legal operation signs that oar int, ach as 
“not and and. These ea in the following way : ‘np, 
ether)" be ato onc, exprenenagrnmect with tha 
onion with which “f” exprous disagreement and 
ee verse, "p and ¢ expense agreement with sock 
powiilitics as both "pend "@" expres agreement with, 
tnd igreement with all thar. By these rales the eating 
of any sentence constructed trom atomic sentences by means 
ct "wot and nd i completly Getecnand, the meaning 
of not” being thes aw determining the attitude expres 
hy" ot kn tems of that expec by“. 

‘Thin cool, of comese, cay be usd 452 faite af not * 
oa ymaelis based diced on the trath-posblities, Tha 
in the notation captained oo page 95 of Mr Withee 
Traclatus Logice Philsophivws, ‘ee conid deine ‘pot-P’ 
‘6 Qe symbol obtained by Intechanging the T's and bla 
je the last column of "f*. Ordienly, Bowerer, we always 
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ne a diferent sort of symbatien fn which not" ism primitive 
sign which cannot be dened without cielarty ; but even 
4m this symbol we can ask ow *" nicht " meant not’ 
nto be analysed, and i is this quesian which the above 
remark are intended t0 antwet. Ta out ordinary symbciem 
‘the truth-posiilities are most conrmiently exprecied a 
conjmetons of atomic propositions and their wegstives, and 
_any proposition willbe expremitle aa disunction of tha truth 
oasis with which it agree. 

Ar we apply the logieal operations to atomic sentences {a 
nn indiscrimloate eotoner, we shall sometimes obtain 
cumpasite sentsnoes which express no atte of belief, Thus 
“por notp’ excludes no pouiblity and so expresses no 
attcude of bellef at al. If should be regarded vot at a 
DigaiSoant sentence, but a sort of dogwaerete cae,‘ and is 
called by Mr Wittgenatsia a tawtelgy. Tecan be added to 
any other tentence without altering ily meaning, for "9: > 
‘or not-p*agcoes with just the same posit us", ‘The 
ropaitions of formal logic and pare mathemati are in 
thie sense tautoogics, and that ts what is meant by calling 
them" necosary truths 

Sinalarly *p and not-p' exciutes every posibiity and 
fexpremes no possible attitude: it is called cantradicion, 

1 terms of these ideas we can explain what is meant by 
logical, mathematial oc formal inference ot implication. The 
inference froma “* to’ ia formally gearantoed what "If 
ben 9 isa tautology, or whex the trath-potiiities with 
‘which "7" agrees are contained among whose with which 
"agrees. When this happens, it is always posite to expres 
"pin the form. and 7°, so that the conclusion "gan be 
‘said to be already contalnad in the promis, 

eface passing en to the qecstion of general propositions 


1 2a she mathematica) sete mae (wo Hs oreo points fe 
2 dapat aoe 
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1 imu sey something aboct ax abvioe difialty. We 
smpponed above that the:mnenicga of he cae car thinkers 
angoage might be relly cxipex, so that what waa toi an 
atom uentince might after traraation into & mace rend 
Tngunge appear as nothing of the sort Lf thin wen 0 it 
aight happes that some of the coabiaatons of truth and 
‘ality of his tom proportions were realy sl cnatraditary. 
‘This bas setely been supped to be the ease with “Dive! 
nd ‘red, and Laiboit and Witigensieln have regaed. 
“Thi Is both bloe and re as being lteanteadletory. the 
‘ommtraiction being concealed by defective aoahyin What- 
ver may be thought of this hypothesis sums to ae that 
fora iogic i nt emcarned with, bet preuppowe tat all. 
‘the treth-poubilites of acm seateones ae seal posible, 
‘or at east tents ther as beiag so. No one cold soy thatthe 
{inference frm’ Thi ied "Tas inaot baa” was formally 
(tranieed ke the syllogim. Témy rev tothe analogy 
of ches, this amsmpion might prkspe be compared to tht 
‘sramption atthe chesmnen are aot so strongly magnetized 
1m to ender some potions on the board achaniclly 
ingore, 20 tat we nead only consider the rentictions 
imposed by the ue ofthe gama, end can Savegard any others 
‘which might concivaby aie from the pia! constitution 
ofthe me, 

‘We have so far conned ourselves to atomic propaitions 
xd thowe dave from ther by acy te umber of tate 
‘pertions, and unesa oor accom isto be boplealy incon 
len wo scot now my somthing about geaeral propels 
seh as arn expremed in English by eeass ofthe wort’ 
nd ‘somo in the notation of Pricipie Mathomatic by 
apparmt varabice About thee T alot the view of 
Me Wittgencain that "Fer all, fe” into be regarded as 
‘etlvalnt 19 the loge product ofall the value of "fe, 

* hod abe erpeatiyfMe ene, Se Laie Pa 15,7 


FACTS. AND PROPOSITIONS ny 


fe to the combination fr, and fy and fy aod... and that 
"There iy an x such thet fr is simian Bir loplal au, 
1a conection with such symmbels we ean ditnguich Set the 
clesent of generality, which comes in in specifying the teat 
argoments, which are not, as tfore, momerated, bet 
determined aa all valses of a certain propositional function : 
nd secondly the treth-fencton element whieh isthe logis] 
roduct in the fst case and the lgical sam in the secu. 

‘What is novel about gaveal propasitions is simply the 
specication of the tretbarrements by & propeltcoal 
fometion instead of by enumeration. Ths general propositions, 
jum ike raotecular ones, exprest agreement ad disagreement 
‘with the truth-powibiitis of atomic propositions, bat they 
do this ta 4 diferent 20d more commplcated way. Fecing 
belief towarde “For all x, fx" has certain causal propertin 
which we call ite expresiog agreement only with the 
povsiity Una all the values of fx are trot. For a yymbal 
to have theae caseal propertics itis not necessary, as i wat 
‘lore, for it to contain mazes forall the objects invatved 
cambined into the appropeiate atomic ventence, but by a 
peculiar law of prychology it Se muffclent for it to be 
constructed in the above way by menes of propositional 
fonction, 

‘Aubeloc, this must not be regarded as an attempt to define 
“all and * some ', but only a4 contribution to the analysis 
fT believe tata (or some} 

‘hie view of general ropositions bat the great advantage 
that it enables us to extend to them Mr Wittgengtea'suscomat 
of logical inference, and his view that formal logic cones of 
‘tautologies, Ita alo the caly view which explains bow * fa” 
‘can be inferred fom ‘Foc all, fx’, 20d "There ir an «sec that 
Fe" tcom ‘fa’, The alternative gory Gut ‘There ian s such 
‘hat fa shoald be regarded ae ax stone preposition of the 
form" (f}' (fban appicalion) lores this eatkely obscure; 
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{tpn no intl conaectin betwoen «beng rd and red 
daving application, bot abandoning any hope of explaining his 
satin is content merely to label it" necesry! 
‘Nevertbelem, I anticipate at objection wil be made om 
‘he flloming Hines: Srey, i wil be a tht «cannot enter 
into the mening of *For all, fx, Deas [can art tis 
‘without ever havig beard of «To this [ anemec tht this ia 
1s eoental pact of the uty ofthe syeelian of geaerality, 
(Gat it enables ms fo make amations about things we have 
sever heard of and to have no aames for. Bede, that «ix 
snvolved ia the meaning of * oral fx" can be sees from the 
‘ct that it Kany “er al» fad soxaoe reps ‘nat fa, 
the, even though I had not before heard of 4, be would 
‘undoubuely be contradicting rae 

‘The second objection that will be made is more terions 
ssl be aide chis view of general proponitions malas what 
things there arn in the world Dot, as i really is, a contingent 
ac, bat somethig prsappeaed by lose oat Bet propoa 
tow of ag. Tho i wil barged ht even i cold hve a 
lint of everything io the world 'a','8",...°2, "For alla, fa’ 
sro al nat be oqivaeat to “fa. fb. fe", but rather to 
fe fb. ft O28 a, 3.8 ace everything", To this 
Me Wittgenstein woukd reply that's, 6... are emmy 
thing's nonseese, and could not be written ab al in bis 
improved symbol fr identity. A proper dissin of tia 
newer wonld incive dhe whole of Bis phlouophy, and 8, 
therefore, ot ofthe question hee; all hat F ropa to ois 
to retort with be gooqus! The cbiecsion woud evidently 
Dave n fore, bo arm everything "were, as with t= 
‘ble denitionsT tink It ea be ade to b,x tently : foe 
‘hen I ould be ft ont without adaring the meaning. The 
objector wil haceloe clam that snot tmtology, or in 
their termipclogy not a meceamry propa ; and thi ey 
vel prerumably bold with regard ‘many proposition of thn sar, 
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‘ue they wilsay that tomer ola st of things that they are ct 
are not everything cannot be either asoomarily tus ot 
necesarly false. Bot they wil, T conmdive, admit that 
numerical identity and difference are uecesaary relations, that 
“Teer isan + much that fx" necessarily fellows from ‘fe, and 
‘hat whatever follows necessarily from a nocesary truth is 
tse necesary. TE 30, their position cannot be malaainod ; 
for wappose 4, b, ¢ are In fact 2ot everything, but that there is 
pote thag #. Then tbat dl not ideatial with a8, or is» 
ocesaary fact; therefore ts necessary tat there ean ¢ such 
that x ienot identical with, dor, oF Boat, care mot the 
‘nly thigs é= the world. This ie therefore, eves on the 
‘objectors view, 2 necessary and not 2 contingent ruth, 

Jn conctuios, T mast erphasive my indebtedness to 
Mr Wittgenaten, foun whom my view of Jogi is derived. 
‘Everything that I have sai ia doe to hin, except the parts 
‘Which have a pragmatic tendency. which anem to ye to b6 
‘needed in order to Ail up a gap in his system, Bet what- 
‘ever may be thought of thon additions of mine, und howneee 
thin gap sboald be filed ia, his conception of formal logis 
‘seems (0 roa ivhibtably x encemous ufvanoe on thant of 
any revious thinkee. 

‘My pragmatiom is derived from Mr Ruwall; and is, of 
eourne, very vague and andoveloped. The exrence of prage 
mation I take tobe this, tha the rmaniog of sentence tobe 
atin by reference tothe actions to whlch asserting i wool 
lead, or, mace vaguely si, by ite posibe cause and eect, 
(OF this feo ectain, bat of nothing sore dent, 


oc alate sergio, at he ati soe opting mar 
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FOREWORD 


In thie wry the Thoory of Probability ie taloe asa branch 
of lope, the logic of partial belief end inconclusive arg 
ment; bat there [4 ne Intention of iaplying that thin & 
the only of even the most important appect of the subject 
Probability ib of fandamental importance not only in hgle 
but also in stuistial and physical scence, ane we cannot 
‘be awe eforehand that the mioet sla interpretation of I 
in logic will be appeogstate in physics alc. Indeed the 
(general difference of opinion between stataticizns who for 
‘the most part adopt the frequency theory of probability and 
logicians who mastly reject it render it likely that the two 
sedools are realy dlscuisng Alterent things, and that the 
‘ward * probability" a wed by lpicana in one sense and by 
atieilans ip another. The comcasions we stall come 10 
sto the awaniog of probabuity ix logle mst not, rele, 
‘be tahun a prejdging its messing ta physi! 


seal mggnse. om poaty ix mince, wan dnd Yn wt 
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(Tra Pagomer Tree 
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(2) Tax Ferguincy Tizoxy 


1m tha hope of avoiding some portly verbal controvenie, 
1 propane to begin hy abn amie aden in favo of he 
frequency Beary. Ta the fst place this Uhaory mut Be 
concaded to have & frm bauia fo edianry lguage, whi 
ofan cn * probably" peactally as « aynoayen for px0- 
orton ; for exam, i we say that the probability af 
recovery from wsallpex is three-quarters, we se, 1 think, 
simply tha that ie tha peopetion of exallpox ches which 
cover. Secondly, if wer start with what ie called the 
cateaus of probable, reyarding it fint as branch 
ft pare mathemati, and then Ling round for Ane ita 
tation ofthe formule which aba show thet our axoma 
tare corsérnct and oer subject aot entry ove, than 
smuch the simplest and leas controversial interpretation of 
the cals i one fa terms of frqencien. This is trv not 
nly ofthe ordinary mathematics ot probability, De alo of 
the symbols calzala developed by Mr. Keyes tor it in hia 
ih, x08 are taken to ba not propoations but propor: 
Aol funtion or lasrconeeps wick Seine Sn cases, 
and a/h's takes to mean the proportion of members of 
hich are alo members of <, cher all Bis propositions 
Yecome aime! saan. 
* 
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Besides these two invitatie admissions, there is 4 tind 
so mane Important coe, wich T am preyared t0 make 
‘erngeraiy alnoogh i oma not exptes my real opinion, Tes 
thin, Suppote we sat wid the mathematical clus, and 
sak, no a elore what interpretation of i most conwecent 
to the pure rnthemsticim, but whot inerzctation gives 
eults of greatest value to sace fn general, hen it may be 
that the anew is again an intacpetetion in terms of 
Aeequency; that peobablity sit is exc in stattcal theories, 
specu ta saistcal mechanie—dhe ld of probability 
whos logit athe extropy—ie ray rato batwees the 
sumers of two elas, of the lit of such ratio, T do 
ot mysalf eleva his, but I am wiling for the proeat 
to concede tothe cegeency theory that probability a wad 
Jn modern acence in tealy the sume as Sreqency 

Bat, wpposing allthis ndmite, it el emalns the case 
tht we have the autbety both of exdinary language and 
of many great thikars for dissing weds the bendy of 
Probability what appears to ba guite a dierent subject, 
the loge of paral Belt. 1k may be that, ex som pe 
pares of the equany theory hive nals, the lg 
pasta bebe willbe found inthe ead be merely the 
study of fnquencies, ether because pata bait is dear 
able as, of by relacnce to, some mct of fequincy, 
because it can only be the abject of log treatment 
hen ie grounded cnesperienced frequencies. Whether thee 
sonteations are valid can, Bowers, caly be desided ar a 
result of cur investigation ino part Beli. 50 that Fp 
rae to ignore the frequency theory forthe present and 
dep an inquiry ito tha Tage of partial bell, Ta ts 
1 think, it wil be mest convenient It instead of stright 
semay dercoping sy own theory, T bagia by maining 
‘he views of Me Keyees, which are so wel known and ia 
oventials 30 widely accepted that reader. probably fel 
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‘tant there fg no ground for re-opening the eubject de nous 
‘etl they have been disposed of 


(2) Me Keres Teor 

Nr Keyan starts from the mppocion tht we make 
robableineraces for which wu Gaim objective valiny 
sre proceed fom fll beet ie one proposon tart 
Bale So antics, aad we cain tht this promdae fe 
sbjpctivly rahe, 0 that if another man in soma cram 
lances entertained a differant dagroe of belief, be would 
‘be wrong in doing so, Mr Keynes accounts for this by suppor 
{ng that betwee zy twe propositions, taken ax pray and 
conctuon, tere lds one end ely ne retin ofa cata 
‘sort called probability relations; and that if, in any given 
cum the relation is tat of degree, tr fl bain the 
remin we shod if wn were ratios! posed to a bbe 
of agree af the eons. 

Before eiaog this vee, T may peeps be allowed 
to paint out an obvious and easily corrected defect in the 
Matacic of When i a id tat he eg of thn p- 
ability relation is the same at the degree of belief 
‘wich it jute, meme toe pesappome thet Both eo 
‘ably latins, 60 tbe one hand, and dgsen of belt 
a th other ea ba natarally exprsd intern of mers 
cd then thatthe suber expetng or meariring the Dro 
ability relation is the same as that expressing the appropriate 
‘degree of belief. But if, aa Mr. Keynes bolds, these things 
se not abnys exprebie by mares, then we canto gi 
1s atement thatthe depre ofthe coe i the mame a8 the 
daqreset the otter ach sgl inerpeaton, bat eat 
pe in to mean oly that eis acne-one cmespondeze 
‘etneen probability ratios and the dares of ble which 

15. eyo Ton Fry (82, 
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Chey jority, Thin comenpomdence mast clay preserve the 
‘ebaions of greater and Yas, and 30 make the manifld of 
probability relations and that of degre of bli similar 
ta Me Ronel’s sense, T ink i ie pity that Mr Keynen 
id not ae this caeely, beamse che exactitde of thia 
cexrespondeace wosld Rave provided qite as worthy saaterial 
for hs srpicam as di the numerical measorement of ror 
ability relations. Indond sme of i argumante aguinst 
(at numerical meumrement appear to apply quite equally 
swell gaint thee exact crrepondence wich depres of Iie 
for natae, he argues tha if rates of Sosuraace cxreepod 
4 mbjective, is. acaa, degrees of balst, thee are not 
tionally determined, and we cannot infer that probahly 
celatina can beszialy maser, it might be argon eat 
‘etre coeduton i sch a cae was 208 that as Mi Keyoon 
thinks, to the oan-oumerieal probably relation eoerempoada 
1 bon-aumaical agree of eatioa! babel, but that degrees of 
‘ai tch were aways teil, dd st correspond one 
be wth the probubilty relations jstifying them. For it 
ia, T suppose, concctable that depres of belief coud be 
rmeasiced by « pychogalvacecnetr er some sch instreximt, 
and Me Keynes woud hardly wih to flow tat probability 
relations cowl at be dertatively mexsured wid the near 
ofthe baits which try fstity. 

But Ise ws now retary to more fundamental cic of 
Mc, Reyne’ views, which isthe obvious one that thee relly 
do not em to be any such things as te probability eulationt 
Ie detects, He sopposas that a any rate in ctln cases 
Chey can be persived; bul speaking for myoal fel cone 
‘ident that this isnot trom, To wot pres them, 24 7 
‘tobe perauuded that they ene t mst be by argent: 
moreover I shrewdly spect that others do aot pereive them 
clthe, boca they are ble to coma to wo wey Hite agree 
reat a to which of them relates any bo given proposition. 
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‘All we appede to know about ther are certain guaeral proposi- 
tions, tha laws of addition and raultiplication ; it is as if 
‘everyone kaw the laws of geometry but no ve conld tell 
whether any given object were roand or square: and T find 
‘it hard to imagine how so large a body af general knowledge 
can be combined with to leader a stack of particalar fate, 
Tes true Sat aboot some parties cass there i agreement, 
‘bat these smaehow paradoxically re always immeosily come 
lleated ; wo all agree that the probability of w coin coming, 
dows beads Is 5, Bae we can none of us sty exactly what is 
‘the evidence which forms the otber term for the probability 
relation about which we aze thea judging. Ut, on the other 
‘hand, we take the sraplest posible pairs of propositions each 
au "This jn eed" and "That iv bive” or ‘This Ls re" and 
"That is red’, whowe logical relations should surely bo 
‘easitt to tet, uo one I thik, pretend to beware what Ls the 
‘probability sation which conseets them. Or, perhaps, Uury 
‘may clita to we the relatioe but they wil not be able to say 
anything aboot i¢ with certisty, to state i{ i iy more or 
Jess than 4, oF so on. They may, of course, say that it is 
Incomparable with any namerical telation, bet a selation 
About which o little can be traly suid will be of ite slat: 
use and i will be Bard to convince a optic of [ts 
existence. Besos this view is realy rather paradovical; 
for any believer in induction mot admit tbat between “This is 
re as concasion and ' This is roued "together with «billion 
ropotitons of the forma“ is round and red’ ab evidence, 
‘there i fsite probability elation; and tis hard to snppose 
‘hat as we accemalate lattances there ie sey a point, 
tay after 299 instances, at which the probability elation 
Decwaes finite and so comparable with tome mumerical rla- 
oa 

Tr seems to man that if we tae the two propositions" « 
ined", “6 is red, we comnot rally discera moe Yuan four 
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simople logleal relations between thems: namely identity of 
form, identity of predicate, diversity of subject, and logical 
independence of import, Tf anyone wece to ask me what 
‘peobablity ane gave to the other, I should not try to 
answer by contemplating the propeitions and trying te dlmcera 
1 logical relation between them, I sbould, rather, try to 
‘maging that one of them was all that I knew, and to guces 
‘What degree of confidence T shookd then have fa the other, 
TET were able to do this, F toight me doubt sill not bo coa- 
tent with H bot might xy “This i what T stoukd think, 
but, of coarse, T ar only a fool’ and proceed to conider 
what a wise man woukl think ad call that the degree of 
probabitty. This kind of selfriticism I shall discnas Inter 
when developing say own theaey; all that 1 wast to 
rmaatrk here is that no one extimating& degree of probability 
sicaply comtenplates the two propotitions asppored to be 
ralated by it; he always conaiders inde alia his own actual 
‘or hypothetice! degreo of batet. This remark seers to me 
to be bome out by observation of my own behaviour and to 
be the only way of accounting for the fact that we can all 
ive estimates of probability in cates taken from actual 
Life, bat aro quite unable to do uo is the logically simplest 
‘easen in whlch. were probability  logkeal reltion, it would 
be easiet todiscer. 

Another angument against Mr Keynes’ theory can, I think, 
be drawa from his inability to thers to it concatently even 
in Giseusing fist principtes. There i a passage in hie chapter 
on the measutement of probabilities which reads as follows -— 





Probability i, wide Chapter II § 12), relative in a sense 
to the principles of Annis reason. The degree of pro- 
debility, which il is satis! for we to eotetaln, does not 
presume perfect logical insight, and is relative in part 
{othe secondary propaltions srhich we in fact mow ; end it 
‘not dependent upc whether more poctect logical insight 
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a or is not concalvabic. It is the degre of probability to 
‘which the loge proceues lead, of which oor minds 
sme capable; of la the language of Chapiec IL, which those 
seconraxy propositions justify, which we ia fact imow. If 
‘ve do nat take tis vcw of probabity, if we do not Umit 
Jin this way and make it to this extent, dative to baa 
powers, we are atogetber adeilt in the urknown ; fot we 
cannot eve know what degree of probability would be jstiod 
bythe perp of lagi veitons wich we ae abd met 
slays be, incapable of coupeebending.”* 

‘This paomge seems to me quite anreconclable with the 
‘iw which Mr Reyoes adopts everywber exept in thi end 
nother similar passage. For be generally bolds that the 
agree of beet which we re jasted in placag i. the oon 
losion of an argument i determioed by what relation of 
probability unites Uhat coocasis to our premitses. There 
4s only one noch relation and consequently only one relevant 
‘roe secondary propaston, which of course, we may oF ray 
ol knw, bt which is aeccuslyindependest ofthe hota 
rind, If we do not know if, wo do not know it and cannot 
fall how far we ought to believe the conclusion. But often, 
1 euppooes, we do know it: probability relations are not 
coat which we art incapable of comprehending, But on this 
lew of tho matter the zaumge quoted above bas no mean- 
fing: the relations which jomity zobable beliefs are prom 
Dabitty rations and is nomsenee to span of them beng 
{juidied by logical relations which we are, and aust always 
be, incapable of coxmprebendng. 

‘The tgnlfcance of the pasta for our present paryoee 
ies io the fat that it ees to prenvppace 4 dierent view 
of probability, [2 which indetnable probubity relations 
lay 20 art, bot in which the degree of raticual bei dpe 
om x varity of logial relations, For instance, there 
might Ye between the press and omcasion the relation 

7 pm nines, 
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hat the prealis was the Ioghal product of a 
Abound instances of «geraiation of which te conlurlon 
‘wus ove other Sostance, and this relation, which is zat an 
indefinable probability relation but defmable la tems of 
candinary loge and 60 eailly ecagaiable, might justify « 
certain degre of belie! in the cancision ox the part f one 
‘who bebeved the prams. We should thos awe a variety of 
eaknary Ioglal relations fustying the same or diferent 
degree of belt. To say that the probablity of « given A 
was nuch-and-such woeld moean that between 42nd h wes sane 
relation jostifying sachand-nach a degree of belie, And 
on this view it would be # red point thet the relation a 
quetti raut aot be oxe which th human mid i incapable 
of comprobending, 

This word view of probability ux depending on fgical 
relations but aot itself a new Jogi relation sem to 28 
‘orn plausble than Ber Keyra! wal theory ; but this does 
ot reas that I fel at al inlined to agree with it, It 
requires the somewhat obucare iden of «logical ration 
{eatiying a degre of belie, whlch I shoe mot like to accapt 
1 indefiable bmeanse it dows oot oem to be at wll a clear 
tor simple notice, Also it is bard to say what lope rla- 
ous jeatity what degrees of belie, and why ; any decison 
nto tia wosld be arbitrary, and would lead to & logis of 
probability conistiog of a best of socalled “zecetary’ 
‘cts, tke formal logic on Mr Chadwick's view of Joga 
comstasta! Whereas I think it far better to seek an 
explanation of this" neoemty' after the model of the work 
of Mc Witgenatein, which enabics ot (0 sez clmsty fa what 
racine sense and why logical propositions are necessary, 
‘nd tn & general way why the eystem of fora Jogi coats 
ofthe propnitons it does consist of, and what is thei men 
hacectestic. Just aa satwrl sclcre ties to explain ead 

9 YA Con Lop Cost” ind 7. 
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scrount for the fats of mature, 50 philuophyshosld 
fry, im a sense, to explain and account for Uhe facta 
ol logic; a tase ignored by the piloopby whic diamines 
these facts as Deng ucacovantabiy and in an ladsnable 

ere T propose to concede this cic of Mr Katie! 
towory, not beeawse there are ox other respects in which it 
toans open to ebjecion, bat because I hope that what Ihave 
akeady sad fe ecough to show that i fe not so carpletaiy 
tatstactory a8 to render fate any attempt 0 treat the 
abject roma rather diferent pat of View. 


®) Deoness oF Batis 


‘The eubfect of cur inquiry is the logic of partial belie, 
fund T do ot thine we can carry st far anlass we have 
‘at last an approxizoate notion of what partial belie i, and 
how, if at all, it cam be measured, Tt will not be very 
cealightening to be told that ix such clrumetances i& would 
bbe rational to believe a propotitlon to the extent of 
4b unless we Kaow what sort of « belief ia it that means 
We mutt therefore try to develop a purely prychelogical 
method of meaaneing belel, 1 is not enough to measure 
probability tn onder to appacton correctly oar belief to the 
[probability we must als be abe to measare cur bli, 

Tt is m common view that belie and other peychologion) 
variables are not measecable, and if this is true out inquiry 
veil be vaia ; and so will ae whole theory of probability 
conceived at a lege of partial belief: foc if the phrase ‘a 
Dale ewo-thirds of certainty” is meaningless, « calelus 
‘oboe Sole object isto main such beliefs will be mvaninglest 
‘xo, ‘Therefore unless we are prepared to give up the whole 
thing 25 bad job we are hound to held thal balls can to 
some extent be measured. i we were bo follow the analogy 
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Me Kayes tei ofpctiliee we shold sy that, 
Sou belts we man adam otet ns des 
et wom to Wey fo bea cect aoe ofthe mtr 
do not see tow we can ahaply ide bh ite 
thaw wth have «poston inte maid sae ed tone 
feuch have not. But I thick bells do ier in mean 
ity the folowing tro way Fost, sme bees 
fan be rearrd more acts th otha ad candy 
the mearreent of tls sont cerunly an eniguos 
roc eating fou variate saver dpantng om ow ena 
‘the measurement i¢ condected. The dogron of a belief is in 
‘Bi respect Wee the tins Fatal Dtenen to avis; 
Aefere Estas was spose thet all he oriany ways 
of mnsing a tie tare wlll to the se sl. 
Xt reply perlormd. int sboved hat thi wasn the 
case ; and time interval can no longer be regurded as an exact 
totem, bt mst be Svarded inal prac invetiations 
Neverthe, tne interval and the Mowtzlen sytem ne 
sufficiently accurate (or many purpowes and easier to apply. 
"hl yo eget ht hedges bi ak 
like o time interval; it bas no precise moaning unless we 
tprcly more eraly tow it ie to te messed,” Bet 
fer my papum we can samme thet the atte 
vrys of tnauig i ead to Che ame cet, hong tht 
fe only spyecitaly tre. The reking discrepancies 
ate mare ging i cooacion wit sme be han 
then andthe thera apse nmr. Beh te 
tape of deter in mararaty, Gv sapetvey 0 he 
Ecaly i grng an rat nugh emerenet ad oon 
Sprit anbigty in te Sedition ofthe vcore 
roc, coca an ia pga dso ate wet iain 
Peelia to ots pote: what le pect i that i 
Sica to frm any in of how the meazeent to be 
tcxdeted,how nef be cai, eo 
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‘Let us then consider what is impliad in the mearnrement 
of bebiets, A tsfactry system mest ln the frst place 
‘amiga to any belief a magaitade or Gagree having 2 definite 
position in an onder of magnitedes; beliefs which are of the 
‘ame degree as the same beliaf mast be of the same degree 
‘one another, and so en. Ofcourse tie cannot be accomplished 
‘without introdocing 8 certain smount of hypotheas or Betton, 
[Bven in phys we canaot malntsin that things that are equal 
‘to the same thing are equal to one another unless we take 
“equal not as misaning ‘seoubly oqeal' but 1 Sctilious 
oF hypothetical relation. To cot want to dltcass the 
metaphyrica ox eplsteiology of this proces, but merely to 
seracie that if i is allowable in physics it is allowable in 
eyehology alto, The logic ezpiicity characteristic 
of the relations dealt with ina science i never attained 
by nature alone without any adimixtere of Stion 

Tt to construct such an ordered sri of degrees is not 
‘toe whole of cur task: we kare also to amiga embers 
to these degree in cme inteigble manner, We can of eurae 
‘easily explain that we denote full beat by 3, fll belief 
Jn the contradictory By 0, and oqual beliefs ix the propest- 
tion and its contradictory by 3, But it f not wo aury to 
say wat is meant by a belief 4 of certainty, o a belief in 
the proposition beiog twice ax strong as that in its com 
tadictory. This is the harder part of the task, but it i 
btolutely aeceseary for wa do calcalate numerical pro 
babies, and it they are to earespond to degrees of betied wo 
mutt discover some definite way of attaching aumbers to 
gree of babel. In physics we often attach sumbers by 
Gicovesing 2 phynical procem of adition': tho measmre- 
numbers of lengths are pot auigued arbitrary pubject only 
10 the proviso that the greater kngth shall have the greater 
measure; we determine thom further by daiding cm 

1 See. Campa, Pats Ty Bima (190, p27 
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physcal meaning for addition; the length got by puting 
(ogetner two given lengths must have or ts meas the mm 
of their mass A spiem of mesmenent in which 
(here 1 oothing corresponding to this is msdiacly 
ecogalted as exbitrary, for instance Mohs! ele of hard: 
ew! ia which 10 is atitrarily anigoed to diamond, the 
hardest now reaterial, 6 to the next hardest, and x0 00. 
We have therefore to find & process of addon tor degrees 
of ballet, or some substitute for this which wil be equally 
sidequate to determine & mumeccal vale. 

Soch ia our problem; Low are we to salve it? Thaw 
sare, I think, two ways ia which we an begin. We caf the 
fit place, suppone that the degre of Dele is somthing 
‘perceptible by its owonr; for intasce that Dells difer 
nthe intensity of teeing by which they are acoumpanid, 
‘Which might be called beet tating or felig of conviction, 
fnd that by the degree of belief we sean the intanty of 
this fling. This view would be very incoovenient, for it 
‘i uot cay to asribe numbers to the intensities fo feelin : 
‘bot apart from this it nema to me cburvably fale, for tbo 
‘alien which we hod mice strougly ae often azowmpanied by 
Pectitlly no fering at all; 0 one fol sroagly aboot 
loge be takes for granted. 

‘We ae driven therefore fo the second supposition that 
he degree of a bebiat is a cemal property of it, which we 
can expres vagusy asthe extent to Which we are prepared to 
act git. This i a generazaion of the wellknown view, 
‘thatthe dierentia of belle Mes ts cams eficry, which 
is heuwed by Mr Ruuell io Ms Anabsis of Mind 
He there dismisses it for to reasans, one of which seems 
‘otirely to mi the point. He argees ‘hatin the couse of 
trains of thought we belive many things which do not lead 
(oaction, This objection is bowever beside the mark, bocanse 

+ Bid, 
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‘it isnot asserted that» bullet isan Idea which does actually 
Jead to action, bat oxe which would lend to action in stable 
clreumetances ; just as lamp of aren i called poitoooas 
ot becanse it actually has Bild or sl ll anyone, bat 
Decanse it would Kill anyons if he ate it, Mr Rossl's 
cond argument is, however, more formidable, He points oxt 
that it fa not posible to suppose that beliets dill fram 
conher ideas only in ther elects, for it they were otherwise 
entice! their flacts would be identical also, This is 
perfectly trse, but It way still remala the case that the 
‘ature of the diference between the causes is entirely un- 
Juown or very vaguely known, and that what we want {9 talk 
bout is the diference between the elects, which i realy 
obeervabla and inportant. 

‘As soon as we regard belief quanstively, this stems to 
sme the only view we ean take of it, 1 oould well be hekd 
that the diference between believing and not believing Wes 
in the prevnce or abuence of introspectibte feeling. But 
when we setk to know what Is the difference between believing 
more firmly end believig les Siraly, we ean no lange regard 
4 as consisting in having raare or less of certain observable 
feelings; at least I personaly cannot recognise any such 
feelings. The diffrence saeme to me to le So how far we 
should act on these beli(a hia may depend onthe degree of 
some feeling or feelings, but I do not know exactly what 
feelings and I do not see that i is indgpeneable that we 
should low. Jost the same thing is found in physics: tan 
found that wire connecting plates of eac and copper standing 
fn acid defected & magnetic needle in ite neignboazhood, 
‘Accordingly as the nedle was mere or les defected the wire 
‘as said to cary a larger or a smaller cent. Thonaturc of 
this’ carent could oaly beconjectated: what were observed 
sand meagre were simply its etects. 

Tt will ao doubt be objected that we know how etongly 
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sre baliove things, and that we can caly now this if we can 
measure ont bel by introspection. This does nct seem to 
toe necessarily ve: in many eae, T think, oor jodgroent 
bot the szenge of oor Babe! is really about bow we 
Sonld actin hypothetical crearatances 1 wl be anewaced 
(hat we ean oaly tell how we should act by observing the 
proscat belt feliog which determies low we should uct 
bot agua T dou the cogency ofthe agent, ts possible 
that what determines how we should act deters ux also 
sree or indzetly ta bave a correct opie a8 0 how we 
sheuld act, withoet its ever coming into conscoumes. 
Sappose, however, Tam wrong about thi and that we ean 
ecde by intompecton the mate of bel, and azure it 
ages; il, sa argue, te Wind of masremant of Dele 
with which probability is conerne in not this Kd bat isu 
sunsorement of eke gus bas of ation. Thin ean T else 
be thown in two ways, Pint, by cocadering the tale of 
frobabiltis between 0 and 1, wd the srt of way we exit, 
ve sal a chat i is very appropiate to tbe eaaremat 
of Dele a8 a basis of action, bet in no way relate (0 the 
rmeasacement ofan introspect feng. For the waite term 
of whieh wach ferligs o&seasatons ae meauced ae always, 
1 think, difarences which are just perceptible: there i no 
caher way of obtaining xia. But Ise mo ground for spp. 
ing thatthe inerval beeen abla af dares} and one of 
degre consis of a8 many just pernpibe chang a does 
that between one of and one of fo tht sale based on 
jut preepbiedtereaces wool! have any spe rettin fo 
the theory of probability. Onthe other aad the peobabiy of 
{rise related tothe ind of ale which woald lad to 
A Yet of to 1, and it wil be shown below how to generalize 
this relation so as to apply to action in gear Seondly, 
the quantitative aspects of beefs the basi of action are 
vitntly more espertant han the stain of bie figs, 
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Tas latter are uo doubt intresting, but may be very 
‘varinble fram individual to fadividesl, and thelr practical 
interent is entirely due to dheir position as the byporhetical 
‘causes of Deets qua bases of ection. 

Te i posible that seme one wil ay that the extent to 
‘which we shonld act ox a belie! in suitable crcumstanoes ie @ 
bnypothetialthlog, and therefore not capabie of meavurentent, 
‘ot to ay thin is merely to reveal ignorance of the physical 
teloneet which constantly deal with and meance hypothetical 
quintites; for instance, the electric inensity at given 
point is the foroe which would act om a unit charge if it ware 
placed at the point. 

Let ut now ty te find « method of measuring beliefs a8 
‘base of possible actions. Tt is lear that wa are concerned 
‘with digpostional rather then with actualized belie; that 
to say. not with belief atthe moment when we are thinking 
of thaen, but with beliefs like my boliat that the earth bs 
round, which T rarely think of, bet which would guide my 
‘ction i ang case to which i was relevant. 

‘The cl-establiched way of measuring a parvon's bello! 
{sto propose a bet, and see what are the lowest odds which 
he wilaccept, This method I regard as fundamentally wound ; 
Dut it scfler rom being insuiciontly general, and from 
being necessarily inexact. Te is ineeact partly because of 
the diminishing marginal utility of mocey, party becsuse the 
perton may have a special eagerness or reluctance to bet, 
because be either exjoys or diskites excitement or for any 
other reaton,, to make a book. The dificalty it lke that 
of separating two dierent cowperating forces. Besides, the 
proposal of « bet may inevitaly altar his state of opizion; 
ust au we cond not always censure electric intensity by 
sctually introducing a charge and seelag what foree It was 
subject (o, beczune the introduction of the charge would change 
‘i dsttbatioa tobe measared, 


‘(TRUTH AND PROBABILITY 1” 


1s ordar therefore to constroct 2 theory of quantities of 
belief which aball be both general end more exuet, I propose 
to take an a basis a general paychologicl theory, wbich {9 
ow nalverslly digcarted, bot eaverthaiew comes, I think, 
(eily cle to the truth Ia the sort of casea with which we 
fre moet concerned, Tmean the thecry that wa act inthe way, 
wwe think most Likely to realize the ebjecs of our desires, 
so that & person's actions are compately determined by his 
\dxirea and opialons. This theory canmot be made adequate 
to al the facts, bat it sems to me « useful spgraximation 
‘tm the truth particularly in the cass of our self-oonslons 
‘ profeaianal fe, and st is presupposed in w great deal 
of our thoaght. It ia x uenple theory and ont which manny 
‘pyehologats woul! obvicesly ke to preserve by istrodacing 
‘unconscions desires and enconscious opinions in eer to bring 
Itmore nto harmony with the facts. How tar woch fictions can 
achieve the required renult T do not attempt to jadge: 1 
‘only chain for what follows approxizate truth, or truth ia 
ulation to this artifeat system of paychology, which lke 
[Newtonian mechanics css, 1 think, sil be profitably used even 
‘height ie known to be false. 

Ie snnst be obpecved that this theory ie not tobe identi 
with the paychology of the Usiitarians, in which pleamare 
bd a dominating position, The theory T propose to adopt ix 
that we seek things which wn want, which may be our own cr 
other paople's pleasure, or anytblag else whatever, and out 
action are such ab we thick raost aly to realise theve goods, 
Bt this is not a precise statement, for a previe statement 
of the theory can oaly be made after we have introduced 
the notion of quantity of beet. 

Let ma call the things © pero ultimately deizs* goods 
ed let us at first assume that they are aemericaly measurable 
‘and additire. That isto say that if be prefers for its ow 
sake an ho'a ywinvaing to an hour's reading, he wil prefer 
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te how swizaming to one how's evicning and one hour's 
wading. This is of coarse zbsard in the given case bot this 
aay only be because simaaing and reading are not eimate 
ons, and becasse we cannot imagine a second hour's 
wien precisely similar to the fest, wig to fates, et. 

Lt ut begia by supposing that ow subject bas zo doubt 
stout azything, bet certain opisons sboet all propositions 
“Then we can sy that he wll always choote the course of ation 
‘which wil ead in is opinion to the greatest sam of goed. 

Te shoald be emphasin! tht fo this aay good and bad 
ate mover be understood in any ethical acose bat simply ws 
denoting that which a given petson fel desire and aversion, 

The queton the arises how we ae 1 rcdiy this simple 
stam to take account of varyiog gress of certainty {a hit 
blef. Tsoggest that we Introduce ax 2 Ja of paychology 
that bi bohaviou is governed by what scaled the matbe- 
satin expetaton that to aby What Ip de proposition 
About whieh he is donb, any goods or bads for whe 
realization 9 is is his view a nacemary and suffchent co0- 
Akin eater fato bis eaklations railed by the same 
fraction, which i alld the ° degree of his belie in 9’. We 
thus deine degree of belie i» a way which peerupposea the 
toe of the mathematical expecttio. 

‘We can put this in a dierent way. Suppose hie depron 
bate in pis; the his action i such ashe would choose 
st tobe i be hat repeat it exactly te, iam of ich 
wan true, and in tho other fale. (Hera it maybe 
ecensary to suppose that in each ofthe m times he bad 20 
meray ofthe previous enee] 

“Thin can alo be taken a «definition of the Sagres of ble, 
od can easily be seen to Be agra tothe previous defini 
fos. Lat a give ta ottance of the tort of eae which might 
cccur, Tam at cosereads and donot know the way ; tI 
ther think one ofthe cwo waye sight. I propose tereore 
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(ogo that way but Keep my eyes open for somone toast; if 
nom T see someone bal male away over Dhe Side, whether 
1 tum aside to ask Sim wil depend oo the relative 
inconvenience of ging oot of tay way to coms the fl ot 
of eontinsiog om the wrong rad fit i the wrong ond But 
it wil aio depend ex how coofkeat 1 am that Tan right 
and clearly the more content Tam of tis the less ditance 
1 shouldbe wilting to go fom the rou to check ray opinion, 
1 propose therefore 2 wte the dataace I wonld be prepared 
(0 go to ask, sa measre of the condence of my opinicn 
sand what [ have said above explaias how this isto be dane, 
‘We can sit it out as flows: suppose the disudvantage of 
cing x yards (oases fp), the advantegn of eviving atthe 
ght Gestoation i, tat of ariving &t tho woeog one w. 
‘Then if T should just be wiling to go « divtenced to aah, the 
Alegre of my belief that Fam an the sight coud i given by 
par fe 
Por such an action is one it would just pay me to tae, 
UT had to act in the sre way times, if of whic Iwas 
‘a the right way but ia the others not, 
or the total good reultog from not asking cach tine 
=n tt pe 
net atm. 
‘that renting fom atking at distance» each time 
me — fe). [T now always go ight.) 
Thin is greater than the precetiog expresion, provided 
fo) <2 1-9). 
= the etal distance 4 ts connected with f, the degres of 
bale, by the rltion fi) = —w) 99 


2 seems, 








ope 





ws ‘TRUTH AND PROBABILITY 


‘Ht i eany to see chat this way of mensuring belles gives 
emits agrosing with ordinary Heat; at any rate to the 
‘extent that full belies denoted by 1, fll belief inthe contrax 
ictory by 0, and equal Belief ix the two by. Farther, Wt 
lows validity to betting as means of cueamring belie, 
‘Ry proposing a bet on P we give the subject a possible course 
cof ection from which so moch extra good wil reat to iim 
Hp is true and ao much extra bad if p is fale, Supposing 
the bet to be in goods and beds intend afin money, he will 
take a bet at any better odds than those corresponding to 
hia state of belief; tn feet his state of belies measared by 
the odda he will jst taka; brut this is vitinted, at akeudy 
splainad, by love o¢ hatred of excitement, and by the fact 
that the bet is in mouny and not in goods and bad, Since 
ti univeraly agreed tbat money basa dimiolshing marginal 
atlty, if mocey bets are to be used, itis evident that they 
should be for as wall stakes ax posible. Bat than wpxin the 
measurement is spolled Dy Introducing the new factor of 
rrluctance to bother aboot (ies. 

Lot 1s now discard the asraroption that goods aze additive 
ud iamaedintely measurable, and try to work out x eystam 
‘Wich a few nsunptions as posible. To bogin with we shall 
suppor, at befor, thet our subject has certain balifs abont 
‘everything; then he will act ao that what be believes to be 
‘te total consequences of his action will be the best posible, 
11 hen we had the power ofthe Almighty, and coald persuade 
‘ons subject of cor power, we cold, by afering him options, 
Aloctver how he placed ia onder of merit all posible cars 
‘of the world. Tx this way all posible workds would be put 
fa an order of vale, but en should have no definite way of 
representing them by numbers, There would be ne meaning. 
{a the anertion that the ifcence in valee betwom & and 
‘was equal to thet between y and 3. (Here and elsewhere we 
‘use Greek letters to repement the different poustble totnties 
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of eventa between which our subject chocoes—the elimate 
ong: ities} 

Sapgone next that the eabject is capa of doobt ; then 
Fe could est is agree of bait in different propositions 
Dy making hin offer of the ilowing kind. Wold you 
rather have wotld kn any event; or wo Bit #8 toe, and 
wood yt in fabo? Ts, hea, bo were certain that 9 wes trae, 
‘would scaly compare a and and chovee between thera 
(if o condivons were attached; but if be were doabrfal 
is choice wold not be decided #0 simply. T propose to 
lay down axioms and definitions concerning the principles 
sovening choies of this Lind. This is, of courte, a very 
sechecaatle version ofthe kati a real ife, ut, thin, 
cases to consider it inthis form. 

‘Thee Is fat & ibenlty whch must be deat with; he 
ropottons ke i the above cae which are sed as con- 
Aiions ln the options fered may be much that thelr ruth 
oF fality in an object of dexice to the aubject. Thi wil bo 
fond to complicate the problem, wad we bave to aanare tet 
‘there re propositions for which hi is not the ease, which 
‘we shall call ethically rectal More precisely an atoaic 
roponticn i called ethically newts f to ponte wore 
ering oly in regard tothe truth of 9 are always of mga 
valwe; and a non-atonic proposition # 1s called ethically 
‘nectriif ll its atomie trotharguments} are ethically neat, 

We begin by defaing bait of degree 4 ix an etbialy 
neutral propostion. The sebject is sid to have belie! of, 
dege fa rch a proposition # fhe bas no preference 
between the options (1) a i is trae, Bit pis aie, and) 
itp is ala, itp a tue bat bata pecfeence Deore «and 
fA simply. We suppose by an axiom tot if this stam f 209 





Saye oe 
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ue pair a, i Is true of al such pars This comes roughly 
te defining bait of degree j as such a degree of belie a nuda 
to indifference hetwoen betting ooe way and betting the 
other forthe sone sakes. 

Belch of degree § 28 thas defied can be tod to measure 
‘values numerically in the following way. We have to explain 
what ig meant by the iGerence im value between a aod 
‘being equal to that betwsen y and 8; and wadetne this tomean 
‘that, if) ivan ethically senteal proposition believed to dogree 
4, the subject has no preference between the options (1) « 
Mp is true, Bi pis false acc (2) ik pis tre, yt i fal. 

‘This definition can form the basis of « system of measuring 
valuns ia the folowing way — 

Let call any sat of all worlds equally preierable to & 
giv world a value: we suppose that if worl ais preteratle 
{0 B any world with the same value at aie prefarabla to any 
world with the seme value as and shal ay that the value 
of a ic greater than that of 8. This relation "greuter than * 
fonder values in a series. We shall uso « henceforth both 
foc the world and ite value. 








Asien. 
(8) Theres an ettcally neutral proposition p believed 
to duerce 
(2) 16 9.4 ate such propositions and tho option 
Wp, Bifnotp in eqivaint to Bit, y Hnot-p 
thee ait, Bit not in aqulalene to ita.» it aat 
Def. Yn the shove cae we my of =78 
Theorems. If a8 = y8, 
en Ba ~ By, 07 BB. ya = 38. 
phd gy mare ent te com 
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(2s) Map = B.thea e> Bisequinlent toy > 8 

sad 6 = Bis equivalent to y= 3, 
8) {foption A is eqivalent to option B and B to C then 





) Wap 7b, 8 =, then af = af. 
© (0, Bev. El (oe (ax = By). 
(0.8). Bt lu) erm sf 


() Axioms of contiouty Any progression has a limit 
(ordina. 


(8) Axiora of Archimedes 


‘These axioms eoable the values to be correlated one-one 
‘with real mumabers 30 that if a corresponds toa, ete. 
P=. = pa yw 

Hlenesforth we use a for the corciated real number at 
alo 

Having thos defined a way of measuring value we ca2 now 
desive a way of measaring belie in general. If the option af 
fr carta is inditeren? with Ghat of itp 3s trae and y if 
is fale we can define the subject's degree of belle in & 
4 the ratio ofthe difference between a and y to that between, 
B andy ; which we mest suppose the saate for all o'8, fs 
and y's that mtily the conditions. This amoants roughly 
1 Her § mast icade the re fp, y Slay: p ue noone 


tw oheady gasped Bee ne bape So Suter aber heh oe wo mt 
Shy amugad taur be wisp vous, and ecm wie P Sam 
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4 detsig the degre of ble ia f by the odds wt which the 
sulject would bet o& 7, Oe bet beng conderted in terms of 
ferences of valoe as deo. The definition only appt 
to paral beiet aad doce sot iach certain belels for 
‘bueK of degree 1 inp, for cntan is ndlferent witha it? 
ad any fit ap 

‘We are sto able to deine « very afl new idea the 
agree of belie inp given ¢", This does not ean the degree 
of bee in *1F # then 9 or that ka“ p entails go that 
‘which the subject would have ig ite knew go that mtich 
Je ought tohave, Tt roughly expreses the of at which he 
‘would now bet on 7 the bet ely to be vali Kf ¢ uF, 
Sock condition bets were often, mace in te eightenth 
tury, 

‘The degree of belt in 9 given gs ensured thos, Suppore 
(he subject indent betwen the options (1) « if ¢ tree, 
il gaa, €2) itp tue ang tee, Bip fate and tee, 
Bit fae. Then the degre of his bait i p rma the 
ratio of the ailecence betes a and 3 to that etwoen y and 
8, whic we must appar the saume for ary af, 8 which 
satiny the given conditions. Thais ot thence a the Geyer 
(0 which be woald baieve #, if he buieve ¢ for eatin; 
for mowledge of ¢ might for pcg reasons profoundly 
Alter his whole system of beets 

Tach of oa definitions has Been accompanied by an axiom 
of coibency, and in 9 fer as ii a, te notin of the 
correpoading degree of tlef bees Invalid. This bars 
rome analgy 19 the sitetion in cepird to eenetancty 
erased above. 

TT have aot wosked out the mathematical ogi of tis 
eta, cane this would T ink berber ike working oot 
to seven places of decimals a cenit coy valid to tec. My 
logic cannot e rgardad as giving more than the aot of way 
itmiget were, 
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‘Prom thaee definitions and axioms itis possible to prove 
the fundamental laws of probable belief (degrees of bela 
Iie between 0 snd 3}: 


(0) Degree of belit in p + dagree of balit in p= 1. 


(2) Degree of bale fm p given ¢-+-degr of bale i» 
Bplay. 


(8) Degree of Delle ka (P and ¢) = degree of bell ix # 
X degre of beliet in ¢ given f. 

(0) Degrc of beliaf in {p and ¢) + degree of belief in 
and ) = degree of beet in 9. 

‘The fst two aze imenediate. (3) is proved as follow, 

Lat dag of belief in p=, that Io g given p=. 


‘Then f for crtain mw E+ (1 — shit p trae, ¢ —a if fae, 
for any t 


E+ a iE tre we 
{eecene Wp and! roe, 
E+ (1a) t—yuitp tm glee; for any, 





(Croom to that €-+ (1a) Ly = Fat, 
inlet wm ty #9) 
‘Tn & foe certaia = 
(iets FEO My Mp aod g row 
£2 otherwise, 
# 


eget itn pang! = 


er aaeal 





Ify = 0, tas 0. 
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‘Then § for certain = ff p toe, Ei p fale 
Ed aitp tregtroe: Fitp flseg 
false: if p fake 
= Eu, p¢tree: Epa faleo 
degree of baie in by = 0. 
(4) follows tom (2), 9) as follows -— 


Degree of belle in py = that in px that im y given f. by (2), 
‘Similarly degree of Dei i 9 — hatin px that in given 
+ Ram = degree of bait f, by). 


‘These ars the lame of probabiity, which we have proved 
tobe neceatily tue of any consistent vt of degrees of bl, 
‘Any defaite sat of degrees of belie which broke thera woald 
be Inconsistent {2 the stave that it violted the laws of 
prterence between option, sock as that prefecnility is a 
‘sunative axymenetrical relation, and thet io i preferable 
tw B, A for cetaln cannot be peferable toa it Bil not 
1 anyone's mental oodion violated theve laws, his choice 
‘woeld depend on the precice fra ia which the options were 
flersd him, which woald be abnurd. He could bave a book 
rade agunst him by a cunning better and would then atand 
tolowe in any event. 

“We fia, therefore, that & precise asconst of the nature 
of partial Bele evens thatthe aw of probaly are ews 
‘of coussency, an extensico to pure tints of formal 
lage, tbe lpi of conistacy. They do not depend for thet 
_aeing oo any degre of beet in proposition bring uniquely 
detcmnized as the rational one; they aecely distinguich 
those sets of beits which obey them as consistent net, 

laving any dedaltedegtecof belie! mies a certain measure 
of eansstney, camely willngnens tot ona gives proposition 
sf the sums dds for any stake, the stakes being massurst 
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interim of ultimate valoes. Having degrect of blief obeying 
‘the la of probabiley implies & forther mensore of oat 
sistency, namely such a consistency between the odds 
acceptable oa Miflerent proposiions ax shall prevent 4 book 
Ising male aguinst on, 

Sone conctadiag remarks cn this section may nat be ont 
of place. Fist, iis based fondamentally on betting, but this 
wil not soem trreasonable wie itis seen thet all oar lives 
we ar ina see betting, Weenever we goto the station we 
ate betting that a train will ally reo, and if we had not & 
sudiclnt degree of beliet in tis we stow dacline the bet 
tnd stay at home The options Gott gives x are always 
conetioua on our questing whether 2 certain proposition is 
crue. Secondly, it is based Chroughout 08 fe idea of mathe. 
matical expectation; the disaisfction oftes felt with this 
fen su due mainly to the inacearute mesnaremeat of goods, 
Clearly mathematical exprctaions ia tera of money are not 
Proper uites to coudect. It shouldbe remeenbered, in jing 
ray rysten, that in it valoe is acteally defied by meuns of 
‘mathematical expectation ia the came of beliets of degree j, 
tnd so may be expected to be scaled suitably for Ue valid 
application of the mathematical expectation in the cate of 
other degrees of belie lea. 

‘Thirdly, nothing has bern sai about degrees of belief when 
the namber of alternatives is infinite. About thin { have 
nothing aseful to say, except shat T doubt if the mind is 
‘capable of contemplating more than = Gnite mumber of 
‘teraatives. Tt can consider questioat to which an intate 
‘auraber of anqvers are posible, bet in order to consider the 
‘anawers it must lamp them into a Site number of grouph, 
‘The dificlty becomes practically relevant when disrusing 
induction, but even then there stems to me x0 need to 
Introduce f&. We oan discuss wbetber past experienca gives 
a high probability 2 the eum's ring tomorow without 
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Dotherng about what probability it gives to the nn’s rising 
‘each morning for evermace. For thir reasna T cannot bat foal 
that Me Ritchie's discussion of the problema fc ensatistactry ; 
Te is true that we cap agree that inductive gmeraimtions 
‘need have ao finite probabitty, bet particular expectations 
entertained on Inductive grounds undoubtedly da have a 
thigh numerical probability inthe minds ofall of ws. We all 
srt moce certaln Ghat the fun wil rise to-moraw than that 
T shall not throw 12 with two die fest time, ie, we have & 
Delef of higher degree than $n it, I induction ever needa 
1 logica justieatoa tis in connection with the probabilty 
‘of an event like this 


(@) Tax Locie oF Corsssrzscy 


‘We may agree that in some see isthe iinns of logic 
to tal us what we ought to think ; bet the interpretation of 
‘this statemant raises ormsidecabie diffealies. Tt may be 
sid that we onght to think what is true, but in that vouse we 
‘re told what to think by the whele of scence and not merely 
Dy logic, Nor, ia this sense, cam any jestifoxtion be found 
oe partial belie: the Wally beat thing it that we should 
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Many logiclans, T expose, woald accept as an account of 
(tei scence ve opening words of Mr Keynes’ Treatise om 
Probability : Past of ou Inowlodgn we obtain disect ; and 
ust by argument. The Theory of Probability {s concemed 
with chat part which we obtain by argement, and it treats 
of he dierent degrees in which the results 20 obtained are 
conclnsive or inconchaive.” Where Mr Keynes says "the 
‘Theory of Probability’ others woald say Logle. Te ie held, 
‘hat isto say, that oer opiniaas can be divided into those 
we hold imvaediately a8 a rerult of perception or memory, 
‘and thoes which we derive fram the former by argument 
Tt In the Duniness of Logie to accept the Goemer cle 
tnd criticiea merely the derivation of the second claw 
from thee. 

‘Logic us the cient of argument nd interanoe i traditionally 
and rightly divided into deductive and inductive; Dut the 
liference und relation between there two divisions of the 
mubject can be conceived in extromely diferent way 
According to Me Keyes valid deductive and indoctive argu 
‘tents are fondarentally alike; both art justi by logical 
felations between premisn and conclason which difer 
‘only in dagren. This position, ab I have aleady explained, 
Teannot accept. do not toe what thes inconcesivelogkal 
reintioas can be or how they can justify pastlal beliets 
Jn the case of conclusive logizal aremients J can accept 
the secouat of their validity which bas been given by many 
authorities, end canbe found substantially the sare in Kant, 
De Morgan, Feince and Wittgenstein, AU those authors 
fares that the conelexion of a formally valid argument {¢ 
‘contained infu premisses ; that to deny the cantusin wise 
actepting the presicees mould be slfcontraditory ; that 
a formal deduction doesnot ingresse our ncwledge, mat cnly 
brings out dearly what we alrady know in another form ; 
fant that ms are bound t> accept ifs validity on pai of balog 
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fnomiteat with cumdver. The lagcal ration which 
jJorbses the inference ie that the seme or import of the 
‘tocluion fs eoutainad a that of the presses. 

But in the ce of a inductive argent this does aot 
Iuppen ia the last; itis imposible to represent a3 
seeabling a deductive arguneat and merely weckaria degree; 
itis absurd to any that the sense of he onetuion bs parialy 
eiaised fo at of the promos. We coeld accept the 
‘ramines en nttecy reject the conclusion without azy 
Art of lncomisteney or contradiction. 

1 ams 19 me, ther, that we can divide agements 
{ato two radicaly diferent Lnds, wich we can Astngnish 
fn the words of Peice a 1) explleatve, analytic ce deduer 
‘ve! wn} “amplidative, gate, ot Goosdly peaking) 
Indhetive'} Anguments of the second ‘ype are fora aa 
Anngortant point of view mech clue to memorien al peep 
‘Hons than vo edective arguments, We can regard percep 
tion, memory and indvetin athe these fodamental ways of 
equleng knowlege; dadoction en the oe ban is merely 
a method of arranging oer Knowledge and eliminating 
Inconsistencies of contradictions 

Logic mest then fall very definitely into two part: 
(essen analytic gi the Uhr of arma a pcopoitins) 
wwe have th leser loge, wich Is ee logic of conisteny, 
formal lege; and the large ogi, which 1s the logic of 
Aacovery, 6 ieetve lg. 

‘What we have now to observe is tht this distinction fm 
wo way colncdcs with the distinction betwoen certain. and 
partial else; we Rave seo that thace ism theory of con 
sistency fa partial bells just as axch at of sonsitency 
certuin Dali, aithough for vaious reason the foram is 
ot so important a3 the ler. The theory of probability 
fs facta gearatization of foal logic: tt inthe procesn 

$0.5. Pees, Che Lm ad Lape 78 
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of genarisation one of the must importa sapect of formal 
logic is destroyed. If p and ja lncoesstent so that ¢ 
follows logically fra, tat ies gis what is called by 
‘Wiktgeasteina'inctology “and oan beregundod a a degenerate 
case of rue proposition not involving the dea of consistency, 
This enables us to regard (oot altogether correctly) formal 
log inching matheaates a8 an objective seicane conning 
of objectively necessary propositions. Tt thar gles ot not 
merely the dniyey Myr, that sf we assert we are bound it 
consistency to sere ¢ aso, bet alsa the drdyeg ees, that 
fin trae, zo mat ¢ be. But when we extend foaal lope 
to include partial belies this direct objective interpeation 
{i lost; If we belive fy to the extent of 4, and ff to the 
‘ntent off, we are bound is consistency to belive al to 
the extent of f. This is the pee Meer; ut we exanot 
say than Hy is See 6 99 | Arde, also must be tro, 
for such # statement would be shear aonsnse. Thece it 10 
cemresponding dicey etre. Hence, unlike the caleslus of 
‘consistent fil bli, the caleus of objective prtal Belief 
cannet be immediatly interpreted a8 a body of objective 
‘aotokey. 

‘This is, however, ponble in a roundaboat way; we sw 
atthe Beginning ofthis essay Ut the calculus of probabilities 
could be interpeted in temas of casratioe; we have now 
fond that can alo be interpeeted a cael of casent 
acta belit, 1 is natura therefore, that we hou expect 
some intimate connection Becween. these two interpretation, 
some explanation of the poaibilty of applying the same 
‘mathematical caus to to sch diferent ats of phenomena 
[Nor is an explanation diftcelt to find: there are many 
cconsactions betweea aitial beliefs and frequencies, For 
instance, experienced froquences oftes lead to camrspooding 
partial eet and partlal belies Tead fo the expectation 
of coresponding frequen i. seeordance with Bernie 
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ne Rt ir fhe erty he cmt 
‘want ; partial belief cannot in genera! be commected uniqnely 
ih cy wt equ, rtm ap 
By eng he opts Sn qui ane of « 
oped toutes What pests Sass we 
Cote sm ert buy ad he corepecdag 
teqeoey wil vay coileniy ot oot ee, Tt 
frome af ne pn of ey try ht 
fot elt mcs Ea et 9 gency Srption 
Sanat be mee But we ed ante ery 
Ot i ihn ite ence ypettdied 
tnquney: mpeg ae be sat, Bat of Sage 
"tae wrt ble wtih eto testi wien wend 


be best if repeated w times in m of which the propoctin ls 
‘true; ar we can say moore brief that it inthe kindof belief 
meat appropriate to a mumber of hypothetie occasions 


ether Heat i pation of we the ropnon 


4a qumttioa is tron, tt iy this connection between partial 
Delle! and frequency which enables us t0 use the calculus 
of frquancien us « calcuhis of consistant partial ballet, And 
fo & eeose we may say that the (wo interpretations are 
‘the objective and subjective aspects of the same inner 
meaning, just ab formal loge cin be interpreted objectively 
a 0 body of taniclogy and eubjectively an the Ines of 
conelatont thonght. 

‘We shall, I think, fd that this view of the calalus of 
probability removes various dificulties thet have hitherta 
‘been found perplexing. Ia the fret place it gives usa clear 
jmsifcation for the axioms of the callus, which ox auch a 
system ax Me Reyuey is entirely wanting. For aow it is 
sly seen that if partial belie are consistent they will 
obey these axloms, bat it is utterly cbseare why Mr Keats’ 
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smgnterion logical relations should obey them’ We should 
‘be wo carouily igneant of the iatesses ofthese relation, 
and #0 curiously Inowiadgesble sbout thelr ger laws, 

Secondly, the Priacgle of Indificers can now be altogether 
Aipensed with; me do not raged ita belong to format 
logic to say what should bo 2 man's expectation of drawing 
‘white or a black bal for 23 urn; is origlaal expectations 
ray within the Brits of coesistency be any be likes; all 
wwe have to polnt out is thet if he has certain expectations 
Tie in bound in conistency to have certain others, This is 
sieply bringiog prebebiity into line with ordlaary formal 
Jogi, which doesnot citi premies but merely dedares 
that ceriain concusioas are the only onet consistent with 
‘them, ‘To be ebie to tar the Frinaple of Tndillerence out 
of formal fic la a great advantage; fo itis fay ckaly 
Jmpouibie to fay down pordy logic conditions for its 
vallity, as is attempted by Mr Keyoea, T do not want to 
sas this question ia detail, becaas it ad to haivaptig 
and ubitray distinctions which enuld be dacused for eva, 
But anyone who ties to deele by Me Keynes’ methods what 
re the peoper aitematives to regard as oqualy probabie 
fn molecular mechanic, eg, in Gibbs’ phasoepece, wil soon 
‘oe convinced that i is a matter of physics rather than part 
logic. By ting the mulipcation formal a8 is wed 
Anverv probabihty, we can on Br Keyaes' theory rece all 
robebiitien to quotients of art peobabiition; it it 
‘therefore in regard to these latter that the Peindple of 
lnaiference fof peimary importance; But here the question 
4 obvietaly aot coe of formal logic. How cin we ot merely 
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logical gronnds divide the spectrom inte equally probable 


‘A third diffcalty which is removed by oes Ueary is the 
te which Is presented to Me Keynes theory by the fllowing 
‘ase, Z think {perceive or remember someting bst am not 
sxe ; this would seea to give me some ground for belnving 
1k eanteary to AEF Keynes’ theory, by which the degrez of 
bitin which i would be rational for me to ave is that 
aiven by the probably relation between the proposition {a 
<quaion and te things Yknow for certain, He eansot justify 
A probable beet founded not on argument but oa direct 
inapectin. In our view there would be nothing contrary to 
formal logic ia tech w belief; whether it would be reasouable 
would depend on wt 1 ave called the large ogi which will 
be thesubject ofthe next section : we shall here aee that ere 
‘a no objection to wach a posbity, with which Me Keynes 
method of justifying probable betel wally by mulation to 
carain knowledge fe quite unable € cope. 
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‘The validity of the distinction between the foie of con 
iatency andthe Jogi of trath has been often dspated : it 
‘bas been contended on the ove hand thet logical consistency 
fs ony a kiod of facteal consistency ; that if m bit in 
In tnonnsistent with one in g, Chat simply means that and g 
are not both true, and that this s 2 nevessry or ogi fact. 
T believe myself that this dificalty can be met by Wittgen- 
Stein's theory of tautalogy, according to which if a belief 
inf is inconsistent with oa: in g, that $ and ¢ are not both 
roe 8 not a fact bot a tamtakgy. But T do not propose 
to dlcuts this questa farther bere. 

‘From the other seit is contended that formal logic or 
the loge of consistency Is the whole of logic, and inductive 
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Jeg ither nontense or part of natural sdeace. This conten 
tion, which would I sappose be made by Wingensels, 
1 foal more dificalty in meeting. Bet I think it would be a 
‘ty, ont of defereace to authority, to give up trying to any 
sything wefal about induction, 

[Lats therefore go buck to the general conception of logic 
1s the sclouce of rational thowght. We found that the most 
‘tenersly accepted parts of logic, mumely, formal logic, 
mathematics ad the calculus of probabilities, are all omcemed 
sdply to enaure that our beliefs are not sel-cotractry. 
We put before carsalves the standard of carivtency and 
construct these elaborate rales (0 ensue its observance. Bat 
this is obviously not endagh: we want cur belicts to be coos 
‘stent not merely with ane azother bat also with the facts # 
‘or fs it even clear that caosistency in always advantageous ; 
fe may wall be better to be somsatizes right than evar right. 
[Nor when we wish to be consistent are wa abvays able to be 
‘there are mathematical propositions whose truth oF fality 
‘anzot as yet be decided. Yet i may beanacly speaking 
‘be right to entertaia a certain degree of Beli sn them on 
Inductive or other grounds = a logic which proposes 1 justify 
such a dagree of belied rans be prepared actualy to go mgainot 
formal logic: foe to a formal treth formal logic can only 
assign w belief of degree 1, We coukd prove in Mr Keyoet’ 
syste that its probability is 1 cn any evidence. Thi point 
seems to me to show purticalaly dlewly that aman logic 
the loge of tra, which tells men how they shook think, 
{snot meray independeat of but soactimes actully income 
patible wth formal lagi. 

nspita ofthis meaty all philosophical ehoogh about bein 
logic and especially indection as tried to redace {tin some way 
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‘ofornal age. Not cat x sappone, except by 2 very few, 
hat cocsstency wil of taf ead to eth but eomsotency 
combined with cheention amd memory is frepuntly 
credited with this power. 

Sine an obervation changes Gn degree a est) my opinion 
‘boat the fact observe some of my degra tla er the 
cbsermticn are seceuarily lncomiscet with tho T bad 
bef, We have therefore to expla ow excl the 
Ohrervatien skeald modify my degree of Bele; obvicealy 
fp in the fact obverse, ray degree of bie ing afer 
the observation aboald be equ to ray degree of belie 
In ¢ ven before, oc By the maltpizaion law to the 
quotient of ay degree of beef in fy by my degree of 
ballet ix When ay degrees of ble! change in hin may 
‘we can say that they have boc: charged condsteatiy by 
ray obwervation. 

By nang this defo, ex on Me Revue’ apne spy 
y wing the multiplication law, we can tke my gresot 
degree of Yaliet, and by camaterog the totality of my 
bnevetions,dicave fen what fil degre of belict my 
‘Premnt ones woud have arisen 2y thi proces of content 
change. My preteat depres of bel can then be conelderd 
Iogally juste if te corespooding initial degre of bal 
tre Ygiallyjondled. Bat to aie what ital degree ot 
Ite are juried, of io Me Keyees’ yymen what ae the 
AHoclutely w ried probable, seems 12 me @ mealaglen 
fqumstion; and ever if tad a meaning ? do not se how Ht 
Cold be anewered. 

1 we acrally apied Gis proce to 4 bomen Deis, 
found ut, that is to sap, oa what « fri probable his 
preset opinions oul be bud sows obvcaly fd them 
{a be ones detuminad by satura scloton, with a gual 
tendency to gre Mgber probability tothe Sapler alter 
ie, Bat, a Toy, T camot se what could be meant by 
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‘aking whether these degracs of belial ware ingicaly justified. 
‘Obvloualy she best thing would be to kaow far extain in 
saivapos what was true and what fala, and therefore if any 
‘ue spate of inital tits & fo eaceve the plesepbor’s 
‘approbation it shonld be this ove. But closely this would not 
be accepted by thinkers ofthe school Yam cetilaing, Another 
alternative is to apportion initial obablites co the parelp 
focmal system expouadied by Witgenstela, bot as thi giver 
‘no justibeation for induction it cannot give as the baman 
Jegie Which we ace looking fr. 

‘Let ws therefoe ty to get an idea of w human Yogic which 
all not attempt to be reducible to formal logic. Logte, we 
may agree is concerned oot with what men actully belive, 
‘but what they ought to believe, or what it would be 
reasonable to believe. What thea, we mast atk, in meant 
by ying that leis reasonable for & man to have such and 
och x dagren of bali ix « proponition ? Lat ws ccmsider 
‘ponlble alternative. 

int, i sometimes ana something explicable ia texas of 
oral Yogic: this poasibllity for reazoas already explained, 
‘we may dismiss, Secondly, it sometimes menns vemply that 
‘were Tin his place (and note, drone) I shoald have such a 
degree of tlio. Thiedly, st soretioes mean that if 
sind worked according (0 certain rules, wick wa may 
roughly call“ scentife method, be would have such a 
Degree of belief, But fourtly it aeed meas none of thee 
‘things; for men have not always baered in scieatibe 
method, and fust as we ack “But am I necesearily reasoo- 
able’, we can also sak "But je the scientist mecealy 
easouable 2’ Ta this ultimate raraning it ecems to me that 
we can identity reasonable opinion with the opinion of an 
‘deal pereon inser eceamastances. What, Lowever, would 
‘this iden! person's opinion be? As hes previouily beew 
‘emazied, the bighest Heal world be always to have a tue 
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oplalon and be certain of ft; bot this Seat is mare sulted to 
God than to man? 

‘We have therefae to consider the haman mind and what 
in the most we can ask of #9 The human mind worka 


‘We cam thecefore state the problem of the seal as * What 
Jie in a general sense would it be best for the heman ind 
to have?” This ea large and vague question which ovald 
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rules or habit in the nacow see fom Sanat rulot oe 
fautnets, bet popes to call them al abies ake) A oma 
ltely gard ctslen of the hamas mind is Cerefoe 
hound to be vague and ful, but seething weful cas be 
said if. we tnt the mbject inthe following wey. 

Let ub take habit of forming opicion fa certain way; 
1g the Babi of procntng fram the cain Eat a toedtce! 
‘b yllow to the oplnon that & is wnvbolowan, Then we 
can scarp tha tack that the perce Basa Bait ofthis sor, 
and ask merely whet degree of opinion that ah teadetoa is 
‘uwbolesme it woul be bet for him to entertain whe he 
sees 1; Le, grating that he i gong to tink lays i the 
same way abo all yeow Codstels, we es as what degree 
of conddeoe i moult be best fr biz to have vt ty are 
unwoleve, And the anyon Is that 9 wil in general be 
bast for his dagren of bei tata yulow toatl sexe 
some to be equal 19 the proportion of yellow tondatals 
‘which arin act uso, (Thin ow frm he esning 
of degre of tei) Tia condetlon ie veceutely vague 
in regard to the spatiotemporal range of (ondstols wiih 
4t claden, but hardly vaguer than the qunston which it 
fswere. (CF density ta pnt of gus comport of acre) 

Letua pti inaoother way: wheaeverT maken oferesce, 
1 do wo accoring to some ude or abt. An ference isnot 
‘petty given when wearegventbe penis nd condi: 
vee require aia to be gfven the relation between ther in 
virtue of which the inference is made. The miod works by 
geser laws; therfore ifs rom , this wll enenally 
‘be because gs an instance of a fucton ge and # the core 
spouding Instance ofa fuactlon gr such that the mind would 
strays infer dr fom fx. When therefare we citica ot 
epcions bt the proctaes by which they are formed, th re 
af he inference determines for ua range to. which the 
fRequeacy theory can be applind. The roe of the inference 
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may be carrow, as when sexing ightsing I expet Unuater, 
wide, an whe considering #8 (stances of a genrabztion 
‘which T Rave observed to ba trun Tconade thatthe 100th 
‘a trae alin. the Sit case the abit which determines the 
proces” After lightning expect tender"; the degree of 
expectation which it would be best for tis habit to produce 
te equal to the proportion of cases of Highniag which are 
‘actully followed by thander. Ia the socond enue the habit 
‘nthe more general cae of nfering fez 9 observed instances 
of craio sort of gecerabaion that tbe 100th instance 
Intrunalo the degre of etic it wou be best or hi habit 
(0 produces eal othe proportion ofa eae of 9 nstancen 
ofa generation being trv, i which the 1000 true also 

‘Thus given « sage opinion, we can caly grave ot blame 
from the round of roth o falsity; vena habit fa certain 
fora, wo can pis ot bare  acerdcgy as the dager 
fhe It prodeesbnaar cfr fom the actual proportca 
‘in which the Babit fads to truth, We can then prtse or 
Vane opis deat trom ou praise or bias of the 
atts that produce ter. 

‘This uocout cas be appind not cay to habit of infersnee 
Det alto to habits of obuervativa sod memcry; when we 
Inve a certain felng in concoction with an age we think 
te image represents someting wich actolly happeoel to 
1s, but we may aot be sare about it the depron of act 
idee incu memory vain Tf we ast what isthe best 
degree of condense to place fa 8 ontain specie tamory 
feaing, the answer oust depend on bow elten hen thet 
feng occurs the event whote image it attaches to has 
stanly taken pace. 

‘Aruong the habits ofthe imnan mind « poston of peculiar 
Importance is ceempicd by induction. Since the time of 
une a great deal has been writen about the justifatoa 
fer inductive inference. Hume showet thet It could wot 
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tbe redacnd to dedective inference er justified by ‘armal 
legis, So far as it goes his demonetration seems to me final; 
and the muggeation of Mr Keynes thet i¢ can be got round 
Dy regaring induction as «form of probable inference cannot 
in my view be santained. ot to seppore thatthe situation 
‘Which yemlis fram this is & scandal to plillowphy te, think, 


that indoctve arguments ead on the whole to true opialons 
We are not, therefore, ale to help trusting indoction, nor 
Af wa could help it do we see any reason why we should, 
‘bene we believe ft to Be & elle process Tt tre Phat 
i any one has aot the babit of indction, we cannot prove 
1 him that he is wrong ; but there bs nothing pecaiar in 
at 11 a man doabts his mamory oF his perception we 
‘aumet prove to ims that they are trastworthy:; to ask for 
such « thing to be proved isto exy for the mova, and the 
tne fs ve of induction. It is ose of the Wtimate sources 
of knowledge juut as memory Se 20 ene regan it an a 
Aeandal to philosophy that there is no proof that the wotld 
48d not begin two minster ago and that all oar memories 
fe wot dsery. 

‘We all agree that man who id not make infuctions 
‘Would be uzzetonable: the question is only what thiatoeam 
{In my view ft does not mean thatthe an woeld in apy way 
sin aguinst formal logic ot formal probability; bat that 
he had ot got 2 very eset habit, without wich be woukl 
‘Ye very mach worse off, nthe seane of being arch es likey 
to have tr opizions. 

‘This Is w kind of peagmatiom : we judge mental habits 
‘by whether they work, Lz. whether the options they lead 
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‘0 are for the most pact trus, or more oftén trae than those 
‘whish akemative habite would lad ta, 

Toduction is voch 2 usnful habit, and aa to adopt it iy 
eaponable. AL that philosophy can do ip 10 analyse it, 
determane the dagres ofits ullity, and find oa what charactor 
latin of natore this depends. Aa indispensable means (or 
lnvertignting these prebleras i a@sction self, wthoxt which 
‘we shoald be beiplesx In thie ei Les wothlag vicina 
eis only throughs memory that we oan determina the dagre® 
‘of accuracy of memory ; fori we make experiments to deter- 
‘ne this eet, thay wil be anes nkas we remaaber thee. 

‘Let os consider in the light of the preceding diseonsion 
‘what sort of eobject is indoctive or koran Jogio~the logic 
of truth Ite business is to consider methods of thought, 
tind diacover what degree of eonddeace sbould be placed 
them, ie. in what proportion of cams they lead to truth 
Tn this lavetigation it ean only be distinguished from the 
‘natural scicaces by the greater yearralty of ite problems. 
Te bas to consider the relative validity of diterant types of 
cent peocedare, such as the search fer a causal law 
by Mit's Methods, and the modern roathermatical methods 
ike the a prion’ argezents wved én dincovering the Theory 
of Relativity. ‘The proper plan ef wach a eabject ls to be 
found in Mil"; 1 do not mean the details of his Methods 
‘or even bis woe of the Law of Causality, But bis way of 
treating the eabject as a body of inductions about indctions, 
(he Law of Causality governing lesser lzws and being itself 
‘Proved by induction by simple eauratratcn. The diferent 
selentifc methods that can be ated are ia the last resort 
fdged by induction by eimple encmeration ; we choose 
the simplest law that ts the face, bet unies we found that 
Je a0 obtained aio fitted facts other than hase they were 
sade to St, we shook! discard this procedure tor some other 
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FURTHER CONSIDERATIONS (192) 


‘A. REASONABLE DEGREE OF BELIEF 


‘Wann we pass beyood reasooable = my, or = ssantite, 
to dase it precedy is quite impossible. Flowing Peiroe 
wo predicate it of a habit not of ax individea! fodgmeat. 
‘Roughly, reasoaubie degree of balla! = peopartion of cases 
‘im which habit lads to truth. Bat in trying to he mare exact 
we encounter the following, dificultine — 

Q) We cannot always take the scteal habit: this may 
tbe corsetly derived frem some previous acdeatally tie: 
leading expestence. We thea look to wider halt of forming 
uch a habe. 

(2) We cannot take proportion of acal cases; eg. in 
card game very randy played, so that of the particular 
eombleation a question there are very few acteal instances, 

(2) We somtimes really aomane a theory of the world with 
laws and chances, and mean not the proportion of actual 
‘came bt what i chance on our theory. 

{1 But it might be argued that this complication wat not 
eemary on account of (1) by which we only eousder very 
general habite of which there are 90 many Inrtances Oat, 
if chance 0a war theary difeed from the actual proportion. 
‘ur theary would have ta be wrong. 

(6) Ala in an alate case tke laduction, there could be 
‘no chanes for it: it ia ot the sort of thing that haa a canck, 

Fortunstdy there iso polat In Sing on a precise sons of 
*weamomable’; this conid only be required fer oot of two 
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‘to are for thn most part free, or mere oft trme than these 
‘which alternative bables woald lead to. 

Induction ia much a usefel habit, and so to adopt it i 
reasooable, All that philosophy can do is to analyse it, 
determine the degre of its uty, and fad oa what charucter- 
{ation of mature this depends An indispensable means for 
lnvestgatig these problem is Induction Jef, without whlch 
‘we should be belples. In this cide ics nothing vicious, 
{is only Chrough memory that we caw determine the degroe 
of acuracy of memory ; for we make experiments to detes- 
‘le this elect, they wil be uses nleas wo ramamber them. 

‘Let us comida in the light of te preceding discussion 
‘hat sort of subject in inductive or human logie—the Jogic 
of truth, Its besinas is to consider mathods of thought, 
‘anit dtcover what degree of conidence should be placed in 
‘am, La. in what proportion of cases they Sead to tenth. 
{hla favestignton it can only be divtingushed fora the 
catural sciences by the greater genecality of St problems 
1 haa to consider the relative validity of diferent types of 
chet procedure, euch a8 the search for 4 causal law 
Dy i's Methods, and the modem mathematical methods 
ke the « print angoments uaed in discovering the Theacy 
of Relativity. The proper plan of rich 1 subject is to be 
found in Mil"; I do not mean the datails of bis Methods 
or evea hit use of the Law of Causality. But hit way of 
‘treating the exbfect ax a body of lndections about indactons, 
‘the Law of Cansalty governing lesser Iams and being itself 
‘proved by ladvetion by simple ermeratice, The diferent 
‘ssimtide mathods that oan be used are ia the last resort 
Judged by induction by simple enumeration ; wa choose 
‘he srplest lew that Gts the facts, but ealean we found that 
laws 20 obtained lao Sto facta ther than these they sere 
‘ade to ft, we shoald discard this procedure for sean other 

En mec “gr al et Cap 01 Ue 
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FURTHER CONSIDERATIONS (1028) 
A. REASONABLE DEGREE OF BELIEF 


When we past beyond reatoctble = my, or = scent, 
7 dane it precialy la que inpoasible. Following Pelee 
We predicate it of a abit aot of an individual jodgmeat. 
Roughly, reasouable degre of belis = proportion of cuss 
‘a which habit lends to trath. But in trying to be xaor enact 
we encounter the (oLowing aieuties— 

() We cannot atways take the actual habit: this may 
bbe correctly deived from some previous accidentally mise 
Tending experience. We then lok to wider habit of fring 
secha habit. 

(2) We cannot take proportion of actual case: eg, in 
ard gue vay rarely played, 20 that of the partiouhe 
cambinatln in questlon there ace very few actual stance. 

(2) Woometionas realy assame « sory f the world with 
lags and chances, and mean aot the proportion of actos! 
‘cases but what is chance on oar theery. 

(4) Bur te might be argued that thie complication was not 
eoessary on aceoent of (1) by which we only comtider very 
igrueral habite of which there are 20 many instances that, 
1 chance on one theory died frum the actual propertion, 
fou theory would have to be wrong. 

(8) Also ia an ultimate cas like induction, there could be 
‘olanes teri: Ut snot the set of thing that has a chance 

‘Fortenataly there {sno palnt In izing an a preci nena af 
“weasoosbie'; this could aly be soquimd fer 008 of two 
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reason: elther because the reasonable wan the mbject-matter 
fa aclence (which isnot the cass); cr becanse it helped us 
‘ta be masomable to know what reasenablesaas 1s (which it 
does not, though some fale notions might hinder ux). To 
sake clr that itis ot oesded far ether of these purposes 
swe mat cousder (1) the content of gic 


and) the itty of ogc. 


‘Tux Coxrest oF Loore 

(1) Prliminary philosophice peychological invertigation 
{nto mature of thooght, truth end reasonableness, 

(@) Formelae for formal inference m rathesatics 

(2) Hints for avoiding contusion (belongy to medical 
Payebology). 

4) Outtine of most genecal propositions known or used as 
Inaits of infermce fm an abatract point of view either 
crudely inductive, as * Mathematical method has eclved all 
‘hem other problans, therfore. °, or elae syvtematic, 
‘en it Jn called metaphysics, All this might anybow be 
‘led mataphysica; bar it ia regarded as logic when adduced 
‘8 bearing on an exsolved problem, not sinply as information 
Aanteresting far its own sake. 

‘The only one of test which is a distinct scence ts 
evidently). 
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‘That of (1) shove and of (8) are evident: the intersting 
toes ars (2) end ((. (2) = athemnatics is indispennable 
for manipelating and systenatiring cur knowledge. Beales 
‘his @) and (¢) help ov ix some way in coming to conctonions 
in jucment. 


FURTHER OORSIDERATIONS a 


Lowe as Sexe Comet (Cf. Feecs) 

Self-contal in general means either 

2) not scting on the temporarily uppermost dese, but 
‘topping to think it out ; Le. pay regard to all desires and vee 
‘which is really strooger ; its value isto eliminate taconsatency 
fn actin ; 

(2) foaming as» reslt of « decision habits of ating 
‘not In response to temporery deste or stimalue but in & 
definite way adjusted to permancat dex. 

‘The eiference is that in (1) we atop to think tt oxt bet ia 
(2) we've thought {¢ ont before and ealy stop 0 do what 
we had previously decided to-do, 

‘So ala logic enables ws 

(2) Not to form a fodgment 00 the evideace inmedietely 
‘etore us, bat to stop and think ofall eae that we know in any 
Way tevact. Tt enables es not to be intonsisent, and also 
to pay smgac to very general tacts, 0g, all crows I've seen 
‘re black, wo this one will be--No ; colour is i wich and sue 
‘other specien a variable quality. Also eg. aot merely to argue 
frum dha. 4d... to (2). dx probable, bat to comider 
‘thn bearing of 2, 5... are the class I've seen (and visibla 
‘anes are specially likely or unliely tobe 4). ‘This diference 
Detween Biased and random selection, 2 

(2) Te form certain fined habits of procedure or inter- 
pretation nly revised at intervals whea wo think things oat, 
Iu this {tin the same as any geatsal fudgiaent ; we should 
aly rogard the proces ax ‘logic’ when itis very grasa, 
not eg, tw expect 2 woman to be unfaithiol, but eg. to 
Gimegard correlation covticients with a probable err 
renter than thecuelves, 

‘With regan to forming « judgment oc « pasta) jodement 

Vide tnfe "Chasen. 





a FURTHER CONSIDERATIONS 


(tlc ea econ to ave baa of enc degre, tm 
st ins cata way) we note — 

(e) Wat we ak a“? ot Would ite ta to thin 
1p? nar“ Would it be renureabe to Bek?" (at these 
faight be sich rat snp) 

‘but () * Would it be true to think »? * can oever be setded 
wthont ein f to which ts agaiaect. 

(0) "Wea 1: be remo to think 7° mana aigly 

what mmally Rapes a sch & case?” and 64 ago 
ss osully’, To pot ths qustionimny help us Det Wi 
ten soem no ease to anewer than tet 

(2) Noc ox the precise seas fo which *reamoaable’ o¢ 
“umually’ can usefully be taken be laid down, nor weight 
sumigued on any principle to differant considerations of rach 
ort, Eig the deat rate for aa of 00 But al the 
120 rt naira oo yard men Te ows have lived ti 90, 
‘What shal T expect of a acw eaied man of 607 T can 
‘but put the evidence belore me, and let it act on my mind. 
‘There fa a conflict of two‘ nsually's* which mast work iteelf 
contin ray mind; eae not the relly reasonable he other 
the really unreascnable. 

{6) When, homever, the evidence is very complicated, 
stati ac trodoned to mpl They ae tobe chore 
4 woh « way a8 to fafloence meat nearly 2x ponube Inthe 
ama way 4 old the whole facts Uy repent Tcould 
apprehend thera clay. Bet tle cannot altogether beredaced 
(oa ermnla; tare af ay kxowleignsmay sect the atte; 
‘hue # may be egret it insene tog, bat not 98 te gh 

(There are exeeptonal cat te which “Tt woald be 
eaonable to think" abecatey settles the mater, Thus 
it ve a tod that exe of these people's nares begins with 
‘Aad that thar ore # of te, ti aso to belive © 
degree jth that any particaler one's name begins with A, 
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and this la what we should al do (onteas we Slt there was 
something che relevant) 

(Ug) Nevertheless to introdune the dca of “ressoamble* 
fe ally  minake: Ut is bettor to say “ umally’, whlch 





() What ought wo to take as relevant ? Thaw soca of 
(Rings whlch 1 te wae to take an relevant; ({ we could 
rely 00 bring reasonable in regard to what we do take at 
relevant, this would mean everything. Otherwise it it 
(napowibie tomy ; bat the question sone asked by a pectator 
rot by the Uhinkee hime! i the thinker Let a thing 
relevant be can't lenient; and Uf be fels It leredevunt 
be can't ave it 

©) Only thes Hf wei fact foal very litte to be relevant, 
dn x can we anower the quastlon by an appeal to what 
{a reassoable,thia boing then equivalent to what wo know 
ad comider relevant. 

() Wrat azo or are not taken as relevant are not only 
‘propositions but formal tacts, eg. ama: we muy react 
feretly to than to any other $a not because of any thlog 
‘we know shout « but eg. for emotional reazoos. 





STATISTICS 


‘The science of statist ia exceed with abbecviating feta 
bout mamnecua individale which are interpeoted as revlon 
selection from an taint’ population . If the qualities coo 
cerned ae diacrete, his etans simply Uaat we consider the 
proportions of the observed individuals which have the 
‘quale, and asriba theve propertions to the hypothetical 
population, If the qaatties are centinucns, we take the 
population to be of a coavenient simple form containing 
‘varioun paramoters which aro sen chosan to give the highest 
[probability to the instances observed. In either case the 
probable ecror is calclated for scch « sample from woch a 
population, (or all this see finber) & 

‘The significance of this procedure is that we record in a 
convenient sple form 


(1) The appeontzate proportions baving the given qualita 


(2) The neraber of lostances which we have observed (the 
‘weight of our induction) (probable errr). 

For he we of the Sgures to give « degree of Bllf with 
regard to 4 new lqatance no rule can be given. 

‘The lntroduetion of an infinite population 4 a stupid 
{etlan, which cannot be defended except by some relerence to 
proceedlog toa limit, which dastroys its aanse. The procedure 
f calculating parnmeters by maximam Ubetibood and 
robable errr can be defined as 2 proces fa poe mathe 
imation; its significance is in muggesting 2 theory ar set 
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FURTHER CONSIDERATIONS as 
of chance. Proportin of ininite popalation should be 
caplaced by chance. 

‘Of courve the purpose is mot sheays simple induction but 
exusal eaalyeis: we ind the chances are not what we expect, 
therefore the dle is biased or people ate more oarefid 
nomadays ete. 


© CHANCE 

(0) There are 0 sch things ax bjectivn chaos in the 
sane in which some people faglee there are. N, Campbell, 
ube 
‘Thee foe iatence, no extalihed fact of the form To 
fn camsecotve throws the number of heads fe between 
Fare" On the contrary we have good reason to believe 
‘hat aay such law would be broken if we tok enough 
fayeanoes of i, 

‘Nar is there any fact established capirically about iofmite 
sees of thrown ha oration i ely adopted to avd 
comiraditon by experince; and what no experince ca 
antral, nace can conf, let alone exablih, 

(Campbell males a sinple mstake aboot this) 

‘A eed frequency theery by ruled oat because i jones 
the ‘maturity of fda" asgumest, wg. in regard to 
sex of offing, 

(2) Mence chances mast be dened Dy dares of bai 
Int they do sot corespond to anyone’ acival dees of 
beet; the chances of 1.000 beads, and of 660 ead flowed 
by a tll ae eget bat everyone expects the formar mare 
(ha the ater. 

(2) Chace arn depres of beet wits a cartain autem of 
Dalit and degree of bei; not tho of any acta paren, 
atin a shmplied syetem to WER the of actual peopl, 
capecialy th speaker, part approximate 

(6) Thia stn of bei coms, Sey, of mata Ls, 
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sich ce int ain foc in, lth, of mre, pple 
are not reallly quite cartain af them. 

(©) Boss ts tin conto aim hing fhe 
sett: wien knowing fe and Beting cae roe me 
‘Sect de with Age of el p (wht i or tat leant 
Ua pec in heey): wich writen te chase 
C4 gre pin f fp 1X theme met ew), Tae 
Chances totes wih te las form a deductive ayten 
fecoring to th glen of prcbbiy, and de acta tale 
Ca eo he eaten sd appro to thote Stat 
from coma o te yntem and parila kaw 
kat poms by the or, at Dlg erat a 
ts cms. 

(0) The cance in wich ystems oot be oakanded 
with frequencies ; the chance of ¢s given yor might be 
Abert even fe he Anam freguency of #3 wih are 
#'s, xg, the chance of a coin falling beads yesterday in 
tne *Ysertay a, endornt, Bet tn peopeton thal 
Actually tell heads yesterday might be 1. 

(7) It 4s, however, obviows that we ate not armed with 
eras ig ena degen belt rary pose proption 
for any basis of factual knowledge. Our systems only cover 
[Pert of the fad; and where we have ao system we my we do 
or now the canes. 

(2) The poenmens for whch we Dave aytemats ancne 
ace gc of hasta det, nd a mrs oferta 
conten. 

0) Wink we oss by objective che ot merely oot 
devine pom ss $2 cr aviv 
of sping or apt fat ple of hwy 0.40.2). 45: 
Boge. Seom fe te, whe az Be ae dijon af 
only eens proper prvi fs tne to $3). Tht 
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seer, x8 Foaraé pints oot when amall cams pron 
Inege eects 

‘Chances are in another ane objective, in that everyone 
‘gros about them, a8 eppeued ¢g. t0 0448 on eres 

(20) Waat we mena by ex event not being a oinidenee, 
cc nok being de to chases that we care to iow it, it 
wold make ut wo Songez regu oe system as satsacory, 
although on oer sata the erent maybe 0 mace nprbabla 
han any alternative, ‘Toot 1000 heads runing would oot 
De due to chance; fe. if we oboerved it we shoold change 
‘our apse of chance fox tat penny. If sell the 
ances {a our stern with ax bypotheis ace markedly 
Aire rots our nea! degrees of bli a things ven 

Py atying 4 Wing i not due to chance, we only mea that 
four fyitem of chances mast be change, not that It ams 
‘become u yatnm of laws, Ths for a biased cla to come 
down bends is not due to chance even thouy it doen't 
abmays doo; eg. cance may = fay, ot} 

Tt we tay "Our meeting was not da to chance’ Le 
designe, design's simply 4 tctor modifying the canon 
eam aso be eg that wo walk is he suze road. 

(tt) Thai wy, Camnpbe hike colni4cces canst be 
owed to oocar; ie execidences 2. eytem wrong, 
sytem 2. no ecieiicona. Apparent focily celui 
but this iow mistake because the stem isnot « proposition 
‘which is true or flo, but an impertect approximation to 4 
state of mind whee irperection can in ceri ecumatanom 
‘econ partion earng. 

(12) By things being ninety due to chance we mean tht 
‘there ee law fer generation of nomore than manageable 
complet) known or aaknowa, which detrmioes the fare 
fram the past If we seppove further that they have taste 


{Sen Stmte ot Hype snd Sei ot Mie 





FURTHER CONSIDERATIONS = 


bance, this meane a srt of best posable eytien fa which 
try have these ances. 

13) In choosing a system we ave to compromise between 
two principles: abject always tothe provio that the autem, 
‘aust not contradict any facts we now, we choote (other things 
‘being equa) the simplest system, and (other things being equal) 
‘we choose the system which gives Ue highest chance to the 
facts we have obsarvad. This inst is Fishers * Principle of 
Maxima Lietnoed', a gives the ealy method of verifying 
sytem of chances 

(18) Probabilty ia Pryaice means chance as hare explained, 
‘with pote some added complesity because we are concord 
srith a “theory” in Campbel’s sense, aot merely aa ordinary 
syatea which isu geoeraliation of Caples *law.* What 
chance tt a theory fs cam bardly be explained watil we 
know more about the nature of theories! 

(5) Statistical sclooce roust be bricly daatt with froma 
fou point of view ; i has these parts — 

(@) Colimtion and arrangement of edections from 
smaltitadinoss dat 

@ Intuction = forming a system of chances fram the 
data by means of the Principle of Maximem Likelihood, 

(0 Causal analysis; eg. this di falls wo often this way 
up, theeloe ts entre of gravity mast be iepaced towards 
the opposite fase. 

(8) The only dificalty presented is ia connection with 
(©) coun analysis, ix which we seer to take a statement of 
shances. asa fact, and to argue It alling 20 often sx isnot 
uct chance’ "chance > }'..' eg. displaced . Reasoning 
which seems Incompatible with oor solution of the paradox 
(at chance = j is inconsistent with this ecincidenoe, which 
war that "chance = 4," chance > 3, were not propositions 

* (Se mest ection EA] 
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‘anu 20 coald not serve as premises or conclusions of argue 
sata 

(U7) The iiealty 1s cexoved by the reflection that the 
system we aro ultimately wing aot only gives us degree of 
bale or chance of fling six given # i tonaed = 4, bat also 
that Ghat of falling six given x is tooued and bissed > 3, 
Consequently by transpotion s is biased / x falls x. « is 
toed > = i biaaped { is toned. If 4/2 > a/h, then 
Bah > d/h, and this lahow we are arguiag, The chance of 2 
2 falling sx in p seems to be treated 28a genuine proposition, 
‘ut what i really meant is an anexpresed condition, wich 02 
‘ur syttem when added to Ube hypotheds makes the chance f. 

(48) We cam state it this way: statistical conta analysis 
‘resepposes a fundamental system within which it moves 
‘and which it leaves uochanged ; this nlther Se nor appeart 
tobe trestad Mee a proposition. What appeacs tobe no treated 
‘ea narrower tystem decived or derivable rom the fendamental 
system by the addition of an empirical premise, and what ig 
rally treated ax a proposition and ecified or rejected ia 
‘ot the narrower nyse bot the empirical premiss on which 
1 ia baned. 

Of cone this empirtal premiss may be usimown or very 
‘wagnely known ; a. I concede from the fact that more 
oye are born Chen gs to some superiority in the onmber, 
robity of capacity for fertilieation of rale-bearing epertan- 
‘tuaoa or ona of a thousand other pope canses, beemse by 
‘the Principle of Indittreace, which Is part of my fundamental 
syste, the observed inequality woeid be so mlikaly if thors 
‘were 20 such diffrence. Bet there seems no fundamental 
iflerence betwoen this cae and the Kamed oxin, 

(20) Note on Polacart’s problem * Why are chance events 
subject to law ? Tha fandaental newer to thin that tiny 
‘are no, taking the whole Sel of chance eventa ne generalize. 
‘dons about ther ara pombe (comer eg. infections dimaoes, 
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acta in Bexaetes, Sethe om horse tsks, Kets of 
rt es). 

Potnact says i a paradanzal Chat de acoary ox trem 
‘gvoraace derive 19 ely such ofl concuions whereas 
‘be knew the laws of health be wold have to go hroagh 
evden alaltinn. Ta ac its wot es (guranon that he 
‘works bot fom expericace of fraqumcie 

(20) Note oa *rndos". 

Keynes? pene sebotatially crcect account of thin Bat 

(@) 12 eat to Bring i the notion of devin. 

‘What we want i vt «isa random weve of €(Ss) fr 

‘the prpare of , bat the denciption (fe) rand 

enecition when — (ef eebevant to /SK 

(@) Tein ead exten the ter to cover wot erly 
 edection of coe tem bot of many ; thu, gives © 
random sdecton of m S's with regard to gf means 
4m fle) I relevant to pebablite of the fo: Prox 

Ptin of which in = A/aen aGAtSH) A 

"Thain of rand: sebeticn mein edt, where the 
‘wor of the argament “A proportion A ot $e a 4 
“A propartion A of S's ace $4" depends on whether ia & 
random wisctor. 12 = {ofesorse the vlan ofthe arguneat 
fn treagtheaed if i bias against 4, wrakece Fy 1d 
assed ia favour of 

1 Tam Py 
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‘A. THEORIES 


Lat us try to describe 4 theory simply as « langaage for 
ircualng the facts the theory i sald to explain, Thin need 
got commit us on the philosophical question of whether 
1 theory is only language, bt rather if we knew what sart 
of language St would be if It were one at all, we might be 
further towasa discovering fit ls.one. We rouse try to maka 
ur account as yeseral as potable, but we cant be ure that 
swe hve in fact reached the most general type of theory, 
since the poutble complication & Intaite. 

‘First, lt consider the facts to be explained. These occur 
in a universe of dikcoarae which wo wil call the frimary 
rte, tls sputem ing compooed of all the tarzan 
‘ropoutions (true or fale) i the universe tm question. We 
‘aust soppone the primary system in some way gira to ab 
0 that we have a notation capable of expresing every 
‘proportion in it. Of what sort mest this ootaton be? 

Te might in the fit case consist of numas of diffrent 
types any {wo of more of which confotned together gave 
‘an atomic proposition; for instance. the nammet 6, b .« 
"red", "before". But T think the systems me ty to explain 
tre rarely ofthis Kind; If for lastance we are concerned with 
ss ecries of mperieoes, we do not try to explain their time 
‘onder (which wa could sot explain by anything simplex) or 





2 Tee ‘aalen’ ofthe pmacy spe might coctne ‘ge of 
pub ope Merge ea on we migat oe Spt camntawoens 





‘even, astoming ow order, whether itis ¢ or B that comes Sgt ; 
wwe ta for granted that they are ix order and that « cose 
Detoe fee, ane try 2 expla Wich se, whlch ne, ee, 
«innmentially ont Dafoe 8, and ‘2,8’, ate. are aot really 
racaes but descriptions except ia the case of the preset. We 
(ake it foe granted that ese denciptions deserbe uniquely, 
and insead of ‘a as cod" we bave eg, The Sd one ago was 
rod’. The symbole we want are not eames but numbers 
the Ob (he the presen), fst, ith ete, fo general the wth, 
and we can we ted (a) to mean te wth ia rod counting 
focward or backward from « particular place. If the series 
ferminaton at say 10, we could write N(H0H, end generally 
‘Nim fm >100,meaaing ' Then’ 20 mith; se nply 
sear eg, re (mms nonsense if > 100, whereas we Wrote 
‘N(qw} we souk say rod (fm) wes fave. 1 am mt sue thai 
borttry, but it wees tome abwaye 40 la praction; the 
‘rms of oor primary system have w stroctwre, and any 
stroctare can be represented by sumbert (or palre or other 
combinations of number). 

1 amy be poste to go fsthar than hi, fr of thn trans 
{in our pronary eytiem not merely some but even all may 
be bast pymbalized by numbers, For intanct, coors hava 
A structure, in which any qivea colour may be atlgned a 
lice by three numbers, and vo on. Rea umeils may be wo 
‘weated: the preaace ofthe maell beng denoted by 1, the 
sbnance by 0 or al total smel quaities may be given number). 
OF coun, we cannot make 2 propeltion out of munsbers 
vithoer wome Unk. Moment 3 has efoar 1 and sme 2 must 
be watten 0) = 1 and $0) — 2, and 4 comrexpooding to 
fhe general forms of colour and sel, wai pomibly being 
functions with aniedommbercfvaluce.t0thateg #3) = 55 
wight be nonemse, ence there was no Sith small 

‘Whethar or no ths i poseble, i is mot so adwmtagroes 
where we have calativly few tect (eg. » few saul) to 
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deal with, Where we have a maltitede as with tin, 
fee aot aime then, and oor theory wil Bet explain & 
‘peimary system in which they have names, for it will take no 
ftovnnt of ther inivdualty bat cxly of thelr postion, 
In general nothing is gained and clarity may be lost by wxing 
umber when the order, ee, ofthe namtizs corresponds 
te meting in the nacre ofthe temas. 

al teams were promt by mamters, the prepoians 
tthe pimary yin would all te te form of aumrtons 
hoa! the vais tam by certs one-ralot neotial 
function, Thee wold aot be rathematca] fcc inthe 
crinay see; for that woh &fueton bad och a sch 
1 vale would alnays be w matter of fact, wot mater of 
‘athenatiox 

‘We have apn ati the mune involved were always 
Integers, and th fits are righ this emt indeed be 
101 the ukinate primary spt heh theta may of 
eur, take the form of raiool. Tole mena w may be 
-concermed with pairs (m,n) with (Am, An) always identical to 
(ov, m), Uf, however, our primary systenn is alrendy a secondary 
tes res see othr theory, eal sums ray we ec. 

So och forthe rimay eaten; mow or dhe thr! 
cauriretion. 

‘Wl gay taking wtp rm of hry end conser 
late weer ox aot ti form nthe met pata Suppose 
{he xomle propositions of ou peary sytem are ich ax 
‘A(9) Bln)» whee ec, tak pve or eave 
{ntegal vans bj any setricins, eg, tha Bb, 3) 
sm may ony take the vale 1.2. 

“The we introdece new propenttona fanction of), Ale 
‘Yom, ee, and by propecens of the sender bem 
owe shall mean any trath-fanctions of the values ofa, f, y, etc. 
‘We aa ane By dawn propeions aboot theve vale 
(0. a5. Bp) wich we all el exons, and watever 
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propositions ofthe sceadary site cas be dado fro the 
ors we sal il herma. 

"Bese thaw call make inary which aes th for 
of a setes of defeitios of the feactions of th primary 
ayitem 4,8,C. . . .i terms of those of the secoodary eystemn 
8. A. 7. 08 Ale) = al ¥ 7{0, mB. By ting thew 
"denon" a euivainsea ed ating Chem tothe axlcran 
we maybe ble to dadace proposition ia the primary sate 
which we sball call laws if they are general propositions, 
ermeguences i thay arn sng, Te totality of laws and 
oneqorace wl be the eimioast wee 88,9. ey 70 
lineated from the ciztionry and axioms, and itis tht 
feta of ls asd ormsoqences whch cx theory aes 
tebe tue 

We may make sit deer by an example? ; let ot 
inteaet numbers wm ty ote, a9 innate of me 
tnd teppee the petamy syria fo eoten the folowing 
factions = 





Ai) = Tae Bae at 
Bin) = acer et a, 

te). io) Hee aoting at 
fo) = Between 9-1 and «lol my eye open. 
Di) w Between wt and L fal my erst, 
Ete) = move foward a sep atm, 





P(e) = move backward « stp at a, 
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‘Pat wll be smdertod to tak only the vale 1,2 5, 
(a2 

nd fn) i dened ty fa} = 
Umer 
Then we introduce 
fam) = Atte » Yan at place 


Bln, m) a At the w place mie bhi, 
in) At tne w any eyes are open, 
‘And the axoras 
(ee me): a a8) Do mm 
Gam. teh 
Plot). 
(9: Pl 2). fn + 1,2 





‘Aad the dletionary 
AGH) = (a) «068, mt» fe «rd 
Bis) = (ae «a(n. ) «Bis, 40). 





Fie) = (a) ee 1, fem) af, 


‘This theory can be suid to represent me at moving among 
3 places," forwaris' being inthe conse ABCA, “backwards” 
ACBA. Place A is always bive, place B alternately ble and 
rod, place C blue or red sccording to a low I hve not die 
covered. If my eyes ae open I ane the colon of the pice 
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Tam a, {f they are shut Tee no colour. The laws melting 
from thn theory cam be exes as fllooa: 

1) AGo) ¥ Bee) (Cloh Ben) (Bi) w Fea) 


fm (01> my - Cn) Clay) .D- fad > my > 
t= Dio) 


(29) (2) with the C's and D's interchanged 
Let un define Of, to mean 
2 
Ne 500, <¥ Sm EO) 
ONE 8 fm, <0 Sy FON) = 0 (rd 9) 


2) (BM) «Cle mcm ew ed m2, DN Dat 
Ao) Bs) 

( (lam) . Dl). <> > my DL. CO) Det 
Aen) - Bin) 


8) OW). (am) b= 0, 1, 0F 2 smn, m) DBO) 
CED Gm lh ou ny 
+ rere Aled) VAG. Bird v Bord. 
[Where 2 + 1 = 0 for this purpose) 


‘These can then be compared with the axioms and dictionary, 
and there is no doubt that to the normal male the axioms and 
‘Sicticoary give tha laws in a mose manageable form. 


Let us now pat i all into mathematics by writing 
4G) diet 
Be) de) 
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Ao) Bie 20 Ya) = 9 
Cm xen 
Dis) axial 1 
Cin). Dia) a8 xin} = 0 
Fee) as gia) 
Fo) ws ¥ie)—=—t 
Ein) Flo) as $n) =. 
Tntead of afm} have of function taking value, 2,9 
ee a! 
oo) oo) 40 
Our axioms are feat 
() (fs) =avaws 
©) (0) Bin, 
© 6) Bln, 1 Ble +, 2) 
0 (em) Alam) tv 
© eva) =ove 
Ot tes 1) (4 (8) hay cout since they macey ay wat 
‘aloes the factions are cxpabe of taking. 
Ou defsitioos bacome. 
9 Hod = 719) Be of) 
i x9) = 710) ye —1) 
(8) #9) m Remainder med 8 of ais) — ef9—1) 
Oar awe are of corse tat g, x, frase besuch that, By 
as be found to atinty 1-5, HN. Gong through the old is 
swe have instead of 


(0 $6) == 1 vOv1 x) =—10¥1, p= —1v0VE 
fendered. 





= hes GOH di) OV =. 

So far we have only shown the geoese of laws; consequencon 
acve vehen we ul (o the axioms a propodtion involving eg. 
1 particalar value of, roc which we can deduce proporitians 
in the primary eystum not ofthe form (o) « .. Thse wa ca 
he contenant 

‘LE wn taka it in its mathacnatial form we can explain the 
dea of x theory as follows: Instead of saying timply what 
‘we know about the valuns of the functions with which me are 
concerned, we say that they cam be constracted in « definite 
‘way givm by the dictionary out of functions misting 
comrtaln conditons given by the exlors. 

Such then is an example of 2 theery ; belore we go oa to 
iacuss systematically the diferent features of the example 
and whether they occur ix any theery, let os take some 
‘qoesions that might be asied about theories and see how 
they would be sonwered inthe preset cate, 

1, Can me say anything io the language of (hit theory 
that we coald not say without 8? 

Obviowdly not; for we can easily eiinate the fencions 
of the second syste and so say ia the primary system all 
(hat the theary gives os. 


2, Can we reprodace the mractare of cur theory by meant 
of expt detestons within the mimary aston ? 

{This question Is impoctant became Rumall, Whinhead, 
‘Nicod and Carmap all scm fo suppose that we can and mest 
thin] 

ere there ae some distinctions to make, We might, for 
instance, argue as follows. Suppoting the awe and couse 
queens to be tae, he facts of the primary ayatem mutt 
bo sech st low funclona tobe defined with al the properties 
of have ofthe scaaary sytem, and these give te solaion 
cof our probs, Bat the trouble is that the Jaws and com- 
rsqencen can ba made trun by « wamber of difernt sets of 
facia, comespooding to each of which we might bave 
iacent datitins. So that ow protien of fining &sagle 
ot of definitions which will make the dictionary and axioms 
tras whenever the laws aod conmgcences re roe, i ill 
‘uolved. We can, however, at coce solve It formily, by 
Aisjoining the seta cf deitions provioely obtained; Lx if tho 
ilereat sets of facts staying the law and cenaeqencee axe 
Py, Py Py, tnd the corresponding detsitions of n,m) are 

ae) = LA.B.C 
TCA. B.C. mem) te, 
swe make the definition 
mm Py 24,8, 
PyDLMAB.C 9, 
ate, 








« “m2. 





Such u definition ls formally valld and evidently fuléls 
ur requirements, 

ca MBG 1 Semis Mende See 9, rend 
Bor Leite Iie or — 
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‘Wt can bo objected to 3 complexity and arte: 
mm, sce Ly, Ly... can probably be choten each ia 
town ways, 

‘Abo I exlcitly asvaren that our primary sytens I Site 
and contains = dulnite umber of amigutle atomic 
ropodtlons. 

Lats tharelore se what other waysthor ae of proceeding, 

‘We might at Sst eight sapyve that the key ly simply 
in the dictionary thingies Geitions of 4, B,C... 1% 
urasots, By... Can wenot invert to get desitions of 
Boy in teres of A, B,C. .?- Or, ix the mathe 
aati fora, can we nt sive the quatios far oy By. « « 
Intermsot . x, # «Atay rateit we a8 te the dletionary, 
sa wo intimately cas, those laa end axiom which mately 
state what values the fenctioa ae capable of taking ? 

‘Wun, however, we look at these equations (0, (W, (i) 
‘what we Gdn ls; Le mete ian the vas 
of the fonctions they pose az ictegral slution provided 
s)cas be found from fl) 90 as always to be a factor of 
He Leis genera almaye tobe + toe and never to vanish 
‘ales gin) varsbos. Thi i, of comae, only trun in virtua 
ofthe conditions lak on aad by the as; aseng these 
1a and the Limitation om vals, meget te soktion 








ate) = 2 in) + 6, mod) 


Hod Exe) +0 


fora andy. 


‘And Jor Bix, m) no dcfaite sohtion bat og. the trivial 
un ln, w} — $n) (assoming ¥{6) = 1 oO). 

rere C, mast be chosen 0 25 to makes fo) shenys 1 or 0; 
‘and the vale necessary for this purpose depends on the tacts 
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of th primary system and cxnnot be deduced shnply from the 
lew Tt must in fact be one or nought: 

(0) 1 toe is east postive or cao foe which yin) 0, 
cong as (s) fr that mis —1 or +1. 

(0) There nas negative for mich x) 30, eoxodng 
ss xfs) for that w+ 3 oe =. 

6 1S Sor wo m xf) 60 it dove mot matter whether Cy 
feb ternt, 

We Uras hava a disjunctive dednition of C, and so ofr 
‘Agia although any vale of C, wil mtisy the limitatons on 
Ate value of ain), probably e=ly one wach wil stity the 
sions, snd this vadse weil again ave to be diyjnetivaly 
letined, And, thcdly, fs aot at all Gxod bythe equae 
lone, and it will be & completed matter in which we shall 
guia have to distingaith eases, to say which of the many 
ose stations for fe, wil sats the axioms. 

We cousude, terface, that there is nlther in this cate 
‘or 19 guoeral aay simple way of iaveriog the dictionary 
to a8 fo gut ether 2 sigue oe an obvioaly proemint 
soleian Bich wil ave stinty the axioms, ee reason for tis 
ying party in dicots of detail in the slution of the 
uations, pty in the fact that the secondary yatezn bas & 
Ligher mmlipiny, ie, moce dagroes of freedom, than the 
rkaary. Tour case the peiuary sytem cootains three coe 
‘aloe functions, te secondary virally Se (e 1) , 2), 
Alo, 9), ste. fo] ach taking 2 or 3 value, and much a 
lceease of multiplicity is,1 think, © wniversat characteristic 
of uefa theories. 

Since, therefore, the Gictccary alone doce oot safe, 
‘the next hopfal mato i o me bts dictionary and axiom 
fa a way which Ue referred to In many pope disasions 
‘of thecees when Iti aid thatthe meaning of « propasion 
shout the extraal wold le what we abou enna regard 











LAST PAPERS 7” 


ssthesriteion tate its rath, This gga that we sould 
deSne propositions fo the secondary mys by User eiteia 
in the primary 

1 following this method we have few to distinguish the 
ico ction of a roposicn bea ls mecsery citecon, 
fp is x peopottion ofthe scoodary apts, we aall mee, 
by its saiceat criterion, off). the dijenction of al prepea- 
tloas got the prezary system uch tat pi gkalcomequence 
of ¢logeter with the dictionary and axioms and och that 
neg not a couequence of the dletionary and axioms! 
On the other hand, by te nacesary exiteron off, vip} we 
‘hal mean the conjactin of all thove propor of the 
etary syrtem wBich Folow from p togetber with che 
dictionary and axioms. 

‘We can elucidate thecoaneticn ot of) amt + (9) 1s flows 
Consider atl truth-poabilitiea of atamic propastons in 
the prssary tyitem which ace compat with the dictlonary 
and axioms, Denote wuch « trathpoaibiity by r, the 
ieoonry and axioms by «Then off) isthe Ajuaction 
cof every # auch that 


rf ete n contradict, 


1 () the disjunction of every y uch that 
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tO) wil. welm sh, 0 
vrs. @ 

We have also 
ba - Pal mi oibd -ot62. &) 


fe fy « Ps Solow from g when and only when $, and Ay 
‘oth folow, 


‘Whence of similarly, we get tbe dual 


Teiv ad. = rd velba ” 
We als have 
2-0), a 
(Consider tha r's above) 
MPI Vo(~$)-D-L Der BVP, Oa 
(eo) 
sd foe (i, 8, (83). 
a) .D-melmhby ny 
Linen. 24Gh tx) 
Lastly wa bave 
eP) velba. > -0ifi¥ 90. @ 


Since if ¢ follows either from fy or from fy ft fellows from 
f.¥ fy3 and th dad 
wey -80-3-7 0-7 OO ei 


(nthe ober hand, and this sa very Smpertnt point, the 
converses of ae not in eral tron. Let w lnstate 
‘this by tuicing (x) and considering this “r” 

BO) 40): £0.2- die) Bink 
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CO). we m0: Din) wma. 
Bs. Fe, 


Le, thatthe man’s ages are andy ope once when he sen Bie, 

‘From this we can deduce (0,21 ¥o(0, 3) 

e+ Talay 3 ofa, 3} ¥ 00,3). 

‘Bot we cannot dace fom it 0, 2) of af, 3) noe itis 
equally compatible with either. Hence neither ole(, 2)) 
nor fo(0 §)} steve, Hence we Go aot bave 
(a0, 2) va, 3} De (el, pve (el, B)) 

1 follows from this that we cannot give defitions auch 
hati in aay proposition ofthe secondary system, wil ln 
‘tue ofthe deitions mean o(f) (or altersativey + (for 
if fy ia dined to mamas off), to mean off) fu V du wl 
mean ef?) V off), which (a not, a general, the same ua 
atv pa. Wa ean therfore caly use a to deine some of 
{he propotitons of the sceadary eyes, what weight call 
alomic vecondary proposition, from which the meanings of 
(he others would follow. 

‘For instance, taking oar function ef, we could proceed 
1 follows: 

Hk) i defined 8 Ate) v Blo), were there is no dicalty 
a8 Ate) Bla) = ofpin)) m+ (ye). 

iy, m) could be defined to mean of8(e mm), Ls we should 
say paca m eas’ Boe” t time , oly if hare weve proof that 
it was, Otheewie we sboald my it was not “oe (ria 
emnmen partance). 

‘Hoo, m) woud ten mans sn, my} not oie 

Aleraatvely we could we, acd define 

Bis, mh to ber (Bin 
234 flo, a} wont be (840, i) 
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1a hla case we should say mwas “bie” whenever there wat 
so rool that It wan not; hin could, however, have been 
tebleved by means of o iC we bad defied i, to ba 
= Bie ma fu, tobe off}, api 10 8 
faatad off. 

Tn genera it acer that + abways gies what cold be got 
from applying to the contradictory, and we may confine our 
attra to 

Ti tuakes, Dowever, a rel dillerecce weber we dein 
Bor 8 by means of o, especially in connection with plane 3. 
For we have no law as to the values of Ain, 3), nor any way 
‘of dedocing nm except when a(n, $) ig true and (6) of 
Big) ia tae 

If we define Ais, 9) to be ofA{n, 3)}, we mall any that 3 
in ae bow cnet wen we cbverve i to be; ifwe deine 
Ble, 9) to be offin, 3)) we shall aay it te alms bine except 
than we ober ot tobe 

Coming now to a{s, m) we could define 


fe, 1) = oo 3, 
ato, 2) = ofa, 1) v le, 2) C0, 1), 
be, 3) = atain, 1 of, 29); 
‘tad we thoald for any « have one and only ons of af, 1) 
‘a 3), af, 8) troe: whereas if we szaply pet 
fo, 9) = ofa), 
‘his would not folow, since 
olote 2). ate, 2. ofetn, 8 
‘could ule we all be fase, 
Be. 6)-6)-8ia) 


(Ot cour inal Paes deiitons we mast expposeofale, m)} 
te, replaced by what on calcaation wo fn them tobe, Ag 
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they stand the definitions kok circular, but are not when 
interpreted i thin way. 
or instance ofa(s,1)} 8 £, Le lows (2}-(8) together with 


(a%8D 2H) ny Wo pm (ad 2) Bey «By. 


Ye Kam tt) 8 «ie 8) Ay male 2}, 
Ai, Aite «By 


Ye (BH MD Ue 9) 2m) - Bt. Baty 


Suck then soem 4 be the define to hich we ae Ted 
ny th pul phrantat th meaning of «statement athe 
second syater a given By een ine fase they 
ch as we emir? 

What we want is that, aring these deiinitions, theaxioms and 
Aiotionry shouldbe trun whenever the theory is wpplcble, 
Le whenever the awe and omaequrncen ace ae he hat 
interpeied by meama of thee dations, the axioms and 
Alckicoury should flow from the la ad consstace, 

Ttlamay tome Dat they donot efslow. Taka fer inmance 
the lar aos on p. 218: 

a): Alm. 2. = Ain + 1, 2 
‘Pach metas ecoring ta our defitions 
sc Pl. 3}. =. MBit 1, 2), 
which is plainly falae, since if, a9 is perfectly possible, the 
unas acres opened ses pla, bth (8 (02) and 
c(Ple-+ 13) wil be fae. 

[The dalton by + ts oo beter, ssc + (8 fe 2) and 
+ (8 (= + 1, 2) would both be true.) 

“This ae of axpnent i, bowere, export tot objection 
of he fowing sorts Ire adap ese etn ts ve 
(let the enero et low en tha gen omeremnem 
Ye i i not cealy mecessry that they abou. For the 
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lave and comeqoences canct cepeact the whole copii 
(ie. primary stem) bass of the theory. Ts, for instance, 
compatible with the laws and conscycences thet the mes 
sould never have bad his eye open at paca 2; but how could 
be then fae aver ‘created this they with the peealar 
Jaw of altccaation which be ascbes to place 2? What we 
‘want in onder to constract onr thecry by means of expt 
eft isnot that the axioms abosld fellow from the wa 
tnd conanquences alone, but fom Chem tags with certain 
cwitental propotions of the prizary ayer sepreeatiog 
experiences the man must have had in order to be able with 
any show of reason to formate the Chea. 

‘enonable though this objection Sa the present size, 
it eam be sen by taking a nightly more cxmplicated theory 
to provide us with no geneal scation of the difealty: 
that isto ay, nach propositions ng con in this way be add, 
(o the laws and consequences would not always provkle & 
tnficient basis for hn axioms. For instance, suppona the 
heacy provided for 4 whole eyitem of places Wentlied by 
‘he movernent sequences necessary to get trom one to anether, 
‘nd it was found and exabodia inthe theory that the clon of 
fact place flowed « complicates cyele, the ame for each 
placa, bat thatthe lace dered from ove another aa to the 
‘Phase of tis cycle according to no ascertalaable law. Cleaty 
mich 1 theory could be remsonably formed by a man bo 
‘ad not bad bis yes open ateack plac, and tad 90 grounds 
for thinking Unt he sver would open his eyes ata the pees 
or even vit thes at al. Suppose thea wm is 2 plcs he never 
(223 {o, and that fe, m) isa function of the second sytem, 
signifying that m ia boe at «; then oslers be knows the 
Phase of , we can never bave offte, ml}, but iteg; the cycle 
ven a blue colour ace in sx, me must heve from en axloma 
BO. mv BI, mY... ¥ 8, wm). We tare, three, 
us the mame dicey as before. 
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therefore, our theory ia to be canstrocted by expt 
Selmitions, tev cannot be simple definitions by maaax of 
@ (or), bat must be more complicated, For instance, in 
regard t0 pice 3 Sa our erginal example we can dena 


i, 2) a8 080.20). 
Bis 2) 8 off(0, 2) Lm ls even, 
ABO, 2) is 08d. 


ef we do wot now which phase i js, wn esrume it to be 
‘a coertaln one, including that“ ssamption in cur definition, 
eg, by maying the phase is Blareven, redo, we mean that 
‘we have reas to think ts; try mying the pas is bina, 
red-even, we mean not that we have reason to chiak it is 
‘but marly that we have no reasos to think the ountrary. 

‘But f general the definitions wil have to be very com 
‘plicated ; we abl have a order to verity hat they are cmm- 
plete, to go through all the eases that satiafy the lawn aod 
comvaquences (together with any otber propositions of the 
‘emery system wr think right to asumoe) and se that fn each 
‘ase the defiitione stisty the anions, eo that lathe end we 
shall comm to something very lke the general diajunctive 
Aesnitions with which we started this discusion (p. 220) 
‘At best we shall bave disjunctions with fewer terms and 
mere colmrence and enity in their construction ; how such 
vill depend on the particular case. 

‘We could sen stright off that (in finite achera) anch 
<dafntions were always poasble, and by means of @ and r we 
‘nave reached no real simsplieation. 

3. We hove soe that wo cen always repedace the stractare 
cof oor theory by means of explicit definitions Our next 
‘question is ‘Is thin mcassary for Oke legitimate use of the 
sheory ?* 
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“To this the annwer ems clea: that it cannot be seoumsry, 
x a theory woul! be no se at all. Rather than give all these 
Aefinitiona it would be simpler to leave the facts, aes and 
‘consequences in the langeage of the primary system. Also 
‘the acbitrarines ofthe defitions makes it imposibi for thera 
tobe adequate to the theory as sraething n process of growth. 
For instance, our theary does not give any law for the colour 
of place $; we should, therefore, ix embodying oar theary 
in explicit definition, dane place 3 t0 be sed unless it was 
observed to be blue for eae ice sess), Purther observation 
sight vow laud sto add to our theory a new axiom abont 
the colour of place 3 giving say a cycle which it fllowed ; 
this would appear simply ux ax addition to the axinms, the 
other axionss and the dictionary being wraltered, 

‘Bat if our theory bad bees constructed by explicit dfini- 
tions, this new aulom would not be troe walks we changed 
‘the dafinitions, for it woald depend on quite « diferent 
auigameat of colours to place 3 at tines when It wat 
‘unoboerved fram oar old exe {which always made it cad at 
such tla), o€ tnd from my okt coe, except exactly that 
prescribed by our new axiom, which we should never bave bit 
(1 to ase ia or definitions unlem we lew the new axiom 
ready. "That isco say, if we proceed by explltt definition 
we canto wd to our theory withont changing the Sefmitioas, 
ad yo the meaning of the whole. 

(But though the use of explist dafnitions cannot be 
ecemazy, its I think, istractiveto conser {aswe ve done) 
‘how mch definitions could be constructed, and pan what 
‘the powslbilty of giving them simply depends, Indeed 
T think this i egontial (0 2 complete anderetanding of the 
subject] 

4, Teking it then that explicit deitons are aot necessary, 
Ihow are we to explain the fanctoning of ow theary withoat 
them? 
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‘Clnacly Sa soch & theory jodgment is involved, andthe 
Judgments ix qorstion conid be given by the lawn and 
canmqumnces, the theacy tring slamly a language ix which 
hey ace clothnd, and wich we can we without working out 
‘he lava and coeseguences 

‘The beat way o write our theory seme tobe this (36, 8.7) ¢ 
Aetionary «wre, 

‘The dictoanry being in the form of equivalences 

Hire itis evktent that 0, 2 7 are t0 be taken parely 
‘extesioally. Theis exteesions may be fled sith intensions 
cc not, but tis i ircelevact to what can be daduca in the 
primary syste. 

Any additias to the theory, whether a the form of 
sew axioms or particular amertioes like ai, 3} are to be 
‘ade wit the tcope ofthe ccginal ef, y. They a st, 
Aerators, sticy propastons by themacives just as the 
<iferent sentences in story betaling" Once upon a tne" 
‘have nat complate meanings and 20 are wot propositions by 
heaves. 

‘This makes both « thocetcal and x practical diference: 

(2) When wo atk for the rnaning of eof, 3) it ox 
cay be given whan we koow to what stock of" proportions” 
fe fre ed sand sytem a0, 3) sto be added, "Then the 
meaning is the Gifecence Ia the fest systema betwen 
(ao, 8.9) stock of, 3) ant (ge, 8.7) stock, (Weinctule 
ropaitions of the przary system in our stock although 
thes donot contaia a, 8,7) 

This tocomt makes af 3) toean something We what 
‘wocalled above {a0 8), bu tis really thedistermos between 
‘Ha, 8} + stock} and + (tock). 

(0) Te pact, we ask ourselves the quetin © 10a, 3} 
fre? “, ws bave to adopt an attitede eather dificent from, 
(at which e shold adopt to a geneine proposition 

"For wu donot ad ef, 3) to oar stack woenever we think 
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wwe could truthhily do so, Le. whenever we seppote 
(aa. B, 9): stock - a, 3} be fran. (ga, 8. stock. 
0,8) might also be trne. We hava to think what ese wo 
might be going to ud to our neck, or hoping to ad, and 
consider wher o(, 9} world be certain (o suit any further 
additions better than a, 3}. Eg ia our lite theory ether 
ke, 3} oF Bt, 9) could alas be aded to any wack which 
fncadan a(e,2) .¥.A(p)« Bie). Bat we do not ad etber, 
‘because we hope foam the observed ivtances fo Bad a fw 
and then (0 6) in the mabserewd cous socrding to that 
Jaw, ot at rasdowe beforehand, 
$0 tar, bowave, 13 reasoning is cooomand, thet the values 
of these fonctions are mot cowsplte propositions niakes no 
Aiderence, provided we interpret all Jopzal oamination 
‘staking paca within the scope ofa single pred (38, 4. 
Boe, 5 Blo, 3) mst be (af): fs Aloe, 
ot (af Bia.3) «(3A Bn 3, 
For we can reason about the characters ia a story jot 68 
swell asf they were really Kent, provided we doe't take 
past of what we say as abot one tory, part about another. 
We can say, thereto, that the incompleteness of the 
+ propoitionn” of tha secaadary sytem aflcta our dispar 
‘ya not om ratoning. 
5, This mention of *disptes” Jeads wn to the important 
question of the relations between thorien. What do we mean 
by apatking of eqatvalent or coetadiciory theres? of by 
tying that ne theory is contained in another ec. 
Tua theory we mest distinguish two cements: 
(8) We i aera 
1) Tis symbolic form. 
‘Two theories are called apinaens if they have the same 
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cemtent, contradicory if they have coutralictory contents, 
compaise {their contents are compatible, amd theory A i 
said tobe coda in theory B if 2's content i contained In 
B's content, 

two theories are equivalent, there may be mote or let 
reserablance between their symibalc form, This kind of 
resemblance ia didicll if not isapemible wo define precialy 
Tt might be thougtt posible to define a definite degree 
fof resemblance by te posibilty of definig the functions 
‘fH in terms of thosa of 4, or converaaly; bat this is of 20 
‘valet without soove restriction oa the conpleaty of the 
dafiniticas. Tiwe alow deinitions of any degree of complexity, 
tive, a least ia the finite eau. this relation becomes simply 
quivalence, For each set of fenctions coy be defined in 
texan of the primary aystem and thirefore of thove of tho 
ather secondary aystem nie the ditlonary. 

‘Two thnorien may be compatible withoat being equivalent, 
Se. a set of fasta might be found which agecd with both, 
‘and another set too which agreed with one bot not with the 
other, ‘The adherents of two ssch theoees could quite wall 
spate, although nether aSsrned anything the other deniad. 
For a disgute it is not necessary that ove dispatunt thonld 
ausert p, the other J. Te is enough thet ove should amert 
Something which the other cetraims fern amerting. Ey, 
cone says ‘ft eains, Cambridge wl win the other “Even 
iti raing, they willow". Now, taken as material implleations 
(2s we austen this view of science) thee ae not incompatible, 
since iff dots not rain both are trac. Yet each can show 
‘grounds for his ows balet and absence of grounds for his 
val, 

‘People someties asic whather « ‘proposition’ of the 
secondary system bas any messing. We can interpret 
‘his a the question whether « Ubsory in which Chis proposition 
‘was denied would beequivalent ta opein which twas armed, 
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‘Thi Aepent of couse ox what le the thency i mppona to 
contain; for fntaac, is oor examle fis, 3) is meanings 
coupled with ais, 3)¥ Zin}. Bat nat wo coupled it ie not 
mingles, sce it woah then ence me veing cod wider 
‘ertals ceoumstincem, wherear Bie, 3) woold exciade my 
seeing thn under thee cncuatanocs. t's pate that Chest 
siecunstaaces abooki arse, and therefore that the theories 
se not agement, Ta rele language we say it crald 
De obrerved, ot rather might be observed (since ould * 
impli dependence ox ox wil, WEN i frequent the case 
Dat irrelmen), bot aot that I wil be observed. 

Ben coupled with 0, 3) ¥ ya). 3) night receve & 
aang later if we added to one theory sae Lae about the 
coloat of 8. [Though un aguic fis, 3) wood probably 
be acomequenen of oa cotratictin to the rest» we shoukl 
‘then, T unk, any st bad manning sce 0g. fy, 3) would 
tives theory, le, 3) « contradiction) 

Us bighiy relevant to this geestos of whetber proportions 
Ihave manag, not mately what grata axioms we inode 
4 our theory, but also what paricaar propositions, Has It 
reaning to ary that the back of the mace bas murice of 
freen cheese? It our theory allow as a preity that 
‘we might go there or find out kz aay otbes way, thea it bas 
rmeaniag. If 20t, not; Le. our thoory of the mon is vay 
selena, not marly or themry of tings a gece. 

‘We colt ask: in what sort of theories dons every 
"proposition of the secondary system have moaning ia 
this see? 

eanaotanower this ropely, bot ocly very vaguely and 
‘uncertxinly, nor do T thik i i very important, If the 
‘eo a to coretpand toa actual sate of nowladge st mast 
enainks the tranditions throagh the dictiouery of mmy 
particle peopesitions of the primary wystem, These wil, 
linet trtsily prev tay" propeitios "of the condry 
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sytem from having any deat mmaning, Eg, ifs i vated 
in the theacy that atten Tz at place 2, then fr place 2 
to be blue at ttt time # can have no diet meaning, Bor 
for any vey distant place at time #1. If then sash 
* propositions" are to have meaning at al, i must ether be 
‘because they oftheir contradictartes are included i the theory 
‘set (dbey then oean nothing” or "contradiction ’) of i 
virtue of cansal axioms connecting theta with other posible 
primary facts, where * posible” maans not declared {a the 
theory to be falar. 

‘TAs causation i, of course, the secand system, and must 
be lid down in the theory, 

Beskes cxuaal axioms is the seit sense governing mscces- 
‘den in time, there may Be others governing arrangement in 
space requiing, for fastance, continlty and simplicity. But 
these can only be laid down if we ure sare thut they wil not 
come into eonfict with future experience combined with the 
‘usal axioms. In a fd io which our theory eapores thin 
‘we can add such axioms of continuity, To aig to nature the 
onplest course except when experience proven the eoeteary 
{s a good maxim of theory making, bat it cannot be put ile 
the Pheory in the form *Natera moe Jeclt mlteen* except 
when we see her do $0. 

‘Take, for instance, the problems “ Ie thece a planet of the 
son and shape of tex-pot?” This question has meaning 
0 long an we do not know that an experiment could aot 
decide the ratte. Once we know this it loses meaning, 
‘unless we rettare it by new axicms, eg, an axiom e¢ to the 
‘ortlts posible to planets 

‘But comeone wifl say “Is it mot a clear question with the 
mes rabands by detaition oa ne ste?” Cleat it meant 
"Will experience reveal tous such a tewpot ? T thing not; 
for there are three cases: 

(2) Expeience wil show thee ls sock 1 teapot. 
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(2) Reperingce will chow there is not each a teapot. 
(9) Experience wil nt show anything, 
‘And we can quite wel distinguish (2) from (9) though the 
objector confound then. 
‘This teapot is vot is principle difrent from» tea-pot 
inthe kitchen cupboard. 


1B GENERAL PROPOSITIONS AND CAUSALITY 

Let an coosider the meaning of general propositions ix a 
‘dearly defied given world. (1a partlealas in the common 
‘senao material wecid) This iactedas the ontinary problem 
ot causality, 

‘As everyane except oo? bas always suid theae propositions 
tre of two kinds. Pint conjunctions: eg. * Everyone in 
‘Cambridge voted '; the werible here is, of cose, not 
rople £0 Cambridge, But a limited region of epace vasying, 
‘ecording 10 the definicesess of the speaker's idea of 
* Cumtridge ‘, which is “cis town *o¢ “the town in England 
called Cambridge” or whacover{¢ many be 

‘Oki-ashioned lgtelane were right tn saying that theve are 
coajinetions, wrong in thelr analysis of what conjenctioa 
they are, But right aguin in radically distinguishing thea 
trom tbe other kind which we may cal vriaie hypothe : 
(4g, Acsene ly poiaonous: AY mes ace mortal 

Why ae these nok xmjunctions? 

Lat an pt it this way Seat: What have they in commen 
swith conjunctions, and in what do they difer from them? 
Ronghly we can say that when wee look at them subjectively 
‘hay dite atogether, but when we look at thera objectively, 
at the conditions of their truth and fality, they appear 
‘to be the same 

G0)» #2 diene from a conjunction because 

(a) Te cannot be written out a one. 

8) Its coastitetion as a ccujanction is oever umd: we 
never we it in clam-thinking except in its application to a 
‘ite clam, ia, me mse only te applicative rule, 

1 (Cink at hin est ele Bim and sey EB) 
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(©) [TAs he same us) fname way) 1 always goes 
beyond iat we cow or wast; ef, 36 on All men axe 
smoral’and* The Duce of Wellington is mortal Tt expromen 
an Inference we are at any tine prepared to mae, 208 & 
tlt of te primary sort. 

‘A Dell ofthe primary soc 8 «rs of weghbouing space 
‘by whlch we meee. It remains such « ap however mich 
we complicate it © fill in detain Bot if we protedly 
xtad it to infty, i is 20 longer x map ; we cana take 
{ein or ste by i. Oar journey is ove Delors we seed ita 
remoter parts, 

(@) The relevant dagroe of catunty Ss the certainty of 
the patel cane, oof «Site set of pstele cases not 
of an infete marmber which we never we, 42d of which 
we could’ be carta at all 

(9 «freemen « conjonction 

(2) that it contain ai omer, Le, bere all ote, £08 
Jcctians and eppers as a oct finite product. 

(2) When we ask what would make it tre, we inevitably 
cacti a toe if end ely if every x has $e whe 
ve repr it a8» proention capable of the to cases truth 
sd faty ro aro forced to make ta conjsction, and to have 
‘hoary of conjunctions which we cannot expres fr lack a 
sym powes 

[Bat wat we can't ny we cant any, and we can’t whistle 

Ieedther] 

1 then iia not a conjunction, i ia ot a proposition at 
AIL; and then the question wise ia what way can it be ight 
or weg 
[Now inthe cae of « propostios right and wrong, Le true 
ox fle, corm doubly. Try ox to the aan wo maker 
the propodtton whenever be makes a tuthfanctia of i, 
is nga Sjeacivlyabont the cuceotts truth and tly, 





LAST PAPERS ™~ 


Now this we emer do with these viriahle hypotbetials 
eorpt 1a mathematic in which it i ow recgaized a8 
fallacies, We may sean to do so whenever we discus the 
erent theories obtinabe by combining dierent propose 
laws ofeature. Bot here, it Piseock lay, we donot consider 
the alternatives P, Le.) fx, and P, La. Gg, Dut we 
consider either having P ox not having P (where ot tuving 
tt an alow ia no way implies the law's falsty, Le. (as) « #4) 
or ean having P = (2). $x ox bing Q= () -#, 

‘The other way a whieh ight and wrong oecr fa connection 
with propositions isto an enlokar who says hat he man's 
Dele in the proposition is right or wrong. This, of coe, 
‘urna sanply om what the oeooier thnks hicoa(aad reste 
{ram identity cr dierencbetwees hs view and what be alm 
tobe that ofthe man ein citing, think # a thnks 
no that B vhinkn f, bo ays B thinks truly; if he thick 9 
and thinks that B thinks J, be anys B thinks talsly. Bat 
aitcin may vot always be of this spe type Iti also 
ponsble when B thins p, aod A thinks sether # no 
ut ganda the quacion ax unseties, He way dem B a 
fool or ching p, without bimaelthinkleg . This happens 
slcsostalwaya with bypekbeticls. 1! B says *T{ Laat this 
smince pia T shall have a somachache’, and A says ‘No, 
you won't’ is eat really coatraditing B's proponlton at 
leant if thie is tues an 2 materia! implication. Nor is he 
cootradisting « supposed asertion of B's that he evidence 
proves that so-and-so, B way make no anch assertion, in 
‘uct sanct abeaye reasonably even tbe isin the right. For 
The may be inthe ght witbout havg pref x bin wie. 

1 act sgrecent and dingrecent is poate In regerd 
to aay ampect of a man’s view aad need not tabs the allo 
form of "9", "B'. 

Many scuteaces express cognitive attudes withest beng 
roportions; and the Berece between saying yea oF 20 
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to thes i not the dlifereace between saying ye O30 0 a 
‘proposition. Title even trae ot the ordinary Bypotheticl 
{un canbe seen fom the above example, it amert something 
foe the case wha its pretasef true; we apply the Law of 
‘pete Mile sotto the whole ng but (0 consequence 
ly]: au mach moe ofthe vara hypothe 

1 order therefore to endettand the variable hypothe! 
adits ightass or wrongnes we mea coasier tbe dierent 
ponbleattiudestoit; Ifweknow whut these ar and larolve 
swe cnn proced euty to explain the reanig of saying that 
toch an atta i ight o wrong, foc thie sgl baring 
toch an atude oneself axa thinking that at's neighbour 
an the azo ow diferent oot 

‘What thea ac the pose atten to the goetion—Are 
8 men mortal? 

(0) To balleve i wich more or les ecovietion. 

£2) Not to have caida it 

(8) Not to belive it basse i ie uspeoven. 

(#) Nol to babe it because convinced tht wcxtain type 
of tun, who mig exe, would be amoral 

(©) To nbalioe it a convinced that particular man it 
fimmomtal, 

‘We have to analy these attuces; obvious the fit 
fastanoe the azalyia rast bein tex of beliefs in singular 
ropodtion, and such an analysis wu ue fat our preset 
rps 

‘To Deliere tha al men are mortal int? Partly 
to say 2, partly to blir in regard to my x that trat up 
thet ithe ise man be lsmor. Toe general beet consis in 

(0) A proce eaccation, 

(8) Adabi of sigue bei. 

“Tose at, of couse, comueied, the habit ceming fom 
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‘he enanciatin according to « paycholoica! aw which males 
the meaning ofa’ 

‘We thas expla 

(1) tn ems of te notion of Aa"; 

(2) Otte no probfem: 

(8) May sem to give a problem if we ak—Wht is it at 
‘he thinker considers? But there is rely no problem: it 
1s oct comsldeog whether 2 thing is 0 cnet, or agin 
canuidering whether or not to do someting, bat lod of 
fntermadiary. The iden f the gener) statement seh, the 
fvidence in considered aod I alls ata, 

1h (0) and (2) fas mae deiively for te reasons given: 
damely, i () we Dave another genera etaement which 
combined with the propoied eae wodkl give & caschsion 
wo ar disinclined for (ttt a thiod goer statement, nasoely 
* Amen ae wot ofthat type; adn () we have a singular 
stateznat tatly oontaditng the ene proposed. 

‘Vaile hypothetical cr cava laws for the eater with 
which the opener wets the ftue Oy ze aot, therefore, 
subjective in the sense that i you and T enunciate dierent 
nes we ace ach saying someting about coseves whch pat 

‘Tin For 
AE we meet the fotze with erat ayes we ingen even 
if the actual fatace agrees with both so long at It might 
(laeialy) agree wid one bet wot wth the other, Le. vo eng 
‘ak we dont Delieve the sama things (Cf. IFA 6 eral, B 
dutiful, vey can tl dapste) 

Variable typothetials ze not judgments but rile for 
fudgog ‘Tet meet a 4, T bal cegard it aga, Thiscanner 
be mapa bat I can be disgreed with by enn who dees not 
adopt. 

‘Thee witivedes seem therefore to involve no peating idea 
except that of habit; leary any propostion about a habit 
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{a genre). and beac the citiiam of x man's gecarl jodgments 
is itself & pameral judgment, Bot since all belief involves 
bait, x0 doce the exiticion of any judgsant whatever, and 
T do not see anything objectionable fa th, There isa feeling 
of creularity aboot it, but T think itis hssory. Anyway we 
aD recur tot Below, 

“thin accouat of cxusal laws bas certain resemblance to 
Bealthvaite's) and we must compare thera clonely 10 see 
‘whether it escapes the objections to whic hin is liable. Ha 
said that a universal of law was one beleved on grounds 
ot demonstrative, and T atid? that tbat woold not do for 
(hee separate ceasnns — 

(2) Some aniverils of law are not believed at al, 04, 
‘aenowa causal Jaws. 

@ Some universals of fact are believed on grounds not 
Semoestrative 

(9 Sous (derivative and localized) aniversals of law re 
believed on demonstrative roaads, 

I, therefore, pat up a difereat theory by which canta 
use were consequences of those propositions Which we should 
tke as axioms if we knew everytblag and onpanived i¢ at 
simply as passble in a deductive system. 

‘What ls sald above mieass, of course, a complete rejection 
of this view ((or it is impouible to know everything and 
onganine it in & deductive syaten) acd 2 retura to seething 
nearer Braithwaite’s. A causal generalization is not, as T 
thea thought, one which is simple, but one we trust (the 
age at dexth of pocte® cooks). We may trust it beeause it 
‘simple, but that fs another matter. When Tay this T must 
ot be mismderstood : variable hypothetfods are ot 
igtingaished from conjunctions by dhe fact thst we beliews 

1 RB Beanies Le of Kecemty Conan Hn, 


segraad 
7 [tee nf teeing of 908 sapere bye pepe ED] 
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Orem, they are mach swore radically ferent, Bot the 
cevdence of a variable hypothetical being (often at lena) 2 
confunction, auch a caajunction is distingsished toma others 
in that we trast it to guide as ix « new instance, Le derive 
‘om it a variable hypethetical. 

‘hia explaita bow Brathwaite came to ary thet ws were 
thoue whlch were believed; but, put ax be puts it, itis of 
une wrong, being open to the objections male above. 
Beuthwaite's problem was to explain the meaning of ‘P is 
‘4 l4m of natere’, Our slatlon is tat to say thi isto assert 
P afar tha manner of x variable hypothetical. (Or of acurme 
we may extend law of nature to aay conjunction following 
rom one in the above sease.) Bat this solation is incomplete 
because it does tot at allexplain wht we mean when we speaie 
of an unlnown law of nature, ot one described but not stated, 
the low that characteristics of people depend in some 
may on chromotomes (but a0 one knows how), of, be has 
Alvcovered « aw gornming the extension of spings (but 
don't know what law), wherein the vcond inatance I say he 
believes a variable hypothetical, and farther imply that {4 
‘trae, bt snes T do not know what itn T cannot myself adopt 
1a attitode towards 

‘Ties fa each of these cases wa seem to be (coating the 
‘enknown law as a trun propeaition iz the way our theory 
say i imporsibie. 

‘The mame didicalty also occurs ia the fitist theory of 
mathematic, when we speak of an usinown true matheratieal 
‘opouition. In this dearer Geld the slution should be eater 
and then extensible tothe other. 

‘An unknowa truth in the theory of xumbers canoot be 
interpreted 23 an faslnown) proposition tree of al numbers, 
but 28 068 proved ce provable. Provable in firm means 
Provable in any number of sepe, and on fnitist principles 
‘he sumber must in soa way be Limited, eg. to the homenly 
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Pouible, “Sando has discovered a ew theorem’ masan 
therefore that he has constructed « proof of certain 
Tanited sion, 

‘When we (an to an unknown causal law, what is there to 
‘norrespond ta tha process of proot ou which the above sation 
‘mens? Clearly only the proceas of collecting evideaoe for the 
‘canal law, aad to say that there is such « Law, though we 
don't now it, mast mean that there are such singolar facts 

‘same Limited sphere (@ disjunction) as would lead us, 
id we know them, to asurt « variable hypothetical. But 
this is not enough, foe there mast not erly be facta leading 
to the gemecuization, hut this when made mst pot mislead 
i (Or we could not call it a true causal law) Tt must 
‘terefoen be also asserted to hold within a certain limited 
‘eylanfalen to be the scope of our posible mxperiene, 

‘There was nothing correxpaoding to this isthe mathematical 
‘tse, for u mathernatia? gacerfiation must if proved hold 
‘in any pabticula cate, Dut au enuptical generalization cannot 
‘be proved ; and for thers to be evidence Seadlng to it and for 
18 to oldie other ease alan ave separate atte. 

To thia accomnt thece are two posible objctiane on the 
score of circulaity. We arc trying to explaie the meaning 
of amerting the existence of an unkmows causal Jaw, and our 
fexplaaation may be said to be io terms of the atsection of 
imch Java and that in two different ways, Wesay tt means Uaat 
there ae fate which woald aad ut to aasct « variable bypo= 
ation; aaa here it may be waged that this means that they 
‘would lead us in vietur of coe possibly unkaowm cans law 
‘to form a habit which would be constitated by another 
‘unknown canal law. 

‘Tothiswe ansper, Se, tha the czaal lw in virtse of which 
the facts wonld lad us to the gmeralization must not be any 
‘unlnce law, ¢g. one by Shh knowledge ofthe fata would 
fet dive wx mad and so to the mad generalization, bot the 
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Yroen laws exprening our methods of indutive reaming ; 
snd, somdly, that the esknows variable hypothtical ml 
‘ere be een to mean an wales statement (whoweayaine 
vil of enue be Imown but not ite terms other meaning), 
which woul, of cour, lad to babi fn ire of « known 
rye law 

‘What we have ald fT lak, a saticiest cutine of the 
snowers to the relevant problems of analy, uti is apt C0 
lave ut madi and wasatnGed as to what aces the main 
questa quention not of peyehclogical analysis bat of 
toetaphyice wih ix "fs canton 4 ealty ow Beton; 
and, IC feo, ist wife or maleating,erbitary er fe 
penstble?* 

‘Wear begin By ashing whether hese variable bypothetls 
‘Ply a esential prt in ar thoeght; we might, for intaace, 
think hat they could wip be ininated nad replaced by the 
‘rimary propositions which serve as evidence for thes, 
This iY think, the view of Mil, wo ured that iaatad 
ff saying “All nen die, theretove tbe Duke of Wellington wil’, 
vee could may *"Suchand-mich ten have died? tharelore the 
Dade wil’. This view cam be euppoct by obuerving tht 
‘he elinate purpose of thought isto guide our setion, ad 
‘hat ox any oxeasion our ution depends oly ea Belief or 
degre of elit in singular propositions And ac it wos 
be posible to organian our segslar beliete without aniag 
‘arabe infermediciey, eae tempted to consi that thay 
ae paely siperfoons 

Bot this woeld Think, be wreog: apart from thee valne 
a elmpliying our thought, thy fore: an etal pst of out 
‘aied, That we shi explicit in general terms fat te root 
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€ al prune ad ame and mh dsctton, We canaot 
‘lane tan except by consdering what wold Bare agp 
he bad aciad otherwan, and thin Kind of unfold 
condiealcannet be iaterpeed a8 a materi! impatios, 
‘but depends neatly co varie Bypetetcs Lat we 
consider this more only. 

‘When we debate box! a pombe actin, weak oretves 
what wihappen iw do this o bat. If we ive 8 ete 
tn ofthe fore" IT do 9 4 wil eat ein can propery 
‘be egeded ou ate impation cr dijacton "Either 
sotp or ¢° Dut it difern, of coun, on aky odiony 
disfunction in that ene of its members is not somathing of 
‘hich we ace trying to dove the ‘rth, bot matting 
thin our power to make toto fis Tt wn goon" Asc 
1, then 77, we gat more materia implications of « morn 
srdinary Hd 

Beakes daft anemers “If p ¢ wid ral we often get 
omes ‘Lt p, ¢ might resatt* or “¢ woukl probably result '. 
‘Here the degree of probability is clearly not a degree of 
betiet in “Not-p or ¢', but a degren of belief in ¢ give %, 
‘Wich itn vieatly poole to ve wthoat a dati gre 
ol ble in 9,9 not being am ntl probe. Ad Oar 
cut lasgely determin by thee degree of hypothe) 
tale, 

‘Now suppor a man isis uch a itso For instance, 
myyoe that be ha «se and decile ott ett, brane 
thins wil wee i, a sugpne that we cxsier is 
oduct end decide thst bois taken, Now the bit on 
veich the mus act is that if be eats the cake be wil bei, 
fahn ccndig tocar shove scent et ante tngtcton 
We camat cote ths prepilin eter before o itr 
(he creat, for i tran provided the man doem't cat the 

1 pn econ at ec ti aa ta 


eats PST beats op oy by dno 
Eee dreue att ee ides 
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fake, and before the event we have no reasoo to think 
tba will eat it, aod after the event we now he bum, 
Slave be thinks nothing false, wy 20 we dispute with him 
er code him? 

‘Before the eveat we do die from him in 8 quite dar 
way : Sta pot that hebelieves p, we 5; but behas a dierent 
ogres of bliin ¢ given from oars | and we can obviously 
ty to convert hiss to our view! But after the event we beth 
lenow that be did wot att the cal and that he wns not i; 
(he diference between us ie that he thinks that fhe bad ete 
‘the would have beea ill, whereas we think he would sot. 
‘But this is prima facie not a dileeace of degrees of belit in 
_my proposition, for we Doth agree as to all the fact, 

‘The meaning of thee amerticos about unfeliled codltions, 
‘and the fact that whether the eanditios are felled er wot 
‘makes no diflerence tothe diflerance between us, the common, 
Danis, as we may tay, of the digpate let inthe fact that we 
‘think in general terms. We each of us bave vatiale bypo- 
theticals(or inthe easeof uncertainty. chances) which we apply 
to any auch problem ; and the diference between ns is 
Aierence ia ragard to these. Wo have degrect of expectation 
‘vague o clea, a8 to the outcome of any state of atfaia when 
sre or wherever it may occur. Where there is apt to be 
ambiguity i in the defaition of the state of affair; for 
fnstanoe, in considering what would have happened if 4 maa 
Tad acted diferent, we are apt to Introduce any fact we 
Imow, whether be did ar ona know it, ag the acto positon 
of all the cards at bridge as opposed to thelr probabilicer 
of patton from Ris point of view. But what is dear ie that 
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cour expectations are general: when the sort is clearly defand 
‘we expect with the same protatiltes im any case ofthe sort. 
not, and we sxpectod difeenty in every real ease, expectar 
‘Hoe in an imaginary ese sould bave 0 maaning. 

All this aps. of course, equally wal tothe consequences 
of any bypotbetial event and not only to Inuman actions 
bare chosen to expound st with rferense to the latter 
because 1 think they are of qulte peeliar importance Jn 
explaining the specs) poston posessed by oxaal aw, which 
fe an izgortant bat not the exly type of variable hype 
theticas, Ia order to deal wth this question lets begin 
swith byptheticals ix graeral. 

“If f, then ¢" aa in 20 se08e be true unless the atria 
Implication p23 is true: bet it generally means that #39 is 
aot only tre but deoeibe or discoverain in some particular 
may nok explicdy atated’ Thin is alwaye evidect when 
“Up tues g" ox” Bosaine 9. ¢* (beans is rcrly a vasiant ox 
W, when f 8 known 10 De tru) is thought worth stating 
coven whan itis alzeady kown either that # is false or that 
415 true, Tn general we can say with MOI that "UE then 
mena that ¢ is ntercibe fom , dat is of course, trom p 
together with certain facts and lows not stated but in worse 
sway indicated by the context. This means hat #34 foBows 
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explanation Is not clfcular as Braaey thought. OF eoane 
Ghat $34 fllows from the facts is not a propoitoe of logic 
bat a description ofthe facts: ‘They are such as to tnvalve 
#24! Corresponding to the kind of las oc fact intended 
‘we get various subtle syntactical variation. For insta, 
“"1the was thers he amt ave voted for it (lori was pasted 
‘usanimotsly), bat fhe had bera there, be woald hava voted 
‘against it (ouch being his navara)” (Us this, law = variable 
Dypothetheal) 

‘One clas of caves is particwlarty important, namély those 
in which, as we may, our ‘if” given ux aot only «ratio 
ognescants but alvo a rats essen. Im this case which {8 
1. tha normal one when we say” If # bad happened, ¢ would 
have appened ', fy mast follow from x bypothetial 
(2). br x and tctsr rg being an instanceof xD gx and 
4 duseribing events nat enir than any of those deverbed in 
‘tr. A vaciable bypotbetial of thie tort we ella ceutal dev, 

‘We have oow to explain the peculiar importance and 
‘Objectivity ascribed to camual laws; how, for instance, the 
eduction of etc {corn cause is conceived as 40 radically 
ferent from that of exmue rox effect. (No one would say 
that the cause exited becnase of the efloct) tis it seems, 
8 fondammtal fact that tha fate is de to the presezt or, 
are milly, (9 affected by the present, but the past isnot 
‘What does this mean ? I¢ ie not caer acd, if wa try to make 
it clay, it terme ito nonsense of a Gefiitcn  * We speak of 
vaio sci when the protasis is earlier than the epodacs 
DE! We feel that this te wr00g; we think there is ome 
ference bacwoen before and aftar at which we are getting ; 
bat what cin it be? Theve ae dffeences between the ls 
deriving eect fom cause and thace deriving canse from effet: 
‘butean theyreally bewhat wemean 2 No: forthey are found 
1 fosteriri, bat what we mean sa priel. (The Second Lew of 
‘Taeemodyzamics is © fostavert; what is peculiar i that it 
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seems to serait meniy from absence of law (Le. chance}, 
‘nat thera ight bea law of sailing) 

‘What then do me balewe abot the future that we do ot 
‘oaiere about the pat; the past, wo think, is stteds 1f 
‘his means moore than that i x past, it might meen chat 
sete for ut, that nothing now cceld change oer oplaion 
oft, that any preseat event i frlevant to the probabibty 
for os ot any past avert. Bat that i plainly natroe, What 
Is roe ie this that any pouibe present woltion of outs Is 
{loro ielevaat to any past event. To another (or to our 
salves inthe futur) it ca seve asa igs of te past, bot tous 
om what we do aes only the probability of the futme, 

This eae to me the woot f the suater; tat T camot 
ect the past, fo « way of saying sometting quite clealy 
true about my degree of bit. Age tom the station 
sehen we ate deliberating sees to me to arise the geneal 
Alerence of cane aad eect. We are than eagaged nat cx 
Gelatersted Liowledge ox clamiicaton (10 which thie 
‘Aferenen is wttely foega), bat on tracing the ditrent 
onsequences of ce: poulble tons, which we natslly 6 fa 
sequence formed tine, proceeding trom came to efet 
ot fom eect fo chase. We can prdce A oe A? which 





produces B oe B' which etc... .; the probabilities of 
A,B are mutually dependent, bt we come to A fest from our 
pretene volition. 


Otter people we sty can afict only the future and ant the 
Dest fortwo reasons; frst, Uy analogy with ourselves we know 
dy cam atlect the futare and not the past fram their aw 
potat of view ; and secondly, if we vabsome their action under 
the ganaral category of cans and effect, it can only bea camse 
‘of what Is later than it, This means eltimetely thet by 
aflecting it we ean caly affect ‘odizetly fin cur calclaticn) 
‘events Iter than it. Tp a sense sy present action is a 
ltimate and the aly altimata contingency. 
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(OF couree i is oor owe past we ow we ceanot ict 
co om futoro we iow we can. The txmching oat af 
Inuaace with at moat dhe velocity of light is known by 
experience] 

eis lear that he notin ase of casa lane presuppmes 
30 ‘law of section” to the aft that every event has 4 
came, We bave some varehle hypotbetls of the fora 
“Ut ge; thn ar? with Later tam calla cama! Lawn 
thes ofthe fran “Tf, thes probably a foe ye"; thin in 
Called chance. We spose chance tobe limate i we see 
so hope of replacing it by law i we knew sana fact. There 
inno ceagon fo suppose it swt ultimate, A aw i chance 
ity of coune, ax is shown ia my exsay om chames, the 
ances do not give actal degrees af alo bat simpler 
ate to which the actaal oes apyroximate. So too we 60 
00t belove the laws for certain, 

(nth view that woe taenexpiining, cna accanity 
lu net a fact when we ater @ camra Hw we ate aserting 
ota fact, not an afte conjunction, wor a eoeaactian of 
miveral, but mvaciable Bypothetial which is aot atity 
a proposition at all, bat a formule tea which we dirive 
positions. 

‘ae moet abi exiticien ofthis view ia tha it ia eat, 
fort sees to expais away cassalty by means of « note, 
same that of « variable bypothetial, which il invlves 
camalty. For the existeace of & variable fypothtia! 
depends on our ag it a3 sch 12. scoding to x cand 
Jaw of our ows mate proceeding front to partial belt, 
‘Wo mast try tomake the answer to thiscritca rally cer, 
for it Is crtaialy east, 

‘One incr point may be made frst: wariahie hypothetcls 
taysve caoslity no ore and so eu than odinazy bebe 
{oc lt beloage fo the esene: of any belief that we dete fom 
it, aod act i a cectain way, abd this nota invelves 


as ast 


xualiy just as amch 2s does the variable bypetbetil 
‘Te caumal lew counted with the Intec a more completed, 
Dot not ementady Giferent. Eg. there is mo hierarchy of 
Cope of causal hws, bet merely growing bemagmens 
exrplcation He a)» (6) BND 

‘Bat now for the mnin point. ‘The word, or rather that 
pat of with wblch we are acquainted, exhibie a6 we must 
Al agree a good deal of regulaity of eseeticn. 1 contend 
that over and above that i exible oc featece called cautal 
scomity, but that we male sentences called casa laws from 
which Ge. haviog made which) we proce to actions and 
propoinecxnmectd with ther in a certain way, and sy 
hat x fact amerta in a proposition which ian Snttanoe 
of causal law i a case of causal eceaiy. This 1 regular 
feature of oar condaet,u part of the general repelaity of 
‘ings; asalays theres nothing in tia the regularity 
(o be cated caunlty, but we can agsia make « variable 
hypothetical aboat this conduct of our and speak of it at an 
faylaoe of causality 

at may the not be something which might be alle rel 
anmection of univers? Tans deny it, er Tn aie 
load nothiog by soe a phrase; what we eal cau) laws 
1 nd tobe noching of te sort 

So too there may be aa ifiite totality, but what see to 
be propositions about tt are agnin variable iypottinls 
snd "infnte colleen it really wossese. 

Vaable hypoteticals Rave formal analogies to other 
proposiions which mike ws take them somctices an facta 
stout universal, sometines as fndste conjunctions, Tae 
analogies ar miseading, dtd thongh thy ar to eeape, 
and emotionally satsactory a8 they prove to diferent types 
of mad, Both thee forms area" mut erected by the 
reat et. 

‘The wot of thing that makes ove want fo take a realistic 
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iow of eoumlity Is Cis, Suppose the human race for no 
uso alwayn mppowed struwberrias woald given them 
‘sMomach-eche and so never ate ther ; then all tir beliefs, 
‘ecicly socalled eg, that i Y eat strowberries T shal have & 
‘pain, would be trae; but woald there not realy be something 
‘wrong? Is it not a fact that if they led exten them they 
\wovlds’t have had 3 pain ? 

No, it isnot a fact i¢ 5 consequence of my rule, What 
au fact fs that [have eaten them and oct had 4 pala. If 
we regarded the unfilled conditions! as {act we shoukS 
Ihave to suppore that any such statement as ‘If be had 
hulled the cards, he would have dealt himself the ace 
Jas a clear sense trae or false, which is wbmrd, We only 
rogard it as senge if i, or ite contradictory, ean be dadveed 
fron our system. Otherwise we say * You can't my what 
‘would have happened", which avunds like « confession of 
Jignorance, and iy so indeed, becauve it means we can't 
foretell what will happen in a similar case, but not 
because “what would have happuned is a eelity of which 
we are tgnorant. 

But thelrayatem, yousay, ite all the fete nowm to them ; 
‘i to syutema both ft tbe fats, is not the cheice capricour ? 
‘We do, Rowever, beliove that the systems ie uniquely deter: 
‘mioed and that log enough investigation wl lead ma all tot. 
‘This ix Prize's notion of truth at what evaryone wil believe 
fn the end; it doce not apply to the trathful statement of 
matters of fact, but to the true scintie syuter'. 

‘What was wrong with aur feats the strawberry abstainans 
wat that they 6d not experiment. Why thould one 
experiment ? To increase the weight of one's probabilities: 
if gis elovant (a p, It Is good to Rad out g before acing in 
‘way involving p. Bat if gis known it isnot worth while; 
‘they Inew, 2 they thooght, what the inne of the experiment 
‘would be and s0 naturally omalda't bother to 40 it, 
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‘The dificalty comes fundamentally trom taking every 
sentance to be a proposition ; whea it i wma by consiering 
he portion of coincidences that cbances are not propestans 
then it ehoald be clear that les are not either, quite apart 
om other reasane. 


NozEs 

(0) AU teeing, chances and law Are contracted with 2 view 
‘to tepplecnatation by dlucovery of arth facts; Chee facta 
tw alwaye ‘ae a Kaown fot carta, Waat is to be done 
‘ben we ace not carn of ther i Itt quite vague fit 
(fa the allowance to be mide for ncarlnty about the 
‘teary sant 

(2) Chaace and law are wed fa he sume way Un theoretic, 
yt a9 in primary symam ; caine, (20, Ifthe tbvoratont 
sytem is teoporn. OF coure the chnoreal ryetm i all ike 
f vaslabls bypotbetical ia belog there Just £0 be dadioed 
fro: and a law la the theoreeal eynam te a tO nenoveR 
of dedvetion, 

(2) If the conseganece of a law ce thtory a cot cia, La It 
there Io no tek whether sommthing can or canst be dadoet 
trom it, thea it meat be taken formal: it ln abit not of 
beleviog # wheaever we see 4, bet of Delleving the mraning 
ot any sybel deduced from thew marie. 

(@) Something sould be maid of tne relation of this theory te 
Mame's. Hone said, ov we do, thet hace was nothing but 
reglarcy, Date soem fo contradict bineelf by speaking of 
‘tterination ia the mid and a fei of determination a giving 
‘he dea of weceuity. We are accused of the anme crcalasity 
fajortly he ot fo a mae by Uabiog an ‘Wea of noceity 
fed lading tor a2 “‘sgrenion” It & not Clear fo sn that 
‘hare ia ach an ey and such aa iegeonioa, bat there may ee 
‘When we ar xicanated ab reat of expermoe to thn ia 8 
prtccar way, we wobably do havea dierent ealig trom whet 
soe Hrmbly make up our mind. Bet wo tet et aay we fel 
Sonelies being mecreitatad, for Se the mind there by aly 
ragulasty: the acest wt awe 2 igure of wpe. This 





LAST PAPERS a3 


‘ undertond this very mel and gave Lis ears alt for snore 
Intelgence then tary Sopiny Can ten Setrpenatons 
(8) As opponad i a pamly drips hacry of sence, los 
snty be ealed a forsasing Uory. To regard ew eee mmery 
ff ceria facts Seems me ieacaguate; tao a0 ate 
fof expectation for the future. The diferesce in chart is 
‘Reard to chanon; he Get mmmacsed do act prslade at 
‘qual chance for a colacideace which wold be supimurind by 
126 inaeod, lead fom gute dufreat Beery. 


© PROBABILITY AND PARTIAL BELIEF 


‘The defeet of my paper ox probability was thet it took 
pasta belief a4 « paycbologzal phezomanoe to be dened 
‘nd maamared by a paychakogist, But this wort of paychclogy 
(oes a vory litle way and would be quite voaocrptable in a 
Seveloped teeaoe. In fact the sotlon ofa belief of degree 3 
‘a waeleas to an outside obuerver, except when tl used by the 
{Winker imnself who says * Wall, I babeveit to an axtent #', 
fu, (this ot leat ia the most nateral interpretation} “ave 
‘he same degree of belie init usin vg when I ibink f, 9,7 
‘oqully Weely and kaow that exactly one of them is true.’ 
[Now what is the point of this numerical comparison ? how 
inthe number ed? In a great any caves itis used simply 
‘basis forgetting farber mambers ofthe sane wort iamuing 
finaly in ope 20 near © or 1 that I (stake to fe @ or 1 and 
the partial bli to be fll elit. “Bat sometimes the sumber 
1s weed itl! io making a practical decision, How ? I want 
tosay inaccordance with thelaw of mathematics expectation; 
‘owe I easnat do thi, for we could only se that rule if we 
‘asd meurured goods ane tads. But perhaps in some sort of 
‘way we approximate tot, as we are supposed in cconomies to 
mixinive an unmeasred vility. The qeestion also arises 
why jost thio law of mathematical expectation, ‘The anqwer 
to this in that if we use probability to meas utility, an 
elainad in my papec, then consistency requlses jast this 
law. OF course if utility ware maasared in any other way, 
eg: fa moury, we should uot use mathematical expecation. 
TE there a ne meaniog ta eyes) diderences of tity, then 
money is as good a may as any of measyting then, A 
meaning may, however be grea by our probability method, 
orby means of tine: it. s—y — ys Hx fort day and stor 1 
a 
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day = for2day2. But the periods amet belong or associated 
sth diferent lives or people te prevent mutual infuence, 
Do theve two metheds eotie to the same thing? Cond 
wwe prove it by Heraceli? Obviouly net; Beroalli only 
evaluates chances. A man might regard 2 good and 1 bad 
ss equal to 2 neutral; bot regard 2 bad as imply awful, not 
‘worth taking any chance of. (But it om be made upt 
No, thece would be a chance ofits not being.) T think this 
shows my method of measuring te be the sounder; it alowe 
$008 foc whets. 

‘Al thin is fuse am Aden ; what sens is there really in it? 
‘Wo ean, Think, ay thia > 

A theory {9 m sat of propositions which contains and ¢ 
whenever it comtuins und ¢, and if it cootaina any p conten 
{Ulta Jogkcal consequences. ‘The intr of euch sete camer 
fom the pouibity of our aoptiog oe of Cem ay all we 
Dalles. 

‘A robailthaory aa set of maibersasocised with pan 
of propositions obeying the calles of probubiities. The 
Antero of woch a set coma trom the possiblity of meting on 
1 comsateaty. 
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T have sways tld that « belle! was Inowlsge if it was 
(i son, (i) cata, Gi) obtained by «reliable process, But 
‘the word ‘proces is very tnuatisfactory ; we can cal ine 
fereace a process, bot even thea wnceluble seems to refer oaly 
‘toa fallacious method not toa flso premise as tis spose 
to do. Can wo say that a memery ie obtained by a raliahle 
process? Tiblak perhapewe ean if we can the eastal process 
connecting what happens with my resuecabering it. We might 
then suy.n bell obtained by a rable proces ast be cased 
2 what are not balicfs ima way or with aocumpaniments that 
‘un be more or fe and on to give tran belies, and fi thie 
train of causation covur other intermediary bec thee mast 
al be trve ones, 

eg. Tatelapathy knowledge ?” may sean  ) Taking 
‘here i och a process, can it be ried to create trac beialn 
‘the tolepathoe (within some limits, «when what ie baieved 
4 about the teleputhee’sthoaghts) ?- or (%) Suppoting we are 
aguetie, does the fooling of being telepathed to guarantee 
truth? Ditto for female intitian, bopremlons of character ete, 
erbups wn should say not (i obtained by a reliable proc, 
Dut {ii} formed in a eiable was. 

‘We say’ Trou’, however, whenever we are certala, without 
seecting on reliability. Bit i we 4d reflect cen we should 
remain oxrain if, and cnly Uf, we thonght our way rahable, 
(Supposing us to lnow it if wot, taking ie merely as deseibed 
ft would be the ame, ug. God pat it foto my mind: a 
sopposedly rellshe process) For ta think the way ralishla 
in simply to formalata in variable hypothetical the Debit 
of following the way. 

(One more thing, Ruste says in bis Preble of Philoepihy 

oe 
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‘hat there is no dacbt thet we are sometimes mistaken, 19 
‘that all cur knowlege is infected with some dagree of doubt. 
Moore used to deay this, saying of course It was see 
contradictory, which is mere pedantry and ignoration of the 
Kind of lnowladge meant, 

‘But substantially the point is thie: we cannot withoat 
selfemiradiction say p and q and ¢ and... and one of 
Bite? $0 Gln, (SB We know what we know, cher 
‘wise there woukd not be a costradictin). Bat we can be 
easly curtain that 00a is false and yt nearly certain of each; 
Dut p, ¢.7 are then inlected with doubt. But Moore is right 
fn saying that not avcasarly all aro wo infected ; but 
wo exempt some, we shall probably become fairly clear 
(hat ane ofthe exempted is probably wrong, 220 on, 





= CAUSAL QUALITIES, 

{in dealing with the motion of bodies we introduce the 
‘notion of mass, a quality which we do not observe bet which 
‘we use to account for motion. We can oaly “deme ‘it hypo 
‘thevialy, which is not realy ineligible when you think i¢ 
fot. Big. ‘Tt kad a muse 3 — Ii we bad fred at it a giveo 
bony fouss 1) at 3 times ts vekcity which couesoad with it 
the resuking body woeld tvs been at rest’ is a7 uofulled 
conditional ineligibe only s a consequence of «law, namely 
‘Taw of mechansoa stated in terms of as Tha ruth is that 
we deal with our peimery system as part of & fettioun 
tacondary wystem. Hers we have a fetitious quality, and 
sme ean lho have Gtitions individuals. Thi eal made ena 
in my account of theories, 

Singular propositions is the secondary eyatem we believe 
with much and such degrees of probability just ax in the 
priory yates. Fictitioumess i» simply ignored; we 
apeculate about & body's weight jost a= arach as about its 
‘sition, without for a moraent sipposing that it has not ane 
‘enact weight. The only diference i that we are not ultimately 
Interested in Sctitioes propositions, but wwe bem merely 
(intermediaries: we do not care aboet then for their con 
sake. General proposition in the scoafary system we trast 
{ist like vasiable hypothetical, and co with chansee, 

A theory inn way of saying the cingular primary propositions 
and the variable hypotbeteals that follow fem it. UF to 
‘theories agree thea they ae equivalent, and there sa more 
or lew complicated transiation of ons into the ether. Othe 
‘wise they dite Like to disagresing variate Yypotheicals, 

[No proportion of the seamdary syatem cam be mdersiood 
pert from the whe theory to which it belongs. If cam 
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su "Zens barisGnuerbats', hat ia ot noesense Because 
‘aus does aot appear ia say theory, and isnot deine tx 
terms al my theory. Ihave to eraser it a part of a theory 
and attend to its consequences, eg, that saclSoes wil bring 
the thmdesboits to an cod. 

Thin pouible to have a ‘realism’ about tama in the theory 
similar to that about causa laws, 20d this ia eqaly foolish, 
“Thee is seh quality 3 mass” nonsense ues it meant 
merely to afirm the comseqecaces of a mechanical theory. 
‘This ast be set out fly sumetie as part of an account 
of existential judgments. T think pepe it is tre that tha 
theory of gentral and exiseatal jadements isthe ce to 
everything. 

[What can be sed about ass the pouty ot detiaing 
it in some way, Eq. ‘Arsenic’ isnot an indetnable ow, 
‘but was atthe begining of chemistry, XB Hypothetical 
efstion is wot deinition ; eg. “If Twice delving it it 
wok... Bat Fim not) 

‘An interesting problecs arses as to what would boppea If 
‘nother man's thinking lay in may secondary sytem. [Or 
eves my own thinking? Some axalogy to alleged cicolesity 
in thoory of caustico] This wou be tbe cate if be were 
seqvalated with massor eetricchare,but of cour noone Is 
‘otf fot here may be more ic when eget to a sential 
level. For iontance, bind mania going to be operate od, 
and thinks hes going tobe abe tote: then caloer ist bin 
(ie can planibly soppone) at prevent merely » theoreti 
don, ie. « term of his secondary syutem, with which be 
‘inks he will be aogented; im, part of his fotere thinking 
ties im is present secondary syste. 

Ot course, canst, ftitons, or ‘occalt* qualities may 
cease ta be 20s scleace peogrentes. Eg. brat, the Scttions 
cause of certain pimoaias of expansion (and senatons, 
‘bat thee coold be dimeparded and boat onasidered simply 
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so far ws it comes Into sechanc) is dicoveed to cont 
{in the mtlon of eal parti. 

So perhaps with tacerie and Mendelian characters o¢ 
goa. 

‘Thlsmeansof cours, that ln later thecry theteparactals 
fanctins are epee by fanetons of tbe given eaten, 
Tes quite fala fo uy wits Norma Campbel that" ally" 
fa the alga of thera idea. Any chaoge in theory by 
hich some szple tare is replaced by a comyiex one can be 
cexpraond by saying it ‘really’ i woandso, Eyecily 
‘when a fcttow iene replaced by primary one a in tha 
shove exaples. Caznpoll thicks that eg. atomic theory 
of gasen engnan primary properen eg. temperature, by 
Setidow ours, eg. bombardment. Dut the ete of ‘seally’ 
{ncaly natural on the exaety eoncary view. 


PHILOSOPHY 

Philowphy must be of some yse and we must take it 
seriously; it mest clear our thoughts and no ous actions. Or 
la i fa dlsponition we Rave to check, and an inquiry to 
soe that this is 0 Le. the chief proporition of philovopy fs 
hat philosophy is monsense. And again we must then ake 
serhorly that itis nonsense, and not preteat, us Wittgenstein 
oes, that i's important nensente$ 

Ta phidouophy we take the propositions we make is scence 
and everyday life, and try to exhibit tem in Joga ayer 
with primitive terms and detsitions, ete. Esoeatialy 
philoopby ls « nystem of eaitiaas or, only too often, 
tester of daseriptons of bow defeitany might be given. 

do not think itis necemary to say with Moore that the 
Actinitioas explain what wo have hitherto mount by our 
propos, but rather at they ahow how we intend to 
fue them in fatuce. Moore would say they were the same, 
that phitoropty does not change what anyone meant ty * Thi 
sa table". Tt seems (o mo that it might ; for moaning is 
mainly potential, and a change might therefore only be 
manifested op rare and critica) cecasions. Alo sometimes 
‘philoophy should carfy and distinguish notions previously 
‘vague and confused, and clearly this s meant to fx cur future 
meaning only. Bot thi te ler, thatthe deGritions are to 
five at last our fature manning, and not merely to give any 
pretty way of obtaining a oxtain structure. 
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proposed dfsition of it was oe was sot corect. 1 i nat 
realise the vague of the whole Sea of madertanting, he 
felerenoe it inveles to a multtads of performances a3y of 
‘which my fail and cai to be record. Logi arch in 
tantoloies, matheraties in entities, pilwophy ia defah 
ons; all rival bt all pat of the vital wor of elaifying 
nd crgantsog or thought. 

1 we regard poopby’ a9 a syste of defiitina (asd 
ocldatloos ofthe ue of words which cannot be omazally 
‘Seba, tbe things tater tome problems about tere thee: 

(1) What defaitons €0°ve fee it ep to plow to 
provide, end what do we leave to Un sclenes o feel 
Uuaneceaary to give at a? 

(2) When and bow can we be content without a tink 
toa hut marly with a description of how a dafnition 
ruight be given ? [Tals pot ib mectiooed above] 

(0) How can ponopticl engulry be ematuctad withe 
ou x pespetea patti pine? 

(0) Phiksopby i aot cancerta with special problems of 
Axbaltion bet caly with geoacal nes: it doen nat gropona to 
etine paticalar terms of art or aciene, but 10 settle 6. 
‘problems which arse inthe daSniion of any such tem oe 

he relation of any terms the pyc weld tothe terms 

experience. 
‘Terma of art and scence, however, seat be dion, but not 
seceamriy sominay; 0g. we deine mass by explaalghow 
tomeure it, bet #is aot « somal Seimiton; Ht mrely 
tives the term ‘mass’ in 4 theoretical sirccture a lear 
relation fo cota expeimental fate, The ters we do aot 
eed to deine ae fhoge which we Inow we conld dafise if 
sed ane, ike chair’ or thowe which lke “lab (the salt 
of cards) we oan trast exiy into ional or some othar 
language, ft cannot comvenianly expicd ta words. 
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(Te solation to what we called i (1) 4 ‘genenl 
problen of defaltion’ is actully a description of deft 
loos, from which we lear fom to form the actual 
Aafaition in any pirtidar case, That we 69 often sem, 
to get no actual dgfaion, is Decane the sili of the 
Problem i often that nominal definition is inappropiats, 
sod hat what be wasted Is an expluzation of the use of 
the arabe 

‘Bat this doce not touch what may be euppoted to be the 
realdiicalty ander thi ead (2); fr what we hae od apie 
‘only to the cave a which the word tobe dined blag merely 
eneibed (because treated a2 ene of & la, ity derition 
cr waplaation ia abe, of coun, sanely described, bot 
evcribed in such a way that when the actual word is given 
styactaa detain can be darived, Dut there re other oes 
{in which the word toe dened betag given, we ae given in 
retura no defitoa of i but a eateeent that its meusg 
Aavelvebentite of ecband-esch st ia tscnadanch Way, 
ea elatemant whied would give en defini wo bad 
‘aries for theze entities. 

‘Ant the ue of his, its peey to he tra ia connection 
wth varlbles, to pot i a8 a vale of the right compler 
vraba: aad it premppons that we cas ave vaabler 
‘without samen fx all thes value Dilcalt queens alse 
48 weather wea mut als be ale to nae all the vee, 
and if so what kind of ability this mean, but dey the 
shenemenon is in sume way ponible in comnection with 
sentation foc which ou lsguags is v0 fragmentary. For 
instance, ‘Jane's voce” is « dnerpton of charcerstc 
‘of tensatoat for which we hare xo sae. We coal phage 
‘amet, bu om we entity and name he dilarentntarooa 
of Bch cones? 

‘An chjection often made to thage deariptins of definitions 
sensory character in Cat they express what we sould 
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‘ind on analysis, but that this Kind of analyte changes the 
sensation analyeed by developing the complexity whlch it 
reteads merely to dscover. Toa attention can chang our 
experience is indabiable, bet it seems to me poste that 
sometimes it romals a precxsting omapleity Ge. esbles 
ca to symbolise this adequately), for this is compatible with 
any changein incidental fc anything een except a cretion 
ofthe complesity. 

-Azotherditicalty wit reper to deriptions of defitons 
4s that if we contrat oarseves with term we may get simply 
nonsense by introducing nenseaical variables, eg, detrbed 
Vaxiales och ax partialr* or theoretical ideas wach ax 
"point', We might for instance say that by “patch” we 
ean incite clas of pints; if wo we shout be giving 
‘ep phlmapy for theoreti payhology. Fer in pitwophy 
‘we analyse our thoght, in whic patch could not be replaced 
Dyna cds of points: wecouk ot determine parca 
infinite cas extesinaly; “This patch fei not sort 
for‘ aisred und bined ete, . «where a 8, ara pats 
(Glow would it be if ant « were notre?) Tait antes of 
‘points could nly oome in when we look at the mind from 
ufslde and construct w theory of i which ite vensory 
‘hd consists of clases of coloured pints about whic it 
inks. 

[Now if we made this theory abot our cwm mind we shou 
Ihave to regard tas accomating for extn fact, hat this 
patch is ed: bet when we ae thinking of ether peorle's 
minds we hare 20 Lats tat are altopeter in the cal of 
‘theory, and ean persuade cuneives thet thee theoreti 
constroctioas exhaust the ed. We thea tara back o@ or 
comm mings, nd say that what are realy hayoening there ara 
imply theme Chemical proms. The clearest fntance of 
{isis ofcoure, materaie st many ole Phlegephin, 
og Carp, uke jot the same mistake 
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2) Our third qoastion was how we could avcid palin 
Princip he danger of which ai somewhat 28 fom 
1s ender to arty my thacght the proper method seems 
tobe singly to think oot with myralf “Waat do Tmecn by 
that?’ ‘Woat are the separate actions involved in this 
tem?" "Does this really follow tam vbat?” te, and 
to test identity of mesning ofa proposed detent and the 
deSnicadum by eealand bypotbetial example, Thiswe can 
oft do without thinking about the ntare of meaning Staaf; 
‘we can toll whether we mean the sine oF ferent things by 
"horse" and“ pig witout thinking at all about meaning fo 
fever, Bet ia order to settle more compleated question 
ofthe sort we obvisesly need gia structure, a gystem of 
Teg, into which to bring thea These we may bope to 
‘btu by aelatvely ety peeviow appt of the we 
rmethos; for iance, i woald not be diicult to se that 
for either tot po not-g to be tr i just the same thing a2 
for not both p and gto be tue, Tn is case we constrvet 
Jogi, and do all oar philosophical aalys emily ana 
onion, inking al tbe tae of Ue acs and wot about 
om thibkiog abvat than, deciding what we mean witout 
Ay reference tothe mature of meanings. (Ofcourse we cnld 
tuo thick about th nature of meaning ia an urvel¥ecncious 
way; Le think of « case of meaning Defore us witout 
reference to our meaning i] This sone method and it may 
be the right one; but I eink i te wrong and leads toa 
fenpace, ane T part cecpany from it the fellow way. 
Te geems tome ha in the proces of ariyig ou thonght 
we come to terms and eateaces which we cxmnot elucidate 
in tue obvccs manner ty defining theirrcarag. Forinsanc, 
‘asable hypothetical and theoretical terme we cannot dee, 
‘bat we can explain the way in which they are wed, andi this 
explanation we are forced to nok not only at the objects 
‘which we are fang choot, but at oar owa mental sate, 
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‘As Johason wonky, in hs part of logic we cannot neglect 
the enim oe eabective de. 

‘Now this meant that we canect get cleat about theu terms 
and sentences without geting cear about mezing, snd me 
seem to got into the wuation thet we conaot emdertand 
cg, what we say aboot time andthe external werd mithoat 
fest understanting meaning and yet we cannot understand 
rrasing withoet fest andwatanding cxrisinly tine and 
‘probably the extemal world which are invlved init. So 
‘we cannot make our philoscphy into an erdcred progres (0 
4 goal, bot have to take our peebens as « whale and jemp 
fom siultaneou ution; which wl have something ofthe 
rmatere of & hypohess, for we shall accept it not a4 the 
sonsoquance of direct agusact, bat as the ony one We ca 
(Dia of which salen ote several reuire=net, 

OF cours, we should not strcly wpe of argument, bat 
‘here isin pinoy w recs analogs to Hea inerencn 
tm mich thingy became anccesvely clear; 42d sine, for the 
hove eaoo, we cannot carry this through othe ead, Weare 
{n the ontiary postion of vente of having to De content 
‘with plecuel caprovertants ws axa make wevera things 
eacer, bat we cannot make anything cen. 

1 find tis eclteenstousaras nevitable in philosophy 
except ina very lima fet. We ae driven to phicaophine 
‘been we 4020 know ceaty what we wea the question 
‘a almajn’ What do¥ mean by +2" And only very oeasonally 
‘ua we sll this without redscting ox meaning. But it 6 
ot caly an obstacle, this cece of dealing wth mesning; 
itis doubles an eneatat cine to the truth. If we neglect 
Se fea we may get ito the abverdpossen ofthe chili the 
fellowing dialogue: “Say breakins.' “Can't! ‘What 
can't you my?” Can’ say Breaks” 

Bet the necaity of seifcomaioumes zat oot be ned as 
4 jnttfeaton for nooensical bypotbewes; we are doing 
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BRopephy nat theoretieal peychlogy, an oar snayses of oar 
Piaterants, whether about meaning of anything eee, must be 
sich as wo cam eadersand. 

‘The chief danger tocar phUenephy, apart fom Tsiness ant 
wooline, is scan, the sxeace of whichis treating 
‘What i vague anf were prce and yng (0 tI into at 
cock lglal ctepory. A typed pce of ehulsilam Ss 
‘Wiltgentein's view that a our everyay propositions are 
cnpetaly inorder and thats ingot thik Wogicaly. 
(Thistle saying tha iis impematteto break tere of 
Ieidgebecane 1f you ea hess yoo oe ot playing bridge 
bot, an Mes Csaya,not-beidge) Another the argumentatind 
out acquaintance with before eading tothe cotton that 
‘we perceive the pst. simple consideration of the astute 
alpine shows that we coeld reat diferendy to AB and 
BA without perciing the past. eo that the argument Is 
snbetatlally nosound. Teterason play with acquaintance’ 
Which rmaaba, At, capacty to wymbole und, eecondly, 
seasory perception. Wittgestain teams to equivoute in 
just the name way with bis notin of given" 


APPENDIX 
CRITICAL NOTICE (2525) 


‘Twactaue Logico Pilesopeus, by Leman Werraemerent, wits 
an Introduction by Bexrzaro Roser. lateruatinal Library 
ol Tiychlogy, Peopty and Scieeise Method) voce 


‘Thi most tnaporant book containing original ideas on & 
lasye rage of topic, fem «coherent syste, hich wheter oF 
‘co it athe aot las, in ena the Gal okt thn 
problems dale wit, of extraordinary intrest wel deserves tha 
sttention ofa povopbees Aad even ithe ystems be altogetber 
‘mvound the book contains & large aber of profound obi da 
sd eritci of eter theorien, IE, however, wey Aca to 
‘uedersiad, in epen of Wow fact Cat be printed with the 
Garman text and ac Faglab trumiation cc oppeite payee. 
‘Ms Wittecatta sts, sot conseeative prove, bul short propet- 
‘tora mustered 40 as to whow the ecophais ld upoe them in 
is expuuiton. This giver bie work nc atinuctive epirascmatic 
‘avout, sod pethape mate it core accerate in detail, a each 
‘sentence mast have tesivad eparnts coesderation but It 
seman to bave prevented Sen tom giving adequate explanations 
‘f smany of hs technical tras asd Cherie, perhaps Dect 
tmplanations requis wwe were of accuracy. 

"Ths datchncy ia portly mace up by Mr Bashi Yetdam 
oa: at {ti poale that be & act an fall guide to 
Me Witgeestsia's meaning, “Ta order to usdertand Mr 
‘Wittgrostin’s book," sayy Me Revel, ici recemary to reaine 
what athe protien wih whic Bes cemceranl. in i pst 
1s ory wile dais with Syubotses be ip coecersed sith the 
canaiioos Dr would bave to be fulled by « loqiady prefect 
language" Tht seems fo be & very doubttel generalization; 
here ae, deat, pomages ia which Mr Witigentesn & explily 
cxnotened with «logically pectect, and not with any guage, 
(0g, the dicanion of “logealeystan "i 9325 : Data goer 
‘be seroet to catncas Ghat ie Qoctiees apply #0 orhaary 
Ianguaginin opts of she apraacane a tin century te epecaly 
4002 i). This obviomty un important point, for ts wie 











‘appication ermtty iecrmua the inter and Saban tht 
(laity of amy thes exch a that wilh He Roel declare 
te be perhope the mort fundamental in Mr Wiigeaicn' theory} 
that “la order that «ceria eotevor skoeld emert a enti 
fact there mst, however the lacguage many be erastructed, be 
somathing i= common between the wrecras Of th peatenoe 
[ed he etree of te face 

‘Tain doctinn appear to dopant on the dieu notions of « 
* plture ad efor of representation wih I sallow ty 
‘wera and crite. 

‘A picture i fac, te Sack tat i slements ara coushined with 
oe another ja 8 dite way. Their eiemants ae coordinated 
ith certain objects (ee costtuenta af the fact of which oe 
‘plotare ib speetume). "Thave eordistions exastitte the repre: 
‘eUtng relation which makes tbe picture picture, Thin repre 
‘entng elaticn "belong to te pictare” (ests) tT chink, 
‘lean that wheeever we tall af pictus eo Da dn Rind some 
rwpremsting elation Ia virus of which it it plctar. Under 
‘thew circumstances we vay dat be pictare represents hut the 
‘object are wo combined withowe another nar the eeoweat ol he 
pletare and (ae Gaeta ofthe pete. Ad T think this wast 
‘be uae to be the definition of "epemeats and of “amas 
that fe to aay, that won we way tbat picture reprecate th 
certain object are combine! ie & certo may, we tenn ely 
‘hat the eee f the peter ae coeslom! te Sat way, and a 
coordinated wis the objects by tae ropaeaeting relation which 
belongs to tim picture. (Tat tin dalton fellows, ia, 
from 5548) 

Tight may be throes on de "form of repreeatation* Hy the 
{ollowiog reowrie wade carter bx the boa on the atrocare and 
form of fact The way ix which objecta hang together ix Ont 
‘oriefact ln the strctars of the stole tact. ‘Toe form i he 
‘omiblity of the tracers. The srvetare of the fect om of 
‘he stractares ofthe atomic facts" (x07, 2033, £039). Toe aly 
‘ela wiles} can sen the cstncton bates ttractns  e, 
{B thar the invertion of" pomdilty * may Incede the cae Sn 
‘which the alge face whee fora we ate considering not aft, 
1 that we can tall of the fom of the fact at, whether or 20 ath 
‘a trv, provide it logically pease. Teint be rare ht 
‘he above dafitons donot take caer whether two fac ca 
cover hare the mame structure or the some form ; it obs anit 
‘ro atomic fects night well Mave fat age sryctue, bose 
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ject ang togeer inthe arse ay ln each of them, Bt i 
eta rom yosia er i oe bok that te trctnr of the fact 
nok mawely the way fo wich fhe objects hang toyetaer Dat 
pend alto 08 what cbjots they art, 46 that te diferent Gt 
‘nove have the sure ercare 

A plcture i a fact sad as suck has structure and a form: we 
ae, Rewer, gles the flowing ew dedciicas of‘ etrucare” 
od ie ore of epeeentntion fa rts, age. “Tart te 
‘Oemeats of the plorre aoe combina! wih cbe anober in 
edsitewoy,repeeomso Hh tb Clogs are so comand with one 
another.” Tao onannetion of Gre elements of toe pte clint 
ty trucare, a te pomsy of tis tractare calle th form 
ol peprematation of tha pctoe. Tha form of repro ttion Ut 
(ha powebilty that tbe tings ae wo conned with one anctoer 
sare te slemeats of the pure“. Tie page is pang: 
‘rly, becase we Lave bere two dierent deiitions of the form 
‘of repesetatin, and secondly, been i aot cbview Dow 
‘to lntarpert "thin cansection “in the Sra of the two defitions 
4 may ler to the dedsite way io which the eanantt are 
‘ambloed, oF to the whole of the pverdiag seatocr, 4. “this 
feomnection of the earents” may be that their continat 
repremats & similar comaaation of the thign On nuther 
Interzetatlon dont tbe Gast dation eas 9 clack wt the 
cond. We can oaly hope to decite between thete poutble 
smesolngs of * fore of teprevenatin * by enadecng tbe things 
‘which Me Wittgrstain says aboot it Jy chief propecty, whith 
‘mate it of Sgadgeaneal eortance ia his aor, i that arte 
mary: "What the plecare mast have (a comanoa with ality 
a order fo be able to mpewecat it alter it manver—righty o& 
fabiy—is io form of rpeecatation.” Further, "what every 
‘ictus, of whatever toa, mest bave in coca. with realty 
{Bort to be abe wo sept tat all ightly or flely tate 
logical form, that, theform of reality. Ifthe orm of epreents- 
‘ous he logial fr, den the pctre i called ogi pict. 
[Grery pletar bait a logeal pence. (Oa the tba tnd for 
cecample, not every poture spatial)" (eu a, on) Tt 
spp, toa, tbat « pictare may Save reveal fous of repre 
Destatinn, baton of ase east be he age farm and Ha eis 
sot ameried thatthe pictre mast have Che samo logal Jorma 
‘what It pletae, but thst al plevere meat tare ae Toes form. 
‘Tot eo nies mote sibs Ce dedi tat the gical for 
af eopusentaton cannot be sepremented : Sor fat wan common, 
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10 00e picture nd rainy could aan a0 ground for topping 
att ould wot be repraneted im another plctane, 

‘Now itis ear 16 woes enue fa isch a picture may have the 
tyatial and matt also have tn logis ona, emely, by tng 
{orm 2 be the (pesley of te) way i which acento te 
‘tur are combised. (Ove of tha nterseatons of tbe Er 
‘etaitioa given above) ‘This may e lpia, a1 when te colour 
(ha patch on a map rents the eight alee sa level of the 
‘amerponing patch of cousty ; the eemeata of th pict ore 
combined ax predicate and subject, and tis represents tat (8 
‘urreyonditg thing te aso comblaad as predicate and sabe. 
(Qn thaotter hand, he form way be spatial n when ove dot beng 
betes to omen reemente hat 2 cata tore swt Ee 
‘thar: ut a thi cas we ca lo eg Detweencats 208 She 
‘my in whish the dota ure combed but as s00Ubet elatect a he 
Dplctre, wich cormapoace wich Sell. Thea linea betwemoes 
‘a tha dot ar cmntined nat wptily, Dat wipe reltion and 
‘ta mlata, hat loge, th trailer th we have 
Aovoethng which say be tpatial aad eset alto be lagi» but ft 
dors not fellow that thls ste fore af eprcentatin, free orm 
of representation may be some mare comploatad exes7 EVoWNg 
‘hin nod wo Gerivatively spatial er logical. I, ined, tbe shove 
‘were wt were naan by te form of repetition, he ying 
‘tat plete mut hav te gical Sora Mr Wietgestsia woul 
‘bo saying no soo than that if matt be a fact: aad Lo sag 
at we cannot reproeet or ype aboot the logical form of repro 
entation, no more than that we cannot tale abeat what maken 
ct n fet, nor vieatly oben fet at al Deanne every 
rent apperectly shout facts i rally about thle caostvcts, 
‘Thee things cartaaly belles, bet st mem to ae unlinly 
‘hat ht complied propecia aboet the form of rpreentata 
‘amount 7 2a mre han tin. Probaty be ie osefoed a 008 
‘ot we ta tern coeitently; and if wm zevert to te weve of 
‘te defisitione given sbove, «Tan (orn of represectaton it fhe 
polity at the thingy are 50 combloed with one another a 
fee thn elements of the pcte,” we may dscovermnother beast 
i which the pleture hat the form af repretntation a comin 
‘ith the pctaed, rama, thatthe things with whlch ip elemeets 
ee coendinatad by the mpeennting relation are of rach ‘pe 
(st Gey cathe combine is He eae ay ne seas Of the 
plore; wad wo me arive atthe insert paspl that the 
ctor contains the pomihiy af the eae of alain which 
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sepenents* (2203). Te aes te me, for reasons explain’ Mtr, 
(SE the Ladependant acoptance of th nce wal jaaly 
‘almatt all he noe-myescal deductions which Me Wiegstsia 
‘makes fom the uecnwity of something in comma between the 
[patars and the mond, Wich ceneot Self be epee | and 
{hat these dadactons can a be given 4 Secor bans thes ie 
‘provided by tho mature of ei atv ety, the lm of tere: 
{utlo, whic le intsonellyLmpoatbe o dsc, 

In order t@ obtaia say fertber oomprebeasion of what 
1M Wittgenstein China sentence ment Mave a common wit in 
‘ct wi taser, nde of ment of bir bo, i rere 
to undertand his we of te weed "proposition ‘This, think, 
‘ude oer by tbe latrescton of wo words sed by C. 8. He, 
‘Avword nthe see ia which here ae doven wordt” oa & 
‘Ag, bo calla afew; ant ese nes toheot wre wl ntances 
(Of one Wye, tos word "tha". Bailes ° word there ave other 
‘words which bave this type-tcken amnigety: Chat a sevation, a 
‘hou, an ection oc ax Hea may be eiter a type ora token. 
‘And-in Me Witgeasais's wage, Se contrast, for tance, 19 
Me Rgwell's in The Principles of Mashonatis, | propontion "ake 
tan typos eine 

‘A propouiions gaa entance: but this satncnent mutt 
‘qualia, for by “sentence may be meestrometing of the same 
‘ature a8 the words of which (scooped. But  proporsoaal 
igo diden muentily fr a word Decree fs wot an objet OF 
lous of objects, buta tat," the fet tat te lent, te wort, 
are oombiced f tl & dedaite way (y24). That propenonal 
rig bas type-token ambit ; the woken (ike thow of any 
Sign) ace grouped into types by phyacal silat fand by come 
‘ventions amociating carats toees wits certs shapes) just a ae 
be lnatances ofa word. Bet propor sa ope mbit instances 
‘eouat of all ropontonsl sige takers which have in como, 
‘ot a cerfai appearance, but x certa sma 

‘As to he eeaton tacwtes = propantion god x Choyght 
Dr wirgcoven enter obecore: bet I hte bin pening at 
though ina fype whose fokeae bave in conan  certla sense, 
sod inchuds the tokens of te earesprading proposon, butts 
‘iio other now rial tokens; he, Rowe we act laely 
(arent frm the verbal sesso tht it i eaBcleat to conde he 
latter. He says “Te ear that “A tebeves tat p'°A thinks 
$i Aaagep eet he fone “7p” may 9°" (eset, ood we 
‘eeply redcen tha quetion of 10 fannie japan, 








‘ne touan* pays 9, thea ie called re lp, ad fase tm P 
‘We can say thay Jt tue if te sanee agree with realty, oi 
‘he poruble sate of aire which ts repewnte ithe actial 
‘one, bot thee fermelati nly expr tie above Gfitog in 
‘ther werd 

‘According to Mr Witigasia a propeition ‘olen Isa lola 
picture; and 0 it ase abou be gives bythe dein of te 
seune of picture: sccriingy the seae of « proportion is that 
‘he tings tmenat by Ho elements (the wont) ae consti’ with 
‘ane wnother inthe same wey as we fhe ements Desmselin, at 
‘S lageally. Bett weviseot that, to say the lst, this detition 
‘a vary incorplete : It ean be applied Utealy only io oe case, 
that of the completely analyae elemectary proposition. (It 
tay be explained that ua claentary propotton is one which 
‘overty the exstenee of an atoeic fect, and Outta propemtion 
‘rina is pletely analyoad there fe an slamact in coc 
\poing to mach cbse cccuriog in is sam) The "4 mean 
2," b, asd". ce move accurately the elation we stablok 
‘erwees "a and “D' by welting "aR, means X, then that "a" 
sada in thi velgien "2 say that aR, and in es one 
Bot thiabieple scheme meat evetly be ete, or example, 
oe word it med fer “having to bw eat the propocton 1 nt 
‘compltalyanalyaed: oi we have to deal with « mare compe 
fexted proposition which cota lpia eonetantsvech aot 
or it, moked do ot represent cbjees ae mares do, ME 
‘Wittgmatnin docs not rake Ht quite esr tow be propoot to des) 
sel either 0€ ther diieuten As regais the frat, which be 
lice! ignores, be may resoeatly plaad that ross from the 
‘nro coumpliaton of collegial lrgoege which cannot be 
aentangled @ fries; for fo a peter Inge all proportion: 
‘would be completely analjed tap! when we dened a ign 
1 take fhe pace of «tring of spin sigan; then at be way, 
‘he dened ngs we igi ee the ges By mB ts Seed, 








a6 APPENDIX 
‘Bot the other ificalty ext be font, ines we cannot be ntised 
‘wid a theory which deals octy with emettary propecitions 
"Toe we of proposicoes ix prveral it explaived by reference to 
eneetary peopontons. Wile react t= elementary propia 
‘dos thee sxe 3 ponies of iar meth and falsebood, whieh 
‘a called the tat postblties ofthe elementary propoxtions; 
Simukaty thre arn pousen of existance aed Bowexiime 
of toe corwepouding atomic facts. Me Witgearts mye that any 


‘Now by setting 7 ngaiot a polity for areement and leaving 
‘Dank for dnagroemeat we cas expr or apie, 7, th 
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Oe, adopting 4 convatoral order for the possbitee, (TT) 
Gh. dh Bestney thn notation dou nat so any wey rogeire J 
{tabeslenenary proposition: and ican be ertonte! to:atioJe 
‘rpenitons onmatsing appermt varabies. Taos 9g may be ges 
Sot by exceersion but aval valor of propeieonal Soacton, 
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{a Wl propositions containing 4 cian expromion (SeSced a 
any pertol« proposition wish chararociom fe ents” (850) | 
a 2), ware the watery T expec agreement Only 
‘Tih a poney hat all the argesnata oe abe ed ft Ee 
Se of vale of ff what writen ondinety w ~3 (94) fe 
‘Se every popention # trati-hecton of elecerry popockons, 
sd many ditereadly coestractad propentoaal ign ree sam 
‘proposition, becase,expreming agreeteet sod dangrecrment wh 
‘he mime retool, they Bave the ware eecbe and are th 
ease truth funcon of eeeatary propotins. The 


ADP im tDp and ~ np vm phar the sae ap 


‘Tested fo an extremely tape theory of inference: fw cll 
‘hone truth putes with which a popaitce agree 
(rounds, then 4 floes rom p Ut the tect gromads Of par eo 
‘ined among those of ga this came Me Witgeotein ans wayn 
tut te vase of gn eoatatned ia hat of f, at fm amen pe 
se incidentally wwmerting ¢ 1 thnk this exiemect fs rally 
tition of containing a8 reper None, god wn extasion of the 
‘oenaiog of amert party ie conlorsity with odiny wugr, wie 
‘probably agren as rants p 9 aDd fo i}. fx AD fa Dot wot 
bari 

‘Ther ae to extreme cam of rest iportasce ; It wo expret 
dnagroement wih all the tralh-poustes we gets coerahclon, 
Wagrement wilh thes al, x ttl, which nye meting. Ths 
‘propositions of ogi are antag; asd to have made lat ts, 
‘lr eeental characte, fa remaable achievemast. 

‘We have now to consider whether the above is an adoquate 
scconnt of whet I ie for « proporitica token fo hewe 9 certain 
ase; and itwera to me Cant certainly nach Pops sally 
(aly an aezount of what sen there ara, otf what propia 
‘gas have what sone, Tt entles we to oubeftte for" $2498 
fis" 9 expreses agreement with thee tutt-peabihts and 
Sisagceoeat wit toe ofbet", bot alate Sorelatico not 
De ania a an bate analy f te fae wd i et 
all clear bow it farther ancysisprocmeda. We hve thersire fo 
look chewhere for the snewer to oer quertin. Towards tit 
stamer Me Wittgeastrin coor make clear eoxtetogbion: ia 
44a, be saya Ghat io" p” anya pve bavea coordination of 
‘te by meane of a cosriinaton of their cbc, Bat ie 
peemaf Stece Es i 














corant is incomplete becaane the wate is sot comply Gabe. 
‘Bland by th cbjcte wash corer ix; net the propetional 
tga compinsly commented by te sare wich cocar iH, for 
{ni hare ay ako be Lgialcontants which re uot costa 
‘ith objects and cnaplee the determianton f the wean {na wey 
‘which ef obweare 

ewe tad only te dal with coe logic) syenbolam 1 donot tink 
tere would be ty diicalty. Fer, apart tom variation tn the 
‘ates wand, there wool be & tale giving all propostionsh sigoe 
‘wile, io thet cymbals, Bad a cara seme, and we COU 
‘complete the debate of” sense "by adding tt tase Tht 
11 p aay that mw aR wall, eapponing of tobe dealing, wth 
(a oysibolite of Princip Mattamaica, be ashy at 150 
cal anything meaning 40", 22d wo 08. and cal'a"*R 
"it thea "p's mg! of "meme Of EVIE 
say ofthe other symbol cacrtrucod according tow definite re 
[He may, of couse, be doubied weber ite pile to formulate 
‘rae an It seas to peeayppone the whale of epmbolle loge: 
Dut in any prec notation 1 aight be pombe: for example 
Mir Witigeantens woation wits T+ and Fs there woald be om 
cul) Bat i obvious tat i isnot enoagh | tw ot 
ive an analysis of 4 umerts#  vt only of A amerts ? ang 
ach andes login! wotation yt we cy well exw that & 
CChiouman haa w carta opine witsoat taviog an Kea of the 
logit notalon be wae. Also the evident egefeast statment 
‘at Geraane en "niche" for not beeomen part ofthe defnten 
‘auch words at bale," Baal" when goed af Gmc 

Te a very Md to see A way cot of this iealty; oom may 
perhaps be found in Me Ruse’ eaggaton ln The Analysis of 
‘Mind (ps0) that there may be epactal elt feels ovcurting 
in dajuoction aed icxplietion. Logeal coortans right thee be 
tigaldcane a subtitaten fat thee fangs, Bich wow oem tan 
basis of « univeral igi! symaline of human thoeght. Bat 
‘look asi Mr Wituasila bev la enter kindof scutes, 
oteg ck to Bs eaeiereatzat that the sean Of «ete ft 
‘hae the things ace 90 comiéeed witD one erother at ae Ge 
‘elements ofthe pletuce. The natura interpretation of thi a ot 
[teen context hat we can otly represent that adore aot have 
* certain elation to, by ming “¢” aot have  crvain relation 
20", ork geeral at oly wnegetive ctcan asert x oognive 
Sct only an ampleatve face anialatve ack na 00. Ths 
‘urd and evideotly not what ba mamas: but be dow oc (© 








APPENDIX 27 


‘ld that « propio flan seen bese sombow tn his 
sort afway. ‘Toaabe says (5925). That which denice be'~P” 
‘et "m', bet at which all sis of Cis mstatiog, whch 
aay p, have in comaton” Hence te common rule accnting to 
A wp mt pe eb eb tke te 
{fo tainty) srw comstrctad. And tis which i comcuoa them, 
sl iors desi". Tcanact understand bow je aor dental, 
{eemrtninly doer oot do aon tha splewny in which te cnjuc= 
too of two propositions marron the conjoecton of Del aaa, 
‘Thi ference betwee caojuncice xa the other elle 
functions cua bese nthe fact that to baie nf believe 
{and to breve g, but to Debeve or ¢ ts nat the emia at fo 
‘eteve ort being norte baie Bo’? us wa wo baleve 

‘Wo tat now tum to coe of tee Gunt Bleretng of 
‘Me Witgrantan' thao, bat hese are certain things which 
‘Ans be sa but coy thrws. and howe counties te Miyata, 
‘Tho ruion why they cannot be wads that chey have to do with 
‘he logial lore, which propositions eve women with rahi. 
‘Wat tort of things they ome eplaiond ia qza2! We eam 
‘sh in a carina of Srna proper of Object od atom 
era, o of peopertne of the wructae of act, and i ee same 
‘mone of fora relations and ralafoas of vtructuws (ante of 
(property ofthe erature Taleo say" intemal property"; tntead 
OF flag of eruetnes "inearag felation ."T ntrodoce these 
Atyrosient in onder to show the rato fee Ue consi, ety 
‘widerpread among plidorogbem, betwee. internal relations and 
ropes externa] wlio) Tee blingef ech internal propertiog 
Ud relations canvot, however, be ater! by propontions, but 
‘thaw ial x te precios, which present te stole facts and 
treat of Che cbjete i goal.” A I bave akon ea, i dws 
fat seam me thatthe aatere of the lopi!foa i sficienty 
tear to provide say cope sepuaents i Gvour of such $08 
sions; and 1 think that a bette spgoech © the treateat of 
fatomal propertan say be glean by the following exiveion | "A 
property is teral ff fs eoehineable re ie objet dace uot 
pontese it" (493). 

Tes a pipe of Me Wietgeestelrs and, if te, 6 vey 
leiportan dacovnry, at every genine popesitce snes some 
thing posible, bet not cece. Ths follons foe Ms eeconst 
of a proprition ae fie expr clapreenent aud dangreenwat 
‘rth tcpeettis of depanasteamantory propontiooy 50 
‘hat tne cnly neonate that of texting, only smpeslly 





‘at ofconzidietion. Them ic peat fice in baling thi; for 
‘Mz Wittgeaela amit that « point inthe viral Geld somo! be 
‘bots vod wad Sloe and, ioded, otherwise, ine be tisk ladc- 
‘an ba 20 lopeal Dens, wp son? have 20 oan for thinking 
‘hat we say not come ep a ama poare which Both ad asd 
‘lan, "Hance besa Chat "This bot ea ac Sloe outa 
‘don. Tas imple cht the spparectly simple cones red, 
‘ine (repost im & van by thoes words aimletny opecie 
shade) ar really corplex and Sally locompatle, He tie 
{ow Row this ay be, by snalylng them is ters of vialoas, 
‘But even vegpoing tet tbe phykest ther provides we lye 
of wnt wo mean by "zed", DOr Witgeasizin only redvcio he 
kBicaty to that of the acssory ropes of acs, tie, ad 
matter of tha ethet. Be explicitly sakes i Gepend on the 
sper of «parece bing In two places at cv wae tne. 
‘This neceeaney Properties of space and hoe are hariy capable 
ofa ferdver reduction of his Riad. For exumple, crmmering 
Dotwemn ia point of the wx muds oy experincee; if De 
Yetween A td D. a0 © between B aod D, tam Cart be 
between ta. D at hard o me bow ti care w forma 
ttetony. 

‘Bot not alt apparmaty nacenary tats co be muppowe, oar 
by Me Wittens noppoed, tbe Yastalogie. Thar ay alse 
‘he intarual poperin of wish le paththaa that shal object 
do not gona them. "Sectence appareatly eerlag such 
‘properties of object axe beld by Bi Witgeantnin to Ye possease, 
Dott atand ia tome sbecare ration to noaetbingfoexpreni, 
“Tal lst eames to be inva by Bi tan for thing hat they 
‘ze zones, whic ie tht bat they are ant 1 ane canaet 
‘Demsertnd. Betlt vena to me poufble to ve resons why thee 
sentences are nonaese and a general covunt of thelr origin and 
ppsreat tiguseance, wich have ao mate! Smplcaione 

Sentences of ths Lind, wich we call“ pata ropuitions 
sree is varices ways depending on oat language Ont source Se 





cratent to 4 decrpton of that woes, wach an * what Ts") 
‘Drualy si egiteaatn; io, if we neem popeatonalscboma 
coneasing blanks, tn igaiseance ofthe shea when he IAD 
‘re fed by dacsiptions peomopiaes, fo gacera it nian 
‘whee they are Sed by the auto of Gangs answeting to the 
everipioce. Thus the anatyis of “The #'m red tn "There ie 
‘one and cnlyoxe thiog which 9: ad ined"; and the ecu 
‘ce ia thi of "Tk stad! taown tht dh Sigeienooe of our 
‘propestion presupposes the sgaiieance of" rods war ois 
Of the type af the 4 Bet sometines tk wot chu aot boas 
‘he proposition sontining the decrpton art be aaalyed a ithe 
‘lzareniy, "Thus "Toe 4 exits’ isnot "Toa een ved ly 
(ue thing which in 6: abd teak", but seply “There i om 
sd only a tog which s 4°; so tat Hs sgecance dom not 
‘renuppove tha of casts wich is rensean, for ft trek could 
‘eon by sare aipction witout comparinn with lity, ox 
‘aver the case with a gunnine propedtinn. Bat patty became wn 








‘hat the existence ofthe pamo '¢abow Set &exina, bot Bat 
dan canoot be wart; He seam, owever, to be a principal 
component isthe yeti: Not Aow the wold, the mata, 
but that is" aa). 

‘Oar nent example le provided by Hetty, of whieh Me Wise 
rsateja gives an hopertant Getracive csitcinn ; ~“Rawelt 
etsitia of” — "won tdo , baeawserndiog (0 necantot tay 
‘that two objects ave al thee proper Ia ecamon. (Even 
‘i ein peopalion fa never tat, I le Devertisles significant * 
(sped), And “a = b” most be a prade preporiton vine it i» 
lve or fle prot according ws" 2" are Same Sor Ue tare 
oF dice tings Tf mow wt adopt tbe new convention that tra 
Ailerct spas ia one proposition mast have diferent measioge, 
‘ee at new analyse of descptioe aot Javolving sdentty. 
For flo) (det aeead of 

(ao ees ele 
webeve (aH) Se. ferwtan nd 4 w- 
Ad sce (uw) (de) = ein satya a fer ise 9 BE oy 
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ses hat" = —" only igutcast when coo Back tat 
ied bya eosin. Lceaay Ge joc o ey ay 
tas eon cnreqneces te ti Oxery of agregnewcla 
‘tar it far ems, ary lon tay hat Owe lane 
St oly of equal aambec wa ther isa canooeslton whore 
‘drain ls Ga one and caver domain the er, lnm Fach 
‘sladoas can be oenracie by vas of nay 

TRerel suche how Bi aconet opps to darn popetsn 
ot sors propos they nm eve pope, ts 
‘ireeponding nia "psa thowt 8” an exami fg 
ace ight be ong fo low fe tat of" He wd sowing 
bout" bavi we eds een o i eter propontion 
‘pense ha sconce fe evenly rem wet 
Ta "Teac np wich he umeving ted wich ehopt abet fo 
"Thee a foeton ¢ tech Ut Be asertad a" which doe not 
lava the paode-popoien “pW aboxt 4 Siably "pi 
couteaictary cg" might be thoegt be avcved in ie on- 
frac, tev it minen toa pads ropnton when we 
stale te later "Therion p och at Tamera poe me 
‘cori ts nts compe oa ut an ay 
bufilent for our prnete perp, td ows bow "i eotre 
‘leary toy iaieas whee ove Bask at a le by 
dmergtce. 

‘Otir prwlepropalions ace tone of outhewatcn, mb 
according to Mr Wittens, wre eqeatins obtined by WHS 
"ptm te props hice caa be soba front 
totber, T8000 sr bw Gi acoent canbe spend covet 
‘he le of utbemation nnd feu eibety incamplte ane 
{aces ee nel wieh are ore CSc pli. Tt 
tot prenppoe the gaianencl"te > et tr, teseabaning 
{ue aterent signe mat ave cent meanings, Ste MOY 
tang.) 3.4 Soper mine” 

"Tost ur tha erplansios 9 sme ajparctymicomary tat 98 
‘natalia mt wih Sco i the Held colon doe Co 
scplaoatinn ofthe remainder x pete prepeitins. © Tie bh 
CBowt abd at aye ME Witgmta, at the intra 
‘toe of ghee cd Garter vo fon aakae ast 
ihe oro bjs shold aoe tnd © ts een” (¢270 
‘ecocingly a mec apyenly emetng tat coe Tamed 
‘elo is tighter te neotiee sand cur mest be = psn 
Pepaaioe but ie Bard to ow bow ta ca be pea 


‘wth the indubtabie sigwiscance of « sent suettng thet 
Geaclber clour ie igiter thar spotter, nach an “My exthiot 
‘sthome a righter tan my carpet at tfc cate te Seay 
‘oold be completly removed by tht enppostin atthe ply 
‘is realy acalting the sracing of "me": fot hie analy of 
colon conan evetaaiy to a umber, such os the laseth of 
‘wave or what aot and the Gicltyin edeced te at of ecncllag 
a won sigitcasce of an agony inten (wo given uoare 
with the wigifeasae of an Inequality betwece fo deaeibel 
‘ombers, which j evkieatly somehow pombe on the Unt 
Snggevtad for °C bave wor thas oro open abOV 

‘Lat wow pase to Air Witigectein'saccoust of plonphy 
"The object of phinepty.” ha ays, is thelial cusoation 
ot hevgtts. Phksophy is nota thmcry bet an activity. A pilo- 
phil work consata eeathlly of lacdations, The retit of 
[llosopty ia ot a numer of pilowopha! propositions, batt 
take propositions clear PAleeophy showd take chat 0d 
dobinit sharply the thoaghts which otherwise ara a0 It wees, 
‘opaque snd Barred” (gta), Heseeess to me dat we cunzot be 
ested wth this aceonat without some Lerten explanation of 
“elavity and Lally to give am explanation in Barron wt 
Me Wittgenselars mytem.T tibie that a writen seston Mb 
"ear 40 far at 1 has wind properan corelated with or 
bowing ' the isteeaal peopartien of tts mane. Acconing ‘2 
fe Wiigerseia the later alway stow themscivet internal 
‘operter of the propoaticn » but owing to the typehen 
Arial of“ propor” pot femmitaly lane What this 
means. Proper of a popasti aos, Think, meas properdee 
‘of allt tokens; but the intreal propetiee of @ Popostion 
ss thee prpertos of the tokens which ae, 0 to op, oteaal 
sotto the tole but to the type; that, thom which oe of the 
tolens sonat have if i to baa token ofthat typo, not Dove 
‘which fe onehirkabie tat I should nat kave enybow. We 
Iurt remember dat thce fs 29 nase for w aeteocs to have 
‘im een it doce io fast bave #0 that if meattnce aay fi 
not an internal property of tha neateace tht tere is secscthing 
{nt somebw connected with 4; Dt it san intemal propety 
of the proposition, became the eetenoe coek) cot otharw!e 











4 APPENDIX 


ln whlch each thing had Ws owe as nae, thet in te wie a 
seatence & cetan objet secured, would be alse siows vilbly 
by the oocuroce i te seateane Of the same af hat objet; 
sea thi ight bo expected fo happen with regard al lntersal 
‘ropertine of secer that cme seoe, or easel, ecole fa 
totber (Le. one propntie Slows Seca another} might alway 
spear bly in the satancesexpreng them (Tia teary 
(haved te Mer Witgeeesin's T notice) Thos ia a perect 
Inageage wi tatences or thoughts would be peetcly. dss. 
‘To fim 4 qneraldetaition fear’ we mint replace viable 
property of the motes” by “sateen roperty ofthe propa. 
‘dona ug which we intacpetanaiogoely to "Setaceal property 
(of the jropodion "ana property wich & token sue bave 
‘rise be at sgn, wih, A ee akan writen, bth sar 
‘aba vite property. We toy then at a proportional ign is 
‘la in 0 fara the ntraal properties oft mcs ae ows tot 
‘only by tteenal proper of the proposition but ube by itera 
‘Boperie of the proportional gs 
“ALBA zs be etn er he nel rpei of 
an thse of th propia ge wc gi te 
{othr am ta Wingate a pn ea 
sarted of perfect language) 

"We cas easly Interpret Os Se of pilsophy i tora of the 
‘en sy tcn accomat of ternal proper given above. FU, we 
‘olin and expda the Lact tat we often apparently do OF 80 Bot 
‘cognias tat something bas ax latereal property, alt 
‘puto groyeition and wo caaaot be regalan. What we Pally 
‘eget lo that “The object ox sence meant or amared by Ibo 
werd before eho his pcperty “which lipefcant bec we 
Ihave aubwttated x depeiptice ta eas, Tet atthe reralt of 
lagleal proof we seeagaae, sat that p Ww tautaogy whlch Se 5 
pune propocon, bu tat" "says wothing. To make prope. 
‘Hoan cea sto facta tbe reengaiton of tir ogc pvpertion 
1 expreming thee in language rech that thse propetisn are 
stociated with isle propertn ofthe eentence. 

‘Bat [thnk thi activity ll reat fs Pilosophical popodtans 
‘whenever wo dacove anyihing new about fhe logical fora of th 
eae of any intererting by of rates toch a eas expt 
he facta of perception and hgh. We mast agree with 
1Me Wintgenntela that" fof sechand.euch form nonsense, 
Det!" pe haan none f euch andanck a Sore ‘ey Dwverthaae 
sot be soumam. "Whether its oF wat depends ou the ssabyis of 
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1 pt aiglMeant wich son to me potably 4 Mjenetive 
ropodtia, whose cleratives ase party fom fe diferent 
orsble fore of thesese of” 7. TEES is 0, wean by exclading 
toe of thus alernatives aie & proposion ast the fon ofp 





illvophical proposition, Nor woe! this be imcepatile with 
Ser Wittgenstein’ rere maces asrrtion Ut Moet progonie 
Hoos aad questions, that have been witoa sbout philosophical 





‘qoeioes of thls iad at all, bet oaly sate their manele, 
Mort quertons sod proportions of the ullaeopbar reals roma tht 
‘act that wo do wot understand the log of on agus” (4099). 

Latly Twi to tomeh on Mr Wigan's eeral view of hs 
world. "The wold." be says, “iB th totaly of fact, uot of 
things“ (h), and “it lea that however deere fom thn 
‘al 008 an istagised wack! may be it mutt ave somathiny-ma 
form—ta somenen with te real wor. This Sind for coal of 
‘thy object (uous, xosy). Tt is an anova view that any 
agioable world rst contain sl De objects of the real one 
Dut tones to follow om his peicipe for "0 existe” is 
‘soauane, we camnat ltagios that ft does ect ait, Dat eal tit 
1 doen or dove not have some property. 

‘Mr Rua ia hb Tsroucton nds am soxte Acad inthe 
(uct that (1). de favotre the totality of alota of 4 Aad =, 
syparatly, that of te valees of 2, which seonling to ME 
‘Wittgenstein cat bespsket of; lot it coe of nis fndamental 
‘eos "mat ie inponibe to may anyting about the workd a8 « 
whole, aad that whataver can be mat has tobe about bounded 
ottions ofthe world". It worm doubt, Bowery, whtthr thi 
a fais exyremion of Me Wittens view for Oe thing. i 
‘upper that Se lepcrite to tay (2). 4, But oly perp 
"AIS are P* takes os anertng aoiting about tbe sens, 
ich be certainty doce not maintain, Ttmay, then, beater 
1 consider what ho neya wack gives plasty co Me Reaves 
fnteyretaion. He dows eadoubtedly decy tat we can speak of 
‘he nuraber of all objec (¢1272). Bet shins aot because all 
chiect fone aa ingle foakty, bet Decaase “obec” 
‘na peando-concegt exgrenad aot by a function but by Oo 
‘arlable =. (lacdantally ¥ do oot eo wy tho number of all 
‘bjertsahoald uot be dean a> the roe cf the mearber of tage 
Inning ay specif pomperty ad tha ashe of lags 205 BEV 








shat property.) Ale Be anys that ~The ttl of te wend on 
Noite wink the mal foting (49) Bot Ide not tak 
9p can follow Mr Rawr a deducts foo this cat he couliy 
(Of valeatof is mystical if ely Deaase * The wer i the tinlty 
(linet, oot of Ginga” 2). And T dink hat” Emig ger the 
Any to the eeatenor quoted ebore. The mystical Soeling i the 
‘helng tht the word in ot everything, that thee Sn somthing 
‘Cutie tener or aang 

Te me not be ought that te tplee I bave discussed uaa 
‘echo the interest of te bok; Br Witgeannia male ean 
‘Saye inuresting, smectioes extremely penetrating, an mony 
‘thor rabjets, wach as the Toeory of Types, Acct! elation, 
‘ropa, the Paimophy of Pain, wed Ei, 


EPILOGUE 


HLaving to write « paper for the Society Twas os usta! at 
Jon for a subject ; and T tattered enjselt chat thie wat 
‘not merely my peeoual defideney, but arose from the fect 
‘tat there really was no sebject suitable for disavsian, 
But, happening to hava rectly lectured bw the Theory of 
‘Types, ( reected that ie suck 4 sentence the word “aubjest” 
‘MUSE be Tinted to rear subject of the first order and that 
peshapa there might be a sabject ofthe qecond order which 
‘would be possible, And them I saw that it ny ready belore 
‘me, namely, that Fsbo pt Serward tho thesia that there 
1s no diseusable subject (of the Sat order). 

‘A vers matier ha C18 iy tre. For foe what does the 
Soclety axist but dination? And if there in nothing 10 
iseuno—but that ea be lee Hl alterwacds. 

do aot with to maintaia that thare never as boon say- 
thing to dlscwr, but only that there is no longer; that we 
Ihave really settled everything by realising that then In 
nothing to tow except science. And that we are most of 
10 ignorant of mont gientey 19 that, while wo can exchange 
information, we cannot woefuly disass them, a we are 
Jost barman 

Tt us review the posible subjects of ditcoaslen, They 
fal, facas can se, under the heads of iene, philosophy, 
‘story and politics, paychology and esthetics; where, not 
‘to beg any questos, { ar sxparating peychology from the 
other sclesces 

‘Science, history, and politics are not suited for discussion 
execpt by experts, Other are simply in the position of 
‘reqaiting more information > and, tl they hove weqnited all 
available jatormation, cannot do anything but accept on 





os ‘EPILOGUE 


snthesity the opinoas of those better qualifed. Thm there 
ia philosophy; this, too, bas becouse too tecinical for the 
Ingman. Besides this disadvantage, the ccaciuion of the 
seatest sodcen plonogar is that thee io wo such sebject 
19 philoophy; thae it is an activity, not a doctrine; and 
‘al, lontead of answering questcos, it alms merdly at 
suring beadaches, Ie might be thought that, apat from this 
tecinicl plosopty whose conte ia loge, there was & Sort 
of pope philosophy which deal with toch subjects as the 
‘elation of man tonatere, and tbe meaning of morality, But 
aay attempt to tra sech topics serio redaces them to 
‘estions sther of scezce or of technical philosophy, ot 
‘ese wore inmatiately in peroiving the to be non- 
enscal, 

‘Fake wn an example Ruuell's rcant Jectore on What 
T Relieve. Ha dvided i into two parts, the phulororhy of 
ature and the poopy of valee. His philophy of ature 
coossted mainly of the couciasoas of moda physio, 
ayvclogy, aod astronomy, with a aight adcnture of ia 
wn theory of material objects ms «particular kod of ghd 
construction. Ta cooteat could therclore enly be dicated 
by scranane with an adoqante knowlndge of relativity, atomic 
(theory, rhysiology, and mathematical lic, The only 
remaining pooiility of Gixcumycn in connection with thie 
part of his paper woald te aboot the exphasi be ind on 
certain point, for instance, the Sagarity im physical sica 
between tars and man. To this topic T ball return. 

Fis philosophy of value coosvted ia saying that the only 
qoeetons about valea ware what mea desired and how their 
derres could be satisied, and then be went on to ansmer 
‘thee questions, Thus the whale subject became part of 
paychology, ond its Gureatioo would be paycbalogieal oe, 

(Of coune hia main statmasat aboot value might be disputed, 
‘but mast of us would agre that the objectivity of good wan 








FPROcUE 2% 


fa thing we bad sett and dinminsed with the existence of 
Ged, Trelogy and Abscate Ethics ar two temotseubjects 
which we bavezealind to have no rea! chjet, 

Thies bas then been reduced to payctology, and that 
brings me to paychology as a subject for dacamtoa. Most 
of our mottings might be said to deal with peychologkal 
questions, It in x sobjct in which we ae all more o is 
{intersted for pracial rewons, In considering Ht we mit 
inguin paycology proper, which ib the study of mental 
vets with 8 viow to tabling siete generalisations, 
trom merely compar oe owe experience from perondl 
‘veret. The tet ia whether we should west 10 incw of 
‘his experience es saach Hit wee a stranger's we do when 
ieinour lends; whether we are interested i tas seleatic 
raataral,  meely from penoaal curbxty. 

T tink we rarely, if eer, daca fardamentelpycholgial 
qoestons, but far mace fies simply campers oer severe! 
experiences, mbich isnot a form of dscoing, I cisk we 
realize (oo lithe bow often our arguments ar of the form — 
‘Av: “Tent to Gentchester this alteaoon.” B.: "Ne 
T dlda't” Another thing we often doin to discons what 
tect of people or bebvoar we fel adratlan for oF ashamed 
of, Eg, when we dscns cmstancy of aflectin it consists 
fa A. saylag be wool tcl gly if be weren't omstent, 
1B saying Ae moulde't fel guilty So the lest, But that, 
Although « pleasant way of pag ate, i not acing 
smything whatever. but simply comparing artes 

Geonine pepcbolgy, on te otber bend, is « achace of 
hich we mot of us nr far too lite fori to Become us 
to ventore an optics. 

Lastly, thee asthe, nctingatre, This aways 
cxcles tu far more than anything ese; bat we dent really 
aces tt ouch. Our arpamante ae 0 feeble; wa ave all 
At the stage of “Whe deives fat nex mast bel be fat”, 





sn lace very ite to sty bot the gaycelogel robions 
of which matheics relly consis, ng. wy erlain come 
ations of colour give os mech peli fetings. What we 
‘aly Ube dong i aint compere cr experene a ration 
shih in this ee b pcalndly poftabe becane the erie 
am plat out things to other peopl, to Which if thay attend, 
‘hey wl obtain fins which they wale which they fale 
to obtain cdherwine. We do not and cannot disc whether 
cou work of arti Detter thas another; we metly eaapace 
‘hy felings it given on. 

1 ome that ther realy 6 sothing to dius; and 
‘his colo corresponds toning Ihave aboet ordinary 
curation alo. Tes edatvey sew pheoocnzon, which 
ap ares Brom two cxasen which eve operated gradually 
‘rough the ninetoants cantar. Oneisthe advance of wines, 
the other the decay of rligica which Ie seated In all 
‘he old general quertons becoming either technical ot 
‘iain, Tia proces ia the Gevelopzent of cvation 
‘we have cach of v to repeat fa oummives. I for instant, 
une up as feaman enjoying convertion and agurent 
ruoce thea anything ese ia the world; bat T have gradually 
‘umn to regard ut of eas ad ew ienpoctanc, Beene thers 
ever sere toe anythiog to talk about except ahop and 
people's private lim, onthe of which Se enited for general 
‘zaverntton. Also, since I was aanlyed, [lel that prose 
now far laut about thensaives than thay imaging, ad 
aot neatly 20 anzious to talk aboet mypl! at I use to be, 
1aving had enongh fit to gt bored. There tare iteratare 
ed art: Dat abext them coe caacet argee, one can only 
compare notes, jt an ope can exchange incematien about 
story or etowomics. Bet aboot art coe exchanges not 
Information bat fing 

‘Tha brings te Sack to Ruse and “What £ belive, 
‘eT was to writes Wallon ston eal not ” What 





‘ePILoctE. on 
T believe” bat “What 1 fool", This is connected with 
‘Wintgenaein'swiew that philosophy does not give ws Beli, 
lout merely relieves feelings of inteleteal discomfort. Alo, 
HET were to qearrel with Rrosel’s lecture, it motld aot be 
‘with what he belleed bet with the indlation it pave as to 
‘what be felt, Not that one can realy quarrel wich » man's 
feelings, ane can only have diderent Solings oneself, and 
perbape also regard one's owe as more admirable or more 
‘ondicive to & happy life. From this point of view, ehat It 
‘sa matter not of fact bat of fein, shall conchae by soane 
remarks on things in general, or, «3 I would rather say, not 
‘lags bat dife in general. 

‘Where I weer (0 difler fram some of my friends i tn 
attaching litle importance to physical sive. 1 doo't fel 
‘the Ieast bumble Delore the vastness of the heavens. The 
stars may be large, bot they cannot think oc love; and theve 
tre qualities which impress me far more than sie doet, 
T take no creit for weighing nearly seventeen stooe. 

My picture of the work! is draves in perspective, aod oot 
ike a moda} to scale. The foregroand is occupied by bere 
beings and the stars are all ax small as vhreepanay bits. 1 
lon't really Believe in estronemny, except at a complicated 
Seacription of part of the comrse of ramen and powibly 
animal sensation, I apply my perapective not meray to 
pice but alzo to time. {a time the word will ooot and 
everything wil die; but that is along time off ei, and ita 
‘promt value at eumpomnd discount is almost nothing. Not 
the presont less valuable because the feture will be bik. 
Humanity, which Alls the foregroand of my picture, I find 
intersting and oo the wbole admirable I fn, jurt ow at 
leart, the world « pleasant and exciting place, You may find 
Ue deprescing : Yam sorry fo you, and you despive me. But 
have reason and you have none: you world only beve a 
remem for dewplsing me if your icing comesponded to the 


ct in way mine dide't. But neither can corexpond 49 
(he fact. The fact isnot in ise good or bud ; iti just that 
tthells me bet depres you On the other hand, T pity 
\you with reason, because it is plcasanter to be thrilled dan 
4 be deprensed, ana not merely pleasanter bet better forall 
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